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Abstract

This paper is concerned with identifying and quantifying the deterministic (as opposed to statistical) size effect in the strength of cracked

concrete structures that is believed to be a result of stress discontinuities introduced by the cracks. For this, the strength of geometrically

similar pre-cracked specimens of varying sizes made from three concrete mixes is measured in three-point bend and wedge splitting

geometries. The true, size-independent specific fracture energy and the corresponding tension softening diagram of each of the three mixes

are independently established in order to exclude their influence on the strength size effect. The test results show that the deterministic

strength size effect weakens as the size of the crack reduces. This is confirmed by theoretical/computational studies based on the fictitious

crack model in the range of sizes tested in the laboratory. The theoretical/computational model has been extended beyond this limited range to

include cracked concrete structures in the size range 1 :80. The computational results have been fitted by a simple strength size effect formula

with appropriate asymptotic behaviour at both size extremes. The three unknown coefficients in this formula depend only on the size of the

crack and they can be obtained by conducting tests on geometrically similar specimens of any shape but of varying sizes that can be

conveniently handled in a laboratory. The three material properties of the concrete mix appearing in this formula, namely the Young modulus

E, the direct tensile strength ft and the size-independent specific fracture energy GF must be independently measured.

D 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Leicester [1,2] seems to have been the first to identify

two fundamental causes of size effect in structures made

from quasi-brittle materials, such as concrete, namely the

material heterogeneity and the occurrence of discontinuities

in the flow of stress, such as at cracks and notches. In the

latter case he proposed the following size effect formula

rNð Þu ¼ A1=W
s; s < 1=2: ð1Þ

Here, A1 is a constant, (rN)u is the nominal stress at

failure of a structure of specified shape and loading

condition, and W is a characteristic size of the structure.

In quasi-brittle materials, any crack or notch tips are

blunted by the formation of a process zone ahead of them. In

this process zone the stresses are redistributed and energy
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dissipated which is thus not available for crack propagation.

The size of this fracture process zone (FPZ) can be

commensurate with that of most structural elements. Only

in very large structures can this size be regarded as small in

comparison with the characteristic dimensions.

The redistribution of stresses and dissipation of energy in

the FPZ was not accounted for in the derivation of (1). That

was done by Bazant [3] who derived the following formula

for geometrically similar structures

rNð Þu ¼
A2

1þW=B2ð Þ
1
2

; ð2Þ

where A2 and B2 are positive coefficients. Formula (2) also

reduces to the linear elastic fracture mechanics as WYV

when the size of the FPZ is very small in comparison with

W. In fact formula (2) can be established by Taylor’s

expansion from this asymptotic limit (Karihaloo [4]). Since

its appearance in the literature in 1984, formula (2) has been

rederived from energy considerations and asymptotic
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matching techniques (see, e.g. Bazant [5]; Bazant and Chen

[6]). The positive coefficients A2 and B2 are related to the

specific fracture energy Gf and the FPZ size cf measured on

a very large specimen (W?8 with a /WYV fixed), as well as

the non-dimensional geometry factor g(a) and its first

derivative gV(a). The geometry factor g(a) depends on the

notch to depth ratio a =a /W and is different for different test

specimen shapes

A2 ¼
EGf

gV að Þcf

�� 1
2

; B2 ¼ cf
gV að Þ
g að Þ : ð3Þ

It has been argued that the relationships between the

coefficients A2 and B2 and the material properties Gf and cf
(3) can be exploited to determine the latter from tests on

notched specimens of various sizes with two-dimensional

similarity. For example, tests can be conducted on notched

three-point bend (TPB) beams with a fixed a and span to

depth ratio for several depth values. The coefficients A2 and

B2 are determined by a linear regression analysis, after

rewriting (2) in the standard form Y=AX +B, where Y=1 /

(rN)u
2, X =W, A=1 / (B2A2

2) and B =1 /A2
2.

Another approach to capturing the FPZ within a

nonlinear theory of fracture for quasi-brittle materials is

the so-called fictitious crack model (FCM) of Hillerborg et

al. [7]. In this model, the FPZ ahead of a real crack is

replaced with a fictitious crack in which the material

exhibits softening with a residual stress transfer capability

across the crack faces dependent on the crack opening

displacement (COD), r(w). The faces of the fictitious crack
are assumed to close smoothly near the tips so that the stress

is finite at the fictitious crack tip and equal to the tensile

strength ft of the quasi-brittle material. Thus the net stress

intensity factor (SIF) (i.e. the SIF due to external loading

less the factor due to the closure pressure in the FPZ)

vanishes at the fictitious crack tip.

This approach was adopted by Karihaloo [8] who arrived

at the formula

rNð Þu ¼ A3 1� B3

W

�� 1
2

; ð4Þ

where

A3 ¼ rNð ÞuV; B3 ¼
1

2
lpV

gV að Þ
g að Þ : ð5Þ

Here, lpV and (rN)uV refer to the size of the FPZ in a very

large specimen (WYV) and its nominal strength. It was

argued by Karihaloo [8] that lpV and (rN)uV can be obtained

by considering only the singular term of the stress field

ahead of a pre-existing crack, whereas for normal size

structures higher order terms need to be considered to take

into account the relatively large size of the FPZ in the FCM.

In the derivation of formula (4) several approximations

and assumptions were made, as a result of which its

predictions for small values of W were suspect. This was
pointed out by Planas et al. [9] and by Karihaloo et al. [10].

The latter authors also made a tentative attempt at

dispensing with some of the approximations and assump-

tions in its derivation. Apart from these drawbacks, it is not

clear how the asymptotic properties Gf and lpV can be used

for the analysis of real structures. Moreover, it transpires

that both Gf and lpV (or cf in formula (2)) cannot be

regarded as material properties because they vary with a, W
and the shape of the test specimen. That brings us to the

essential question that we shall attempt to answer in this

paper. How much of the size effect in the strength of a

quasi-brittle structure predicted by formula (4) (or formula

(2)) is a result of the intrinsic size effect in the Gf itself? In

other words, if the specific fracture energy of a quasi-brittle

material that did not depend on the shape and size of the test

specimen could be independently determined, would a

structure made of such a material still exhibit a strong size

effect in strength?

In this paper we shall revisit the formulation of formula

(4) with a view to predicting the observed nominal strengths

of notched TPB and wedge splitting (WS) specimens made

from normal and high strength concretes (NSC and HSC).

Both these specimen geometries belong to the so-called type

2 geometry, i.e. g(a)>0, gV(a)>0 (Bazant [11]). The paper

is organised as follows. In Section 2, the results of a test

programme using TPB and WS specimens made of NSC

and HSC are summarised with a view to determining the

specific fracture energy and the tension softening diagram of

the respective concrete mix that are independent of the

specimen size and shape. The latter are then used in Section

3 to predict the nominal strength of the test specimens using

the FCM of Hillerborg et al. [7]. Section 4 is devoted to a

comparison of the test results with the theoretical predic-

tions and with the prediction of formula (2). Finally, in

Section 5 we discuss the findings and provide an answer to

the fundamental question posed above, and in Section 6 we

propose an improved formula for predicting the strength

size effect over a large size range of 1 :80. The major

conclusions are summarised in Section 7.
2. Test results, GF and s(w)

Tests were conducted on notched TPB and WS speci-

mens (for full details, see Abdalla and Karihaloo [12]).

Notched beams of different depths W (100, 200, 300 and

400 mm) with a constant span to depth ratio of 4 were tested

in three point bending (Fig. 1). The notch to depth ratios a /

W were selected to be 0.05, 0.10, 0.30 and 0.50. The notch

was introduced with a diamond saw. Four beams were tested

for each notch to depth ratio and each depth. Ready mix

NSC (with an average compressive strength fc of 55 MPa)

was used in view of the large volume of concrete needed.

The testing was carried out using a Dartec closed-loop

testing machine controlled by the signal from a clip gauge

measuring the crack mouth opening displacement (CMOD)
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Fig. 1. Geometry and loading arrangements: (a) TPB specimen; (b) WS specimen.
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Fig. 2. Typical load-displacement diagrams in TPB test (a) and load-CMOD

diagrams in WS test (b).
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and placed between knife edges at the mouth of the starter

notch.

WS tests were carried out on NSC and HSC. These

concretes were mixed in the laboratory since only small

amounts were needed. Their average compressive strengths

were 60 and 100 MPa, respectively. Ninety-six specimens of

different sizes W (100, 200 and 300 mm) were tested (Fig.

1). The notch to depth ratios a0 / (W�h) were selected to be

0.20, 0.30, 0.40 and 0.50 (the corresponding a /W* ratios

are 0.16, 0.26, 0.36 and 0.46, see Fig. 1). The distance h is

given in Table 3. The testing was carried out using a Dartic

closed-loop testing machine controlled by the signal from

the CMOD gauge at a rate of 0.0002 mm/s. The loading

arrangements are shown in Fig. 1.

Typical recorded load-displacement (TPB) and load-

CMOD (WS) diagrams are shown in Fig. 2 from which the

specific fracture energy was calculated using

Gf a;Wð Þ ¼ 1

W � að ÞB

Z
Pdd TPBð Þ ð6Þ

¼ 1

WT� að ÞH

Z
F

2tanh
d CMODð Þ WSð Þ

where B is the thickness of beam.

The value of the specific fracture energy so determined

varies with the size and the notch to depth ratio a. This
value is therefore designated Gf (a, W). It decreases with

increasing a but increases with increasing W (for details, see

Abdalla and Karihaloo [12]).

Hu and Wittmann [13,14] had addressed the possibility

that the fracture energy required to create a crack is

influenced by the size of the FPZ which in turn is influenced

by the free boundary of the test specimen. To consider the
boundary effect on the local fracture energy distribution in

the FPZ, they assumed a bilinear energy distribution in the

ligament ahead of the pre-existing crack. The bilinear

approximation consists of a horizontal line with the value
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Fig. 3. Bilinear tension softening diagram r(w).
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GF and a descending branch that reduces to zero at the back

face of the specimen. The intersection of these two lines

defines the transition ligament size al (Hu and Wittmann

[14]) which depends on both the material properties and

specimen geometry. In general the ligament size (W�a) (or

W*�a in WS geometry) is always larger than the transition

ligament size al, so that

Gf a;Wð Þ ¼ GF 1� 1

2

al=W

1� að Þ

��
ð7Þ

As the number of measured Gf(a, W) for each size W and

each notch to depth ratio a exceeds the number of

unknowns in (7) which is only 2, namely GF and al, the

over-determined system of equations is solved by a least

squares method to get the best estimate of GF and al.

The boundary effect concept was further developed by

Duan et al. [15] based on the TPB test results of

Nallathambi et al. [16,17] and confirmed by independent

tests on TPB and WS specimens described above by

Abdalla and Karihaloo [12]. It should be mentioned that

the boundary effect concept is similar in principle to the

perturbed ligament model of Planas and Elices [18], but it is

much simpler to implement in practice.

The application of the boundary effect concept to the test

results Gf (a, W) indeed gives a specific fracture energy

value GF that is independent of the size (a, W) and shape of

the test specimen. This may be judged by the values

reported in Table 1.

For both the TPB and WS specimens the size-indepen-

dent specific fracture energy GF (Table 1) was estimated

from three or four sizes with four notch to depth ratios.

However, Abdalla and Karihaloo [12] also observed that the

same value of GF for a concrete mix could also be obtained

by testing specimens of a single size, one half of them

containing a very shallow starter crack (a�0.10 for TPB

and a�0.16 for WS) and the other half a deep starter crack

(a�0.50 for TPB and WS). This observation was con-

firmed recently (Karihaloo et al. [19]) by re-evaluation of a

large body of test data on measured Gf (a, W) of concrete

mixes available in the literature. This conformation paved a

way for a simple and practical means of determining GF of

concrete. They also provided guidance for the selection of

the specimen dimensions based on the maximum size of

aggregate in the concrete mix.

In the context of the FCM (Hillerborg et al. [7]) the true

specific fracture energy obtained above is exactly equal to
Table 1

Size-independent specific fracture energy GF

TPB specimens of NSC (55 MPa) W mm 100 200 300 400

GF N/m 140 144 137 143

al mm 54 104 117 149

WS specimens W mm 100 200 300

NSC (60 MPa) GF N/m 153 155 156

al mm 79 136 166

HSC (100 MPa) GF N/m 125 122 123

al mm 74 128 187
the area under the cohesive stress-separation diagram r(w)
(i.e. the tension softening diagram) in the fictitious crack

(i.e. the FPZ)

GF ¼
Z wc

0

r wð Þdw; ð8Þ

where wc is the critical opening of the real crack tip when it

begins to grow.

As the tension softening region is generally discontinu-

ous, a direct determination of r(w) is an impossible task. It

is therefore often determined using an inverse identification

procedure. Many such procedures have been proposed

(Roelfstra and Wittmann [20]; Ulfkjaer et al. [21]; Olesen

[22]; Bolzon et al. [23]). In each of these procedures, the

shape of the tension softening diagram is assumed a priori

and the parameters describing it identified in such a way that

the global load-deformation response of the test specimen is

reproduced with a desired degree of accuracy. By far the

most popular approximation of the r(w) diagram is the

bilinear one shown in Fig. 3, so that (8) reduces to

GF ¼ 1

2
ftw1 þ f1wcð Þ; ð9Þ

where w1, f1 and wc are to be identified. In this work, the

simple inverse identification procedure of Olesen [22] based

on a nonlinear hinge model for the real and fictitious crack

was used to identify these three parameters for the three

concrete mixes tested using the TPB and WS specimens.

The global load-CMOD response of the specimens was

reproduced for all W and a and the procedure described in

Abdalla and Karihaloo [24] was used to determine the

parameters w1, f1 and wc corresponding to the size-

independent GF of concrete mixes (Table 1). The resulting

parameters of the bilinear r(w) diagram for the three mixes

are given in Table 2.
3. Theoretical predictions

In the derivation of formula (4) (Karihaloo [8]) it was

recognised that quasi-brittle materials develop a diffuse FPZ

before the formation of a traction-free crack whose size can



Table 2

Elastic properties and parameters of r(w) diagram for the three test concrete mixes

Mix fc (MPa) f t (MPa) GF (N/m) E (GPa) w1 (mm) f1 (MPa) wc (mm) lch=EGF / f t
2 (mm)

NSC for TPB 55 2.67 141 36.9 0.049 0.457 0.333 729.8

NSC for WS 60 2.80 155 38.3 0.051 0.524 0.318 757.2

HSC for WS 100 4.00 123 43.0 0.017 1.36 0.132 330.6

The direct tensile strength was assumed to be f t =0.65 fst, where fst is the indirect tensile strength, namely the split cylinder strength (Neville [37]).
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be commensurate with that of a small test specimen. Within

this zone the stresses are redistributed so that it is necessary

to consider not only the singular term in the asymptotic

crack tip field but also higher order, non-singular terms. In

the derivation, Karihaloo [8] used approximations for the

higher order terms, as well as the weight (Green’s) functions

for a semi-infinite crack in an infinite plane instead of a

finite size crack in a finite TPB or WS specimen. These

approximations have now been eliminated by taking into

account accurate higher order terms of the crack tip

asymptotic field, as well as by using accurate weight

functions for a finite crack. Some preliminary results have

been previously reported (Karihaloo et al. [10]).

In common with the earlier derivation (Karihaloo [8]),

the traction-free crack with a FPZ of length lp at its tip is

decomposed into a traction-free crack (Fig. 4) with the

following stress field at its tip

ry rð Þur0 rð Þ ¼ a1ffiffi
r

p þ 3a3
ffiffi
r

p
þ 5a5r

3
2 ð10Þ

and the FPZ with the stress )r(s)�r(lp� s)2 and the

displacement w(s) across its faces. In (10), a1 is related to

the mode I SIF KI via a1 ¼ KI=
ffiffiffiffiffiffi
2p

p
. The dimensioned
(l(s)− 0 p−s)σσ

(s), w(s)σ 

(a)

(b)

(c)

Fig. 4. Decomposition of a traction free crack with a FPZ of length lp (a) into the

stress [r(s)�r0(lp� s)] and COD w(s) (c). As the faces close smoothly the SIF at

corresponding COD at location t (d) (From Karihaloo [4]).
coefficients a1, a3 and a5 depend on the crack length,

applied load r and size and geometry of the body.

For a TPB with a span to depth ratio b of 4 considered in

the current study, the coefficients a1, a3, a5 are (Karihaloo

and Xiao [25])

a1 ¼ r
ffiffiffiffiffi
W

p
k4 að Þ

a3 ¼
rffiffiffiffiffi
W

p g34 að Þ

a5 ¼
r

W 3=2
g54 að Þ ð11Þ

where

k4 að Þ ¼
ffiffiffi
a

p
p4 að Þffiffiffiffiffiffi

2p
p

1� að Þ3=2 1þ 3að Þ

p4 að Þ ¼ 1:9þ 0:41a þ 0:51a2 � 0:17a3

g34 að Þ ¼ � 148:73a5 þ 233:48a4 � 153:97a3 þ 49:515a2

� 9:2406a þ 0:6534

g54 að Þ ¼ 2765:2a6 � 5869:4a5 þ 4919:3a4 � 2084:4a3

þ 468:48a2 � 52:998a þ 2:1491 ð12Þ
(d)

traction free crack with stress r0(r) ahead of crack tip (b) and the FPZ with

0 will vanish. k(s) is the SIF due to unit concentrated loads at s, g(s, t) is the
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Table 3

WS specimen dimensions (mm)

Specimen Size 100 200 300

Width W 100 200 300

Thickness B 100 200 300

a 4¨64 8.5¨136 12.65¨202.4

dn 20 30 47

h 15 25 35
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and r =6P /W and the subscript 4 refers to the span to depth

ratio b =4. P is the applied point load per unit thickness (m).

The dimensions of r and W are MPa and m, respectively.

For the WS geometry shown in Fig. 5, the coefficients

a1, a3, a5 are normalized as

k að Þ ¼ KI

r
ffiffiffiffiffiffiffiffiffiffi
2pW

p ¼ a1

r
ffiffiffiffiffi
W

p

g3 að Þ ¼ a3

r=
ffiffiffiffiffi
W

p ¼ a3

r

ffiffiffiffiffi
W

p

g5 að Þ ¼ a5

r=W 3=2
¼ a5

r
W

3=2 ð13Þ

where r =P /W for the concentrated loading arrangement

shown in Fig. 5. P is the point load per unit thickness (mm).

The dimensions of r and W are MPa and mm, respectively.

For the sizes listed in Table 3 and considered in this study,

the dimensionless functions are fitted from numerical results

with error <0.1% as (Karihaloo et al. [26])

k að Þ ¼ 508:9a5 � 841:5a4 þ 540:7a3 � 155:1a2 þ 23:96a

þ 0:4557

g3 að Þ ¼ � 7724a6 þ 14959a5 � 10977a4 þ 3587a3

� 434:6a2 � 25:24a þ 4:1

g5 að Þ ¼ � 18785a6 þ 36373a5 � 26375a4 þ 8695:2a3

� 1331:7a2 þ 128:1a � 13:79 ð14Þ
for W=100 mm, and

k að Þ ¼ 342:3a5 � 527:8a4 þ 331:4a3 � 96:5a2 þ 17:39a

þ 0:6531

g3 að Þ ¼ � 4945a6 þ 8966a5 � 6054a4 þ 1658:5a3

� 59:3a2 � 59:44a þ 5:17
e 35 70 105

f 30 60 90

g 25 50 75

T 50 100 150

5 að Þ ¼ 1117:7a6 � 13095a5 þ 21537a4 � 13975a3

2

g

� 4023:7a � 436:3a þ 4:76 ð15Þ
for W=200 mm, and

k að Þ ¼ 552:9a5 � 946:7a4 þ 630:2a3 � 189:4a2 þ 29:47a

þ 0:1645

g3 að Þ ¼ � 7144a6 þ 13534a5 � 9444a4 þ 2704:5a3

� 158:2a2 � 67:26a þ 6:25

g5 að Þ ¼ � 2652a6 � 5166a5 þ 15504a4 � 12020a3

þ 3814a2 � 449:69a þ 7:24 ð16Þ

for W=300 mm.

The opening displacement of the cohesive crack faces

w(t) (representing the FPZ) can be expressed as the solution

of the following singular integral equation (see Fig. 4)

Z lp

0

g s; t; að Þ r sð Þ � r0 lp � s
� �	 


ds ¼ � w tð Þ: ð17Þ

The finite tensile strength of concrete requires that SIF

vanish at the FPZ tip. This in turn requires that the faces of

FPZ close smoothly, i.e.

Z lp

0

k s; að Þ r sð Þ � r0 lp � s
� �	 


ds ¼ 0: ð18Þ

Of course, it is not always necessary to impose the

condition that the SIF vanishes at the FPZ tip (see, e.g.,

Elices et al. [27]). In NSC, the FPZ is often surrounded by a

zone of microcracks (corresponding to the pre-peak

nonlinearity), so that the SIF is finite at the FPZ tip.

However, this has been shown to have a negligible effect on

the results (Alaee and Karihaloo [28]).

The weight functions g(s, t; a) and k(s; a) are the

respective COD at the location t and the SIF at the crack tip

of a single edge cracked specimen of finite size due to a pair

of unit normal forces at s on the crack faces (Fig. 4d). Both

k(s; a) and g(s, t; a) have been derived by Xiao and

Karihaloo [29].
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In this study, we have further enhanced the accuracy of

k(s; a) with the use of the hybrid crack element (Karihaloo

and Xiao [30]), and the result is

k s; að Þ ¼
ffiffiffiffiffi
2

ps

r
þ A1

ffiffiffiffiffiffi
2p

p
ð19Þ

A1 depends on the size and geometry of the body W, and the

size of the crack a

A1 a; cð Þ ¼ W0=W
T� �1

2
X5
j¼0

f1j að Þcj ð20Þ

where a =a/W*, c = s /a and a is the crack length. W0

represents a characteristic size of the specimen used for the

calculation of the weight functions below, W* represents the

actual size of the specimen for which the weight function is

used.

For the geometry shown in Fig. 6, which may be used for

the TPB in which case W=W* in m, the non-dimensional

functions f1j(a) are

f10 að Þ ¼ 11:026a5 � 13:823a4 þ 4:0226a3 þ 2:0164a2

� 0:5575a þ 0:0963

f11 að Þ ¼ 429:38a5 � 738:19a4 þ 500:78a3 � 149:56a2

þ 23:384a þ 0:8838

f12 að Þ ¼ 40:96a2 � 75:609a þ 22:899; a > 0:6

f13 að Þ ¼ � 92:65a2 þ 157:76a þ 50:355; a > 0:6

f14 að Þ ¼ 91:795a2 � 149:99a þ 48:896; a > 0:6

f15 að Þ ¼ � 33:055a2 þ 52:752a � 17:394; a > 0:6

f12 að Þ ¼ � 13:775a3 þ 5:095a2� 4:458a � 3:9128; aV0:6

f13 að Þ ¼ 19:993a2 � 6:4559a þ 7:6043; aV0:6

f14 að Þ ¼ � 18:031a2 þ 7:7761a � 6:2402; aV0:6

f15 að Þ¼ � 4:6046a3þ10:596a2� 4:0866aþ1:9845; aV0:6

ð21Þ

with W0=1 m.
2H

W

P

P
s

a

Fig. 6. A single edge cracked plate subjected to a pair of wedge forces P=1.
For the WS geometry (Fig. 5), W*=W�dn in mm we

have also fitted the numerical results for W=100 mm,

dn =20 mm, f=30 mm, and e =35 mm as

f10 að Þ ¼ � 10:837a5 þ 28:701a4 � 29:259a3 þ 15:251a2

� 4:3207a þ 0:8133

f11 að Þ ¼ 123:31a5 � 258:91a4 þ 214:08a3 � 90:404a2

þ 22:249a � 3:4214

f12 að Þ ¼ � 218:06a5 þ 516:02a4 � 457:94a3 þ 209:05a2

� 55:104a þ 9:3255

f13 að Þ ¼ 393a5 � 915:81a4 þ 784:8a3 � 341:39a2

þ 85:598a � 14:05

f14 að Þ ¼ � 349:29a5 þ 805:58a4 � 674:31a3 þ 282:61a2

� 67:783a þ 10:738

f15 að Þ ¼ 118:92a5 � 272:5a4 þ 224:77a3 � 91:783a2

þ 21:249a � 3:2529 ð22Þ

Here, W0=85 mm. The above results can also be used for

WS specimens with different W* values.

As the singular integral Eqs. (17) and (18) will be solved

numerically, g(s, t; a) can be established directly from k(s;

a) with the use of Castigliano’s theorem or the so-called

Paris equation (Paris [31]; Tada et al. [32]).

g s; t; að Þ ¼ 2

EV

Z a

a�min s;tð Þ
k x� aþ s; xð Þk x� aþ t; xð Þdx

ð23Þ

where EV=E for plane stress and EV=E / (1�t2) for plane
strain and min(s, t) means the smaller of the distances s and

t. Xiao and Karihaloo [29] have shown that the COD so

obtained is quite accurate.

In the earlier formulation leading to Eq. (4) (Karihaloo

[8]) the following crucial approximations were made: (i) the

higher order coefficient a3 was inferred indirectly and a5
was not included; (ii) only the first terms in the weight

functions (19) and (23) were used. These terms correspond

to a semi-infinite crack in an infinite body and not the finite

TPB or WS specimens considered; (iii) with these approx-

imations, the system of Eqs. (17) and (18) was solved

analytically in an indirect manner. The COD, w(s), in the

FPZ 0� s� lp was approximated by a polynomial in s, and

r(s) and lp were solved analytically from (17) and (18) for

prescribed r (i.e. KI). The distance s was then eliminated

from the assumed w(s) and the calculated r(s) to establish

the tension softening relationship r(w).
As a result of the above approximations, the r(w)

relationship so obtained became dependent on the geometry
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Fig. 7. Distribution of the cohesive stress in the FPZ for TPB specimens with a =0.30 and various W.
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of the structure and external loading (i.e. on r and a3) and

no longer reflected a true material property, as it should.

Additionally, the nominal strength formula (4) predicted an

arbitrary lower limit on the structural size W >B3 in order

for it to have a physical meaning.

The above exact formulation has overcome these draw-

backs. However, it is now necessary to prescribe the actual

r(w) diagram for the concrete used for making the TPB

beams and WS specimens and to solve the singular integral

Eqs. (17) and (18) numerically for the prescribed r(w)
diagram (Table 2).

To solve the singular integral Eqs. (17) and (18), the FPZ is

divided into segments as is usually done in the boundary

element analysis. The cohesive stress r(s) is interpolated by

its values at the two end points and assumed to vary linearly
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Fig. 8. The variation of the measured nominal strength with the characteristic

formula (2).
within each segment. Eq. (17) is discretized at all nodes

except the FPZ tip, where the value of cohesive stress equals

ft. From the discretized system of equations, we can solve the

unknown cohesive stresses and external applied stress r (or

lp) for given lp (or r) (details are given in the Appendix). If lp
is given, the discretized system of equations is linear, but non-

symmetric. lp is increased by a step size of 0.5 mm and Eqs.

(17) and (18) solved incrementally. In order to integrate

accurately the integrals with possible endpoint singularities,

we have used the IMSL routine DQDAGS to integrate (23),

and the routine DQDAG to integrate (17) and (18) on each

segment. Both integrators use a globally adaptive scheme to

reduce the absolute error, and handle very well even functions

that have endpoint singularities. The desired absolute

accuracy was set to 0, while the desired relative accuracy
- NSC
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was set to 10�4. When the FPZ is very small (e.g., lp is only a

fewmillimetres long), it may be difficult tomeet these desired

accuracy measures, but such difficulties disappear as the

length of FPZ increases. The discretized system of equations

at each step is solved by the IMSL high accuracy linear

system solver, DLSARG, which solves a general system of

linear equations in real variables with iterative refinement.

Numerical tests showed that convergent results are obtained

with 10–15 divisions of the FPZ. In this study, the FPZ was

divided into 20 equal segments.

The typical distribution of the cohesive stress in the FPZ

at peak load is shown in Fig. 7, for TPB specimens with

a =0.30 and various W values. The distributions are very

similar for all values of a, and for all a and W the residual

stress level is always above f1 (Table 2).
WS

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

1.90 2.10

log

lo
g 

(σ
N

)u

Test

Polynomial (24)

Formula (2)

Fig. 10. The variation of the measured nominal strength with the characteristic dim

formula (2).
4. Comparison of test results with theory and formula (2)

Figs. 8–10 show on a log–log plot the variation of the

measured nominal failure strength, (rN)u, with the charac-

teristic dimension W of the test specimen. The test results

are faithfully represented by the following polynomial

(coefficient of determination R2
;1)

rNð Þu
ft

¼ C1 þ C2

W

lch

�� 2

þ C3

W

lch

�� 3

; ð24Þ

where the normalising material parameters ft and lch of the

mixes used in the test specimens are given in Table 2. The

coefficients C1, C2 and C3 are given in Table 4. They

depend on the notch to depth ratio a. The regression
 - HSC

2.30 2.50

 (W)

α = 0.16  

α = 0.26

α = 0.36 

α = 0.46 

ension, W of the WS specimen for HSC compared with polynomial (24) and



Table 4

Coefficients C1, C2 and C3 in (24) for the three concrete mixes

Mix fc (MPa) a C1(a) C2(a) C3(a)

NC for TPB 55 0.05 0.250 �0.315 0.253

0.10 0.219 �0.848 1.168

0.30 0.138 �0.356 0.347

0.50 0.078 �1.248 3.690

NC for WS 60 0.16 0.150 �0.807 1.471

0.26 0.133 �0.695 1.297

0.36 0.079 �0.490 0.964

0.46 0.049 �0.100 0.113

HSC for WS 100 0.16 0.171 �0.013 0.010

0.26 0.147 �0.158 0.124

0.36 0.088 �0.035 0.011

0.46 0.069 �0.100 0.080

Table 5

Material parameters Gf and cf in (3) for the three concrete mixes

Mix fc (MPa) a A2 B2 (mm) Gf (N/m) cf (mm)

NC for TPB 55 0.05 0.263 533.91 45.94 90.97

0.10 0.200 655.94 58.08 74.77

0.30 0.186 121.27 30.05 23.69

0.50 0.068 660.39 67.57 104.05

NC for WS 60 0.16 0.100 415.38 47.58 125.15

0.26 0.077 597.95 56.73 193.44

0.36 0.054 573.96 42.51 136.11

0.46 0.033 991.56 47.02 231.12

HSC for WS 100 0.16 0.176 1066.98 324.65 289.33

0.26 0.144 459.08 132.24 103.96

0.36 0.119 162.50 50.82 30.83

0.46 0.077 161.60 35.39 30.13
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polynomial (24) is also plotted on Figs. 8–10. Also plotted

on Figs. 8–10 are the predictions of formula (2), in which

the coefficients A2 and B2 have been determined by linear

regression as explained above in Section 1.

Fig. 11 compares the predictions of the theoretical

model based on the FCM described in Section 3 with the

test results. For brevity, the comparison is presented only

for the TPB geometry. However, similar results are

obtained also for WS geometry. It will be seen that the

theoretical predictions using the elastic and fracture

properties of the TPB mixes given in Table 2 are in

good agreement with the test results. The predictions of

formula (2) are also very close to the test results (Figs.

8–10). This is not surprising given that the coefficients

A2 and B2 were determined by fitting the very same test

results. A test of the usefulness of formula (2) as a

predictive tool must therefore be sought by alternative

means. Here it is tested by exploiting the relation (3)

between the coefficients A2 and B2 and the material

properties Gf and cf for a given specimen geometry, i.e.

for a given g(a) and gV(a). It will be recalled that Gf and

cf are, respectively, the specific fracture energy and the

size of the FPZ corresponding to a very large specimen
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Fig. 11. The variation of the measured nominal strength with the characteristic di
(theoretically when WYV) for which the linear elastic

fracture mechanics is applicable in principle.

The Gf so obtained will be different from the GF used

above. In fact, it has been argued that Gf is approximately

equal to 0.25 GF (Bazant and Becq-Giraudon [33]) and

that it is equal to the area under the initial part of the

tension softening diagram. Of course, for Gf to be a

material parameter it must not vary with shape and size of

the test specimen. For the three test concrete mixes, Gf and

cf values obtained from the relations (3) are given in Table

5, from which it is clear that the Gf is not a material

constant.
5. Discussion

It has been shown that when the crucial simplifying

assumptions made in the derivation of formula (4) are

removed, the predictions of the resulting formulation based

on the FCM are in good agreement with the test results for

notched TPB specimens (Fig. 11). (The same procedure can

be followed for WS specimens. However, for brevity,

calculations for WS specimens are not included here). This
NSC
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good agreement is a result of using GF and r(w) in the FCM
that are independent of the shape and size of the test

specimen (Tables 1 and 2). The predictions of the size effect

formula (2) are also in good agreement with the test results

(Figs. 8–10). However, when the relationships (3) between

the coefficients A2 and B2 appearing in this formula and the

material properties Gf and cf are exploited, the resulting

material properties are found to vary significantly with the

shape and size of the test specimen (Table 5). Thus this

formula should not be used for predicting fracture properties

of concrete mixes.

The test results for the nominal failure strength are

faithfully represented by a third order polynomial in the

characteristic size (formula (24)). The coefficients of this

polynomial depend on a. It should be emphasized that the

regression formula (24) is only applicable in the range of

sizes of the test specimen, and it should not be used outside

of this range.
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size range from 25 to 2000 mm.
Although both TPB and WS geometries belong to the so-

called type 2 geometry ( g(a)>0, gV(a)>0) (Bazant [11]),

the observed strength size effect is somewhat different.

Within the (small) range of sizes tested, formulas (2) and

(24) are both in good agreement with the test data, despite

the fact that the regression formula (24) predicts a positive

curvature of the log (rN)u vs. log (W) plot for the NSC

tested in WS geometry for small a and negative curvature

for large a (=0.46) (Fig. 9), whereas formula (2) predicts a

negative curvature for all a. The positive curvature for small

a is predicted by the multi-scale fractal arguments forwarded

by Carpinteri and his co-workers (see, e.g. Carpinteri [34]).

Fig. 9 clearly shows the futility of using the curvature of the

strength size effect curve constructed on the basis of a

narrow range of specimen sizes that can be conveniently

tested in a laboratory.

Finally, it is of some interest to study the weakening in

the strength size effect as the size of the notch decreases
NSC
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Table 6

Coefficients D1,. . .,D4 in (25) and (28) for the three concrete mixes

Mix fc (MPa) a D1(a) D2(a) D4(a) D3(a)
(Eq. (26))

NC for TPB 55 0.05 0.263 0.493 0.081 0.022

0.10 0.211 0.481 0.001 0.0003

0.30 0.156 0.254 0.029 0.009

0.50 0.066 0.371 0.194 0.007

NC for WS 60 0.16 0.161 0.084 0.055 0.053

0.26 0.177 0.013 0.088 0.054

0.36 0.090 0.029 0.026 0.040

0.46 0.051 0.407 0.079 0.005

HSC for WS 100 0.16 0.177 1.412 0.382 0.024

0.26 0.158 0.401 0.109 0.021

0.36 0.096 0.901 0.054 0.003

0.46 0.104 0.064 0.024 0.020
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with a view to judging whether or not there is a

deterministic fracture mechanical size effect (over and

above the statistical Weibull size effect) in un-notched

quasi-brittle structures. For this the test results for the

TPB specimens with a very small initial notch (a =0.05)
are again plotted in Fig. 12 on a log–log scale, together

with the Weibull line which on the same scale has a slope

close to �1 /6 (Zech and Wittmann [35]). Note that it is

not possible to test WS specimens with very small a
(smaller than around a =0.15) because they tend to fail

prematurely at the re-entrant corners (Fig. 2). From Fig.

12 it is clear that there is a (small) size effect in the

failure strength over and above the statistical Weibull size

effect, but it is difficult to say with any degree of

certainty as to whether this small difference is solely due

to the deterministic fracture mechanical size effect. This is

because casting and curing of concrete specimens induce

their own size effects. Van Vliet and Van Mier [36] also

noticed that uniaxial tension test strength data on un-

notched specimens could be accurately described by

Weibull statistics (apart from the very small test speci-

men) but cautioned against drawing any definitive

conclusions on strength size effect from this fortuitous

agreement because of the size effects induced by casting

and curing of specimens.

In view of the fact that the theoretical model based on the

FCM and the use of size-independent GF and r(w) of a

concrete mix is able to predict the strength size effect

accurately in the range of sizes of TPB specimens tested in

the laboratory, the model has been used to predict the

nominal failure strength outside of this range. The size of

notched TPB beams, made from the same NSC mix from

which the test beams were made, was varied betweenW=25

mm and W=2000 mm keeping the span to depth ratio

constant at 4. This gave a size range of 1 :80. Three notch to

depth ratios were considered, a =0.1, 0.3 and 0.5. The

results of this prediction are shown in Fig. 13, together with

the test results. The relative size of the FPZ (lp /W) is shown
in Fig. 14 from which it is clear that lp /W decreases

significantly as W increases. For example, it drops from

0.64 to 0.107, as W increases from 25 to 2000 mm for

a =0.10. This confirms conclusively that nonlinear theory of

fracture is essential for structures of small size but that large

concrete structures with cracks can be analysed by linear

elastic fracture theory.
6. Improved formula (4)

We have seen above that the theoretical model based on

the FCM is able to predict accurately not only the test

results in the narrow range of sizes tested in the laboratory

but also outside of it (Fig. 13). However, these predictions

are only available to those who can perform the computa-

tions. On the other hand, the regression polynomial (24) is

restricted to the narrow size range of test specimens and

thus not particularly helpful to a designer. For the above

reasons, it would be most helpful to have the computa-

tional results available in a simple analytical form, as, e.g.

formula (4) but without its drawbacks. This analytical
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formula would replace the inadequate (4) and the

regression polynomial (24).

With this aim in mind, we shall assume, based on the

expected asymptotic behaviour that

rNð ÞTu ¼
D1

1þ W T

D2

�� 1
2

þ D3

1þ D4

W T

�� ; ð25Þ

where, D1,. . .,D4 are coefficients to be determined by fitting

the test results, and, for brevity, we have denoted

(rN)u*=(rN)u / ft and W*=W / lch. In what follows, we shall

however omit the asterisk sign.

The choice of (25) is dictated by the fact that the strength

attains finite asymptotic values at both size extremes, i.e.

when WY0 and WYV. From (25) it is clear that (rN)uYD1

as WY0 and (rN)uYD3 as WYV. It is also clear that
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D1>D3. Moreover, (25) shows that d(rN)u / dWY0 as

WYV. However, for (rN)u to tend to D1 as WY0, we

must have additionally that d(rN)u / dWY0 as WY0. For

this it is necessary and sufficient that

D3 ¼
D1D4

2D2

ð26Þ

As D1>D3, it follows from (26) that

D4

D2

< 2 ð27Þ

Eq. (25) can therefore be rewritten as

rNð Þu
ft

¼ D1 að Þ 1þ W=lch
D2 að Þ

�� �1
2

þ D1 að Þ
2D2 að Þ

W

lch
1þ W=lch

D4 að Þ

�� �1

:

ð28Þ
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Within the range of the sizes of specimens tested in the

laboratory (28) also replaces the regression polynomial (24).

The coefficients D1(a), D2(a) and D4(a) are obtained by

nonlinear regression of the test results and are given in Table

6, together with D3(a) obtained using Eq. (26). Note that the
inequality (27) is satisfied for all a and all three mixes.

The formula (28) is plotted on Figs. 15–17 for the three

concrete mixes, together with formula (2). It will be seen

that Eq. (28) fits the experimental data just as well as the

regression polynomial (24).

Eq. (28) predicts a negative curvature for all three mixes

over the range of sizes of the test specimens, just as formula

(2) does.

Unlike the regression polynomial (24) which was based

strictly on test data, Eq. (28) does have the correct

asymptotic behaviour, although the coefficients D1(a),
D2(a) and D4(a) were determined from test data in a

limited size range. In order to check whether or not it can be
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Fig. 18. Comparison of theoretical/computational predictio
used outside of this narrow range, we shall compare its

prediction with those of the theoretical/computational model

(Fig. 13) for the NSC using TPB geometry for a =0.10, 0.30
and 0.50.

The comparison of predictions is shown in Fig. 18, from

which it is clear that formula (28) can indeed be used in the

size range 1 :80 for shallow to moderate notches. The

theoretical/computational predictions deviate from those of

formula (28) for a =0.50. However, we believe that this is a
result of the fact that the test results were only available for

two depths for this ratio of notch to depth.

Formula (28) therefore replaces the inadequate formula

(4), as well as the regression formula (24). The coefficients

in this formula are established from specimens of a

range of sizes and a range of notch to depth ratios that

can be conveniently tested in a laboratory. The formula can

then be used in a much larger size range (1 :80) with

confidence.
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ns with those of formula (28) in the size range 1 :8.
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As a matter of interest, we have plotted formula (28) in a

still larger size range (1 :106) in Figs. 19–21 of TPB and

WS geometries for two notch to depth ratios, together with

the test results. The formula seems to capture the whole

range accurately.
7. Conclusions

Based on the work reported in this paper, the following

conclusions can be drawn.

& A deterministic (as opposed to statistical) size effect

exists in the strength of cracked concrete structures

owing to the stress redistribution introduced by the

presence of cracks manifested in the FPZ.

& The deterministic strength size effect becomes stronger

as the size of the cracked structure increases but
WS 
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Fig. 20. Prediction of formula (28) over the size range 1 :106. The WS te
weakens as the size of the crack reduces relative to the

size of the structure. These experimental observations

are confirmed by theoretical/computational studies

based on the FCM. For these studies it is important

however to use the true, size-independent fracture

energy and the corresponding tension softening dia-

gram of the concrete mix that are independently

measured.

& The theoretical/computational model that is in full

agreement with the test results in the limited range of

sizes tested in the laboratory can be extended beyond this

range to include cracked concrete structures in the very

large size range of 1 :80.

& The theoretical/computational results in this extended

size range can be represented by a strength size effect

formula that is very simple to use in practice and has

the appropriate asymptotic behaviour at both size

extremes.
- NSC

5.0 7.0
 (W)

α = 0.16

α = 0.46

st data in the narrow size range are also shown (a =0.16 and 0.46).
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Fig. 21. Prediction of formula (28) over the size range 1 :106. The WS test data in the narrow size range are also shown (a =0.16 and 0.36).
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& Besides the mix properties (Young’s modulus, E, direct

tensile strength, ft, and the true size-independent specific

fracture energy, GF) which must be independently

measured, this simple formula contains three unknown

coefficients which depend only on the size of the crack

relative to the size of the structure (i.e. a).
& These three coefficients can be determined by regression

on test results obtained on geometrically similar speci-

mens of any shape but of varying sizes and a that can be

conveniently handled in a laboratory. The formula can be

used with confidence for cracked concrete structures in

the range of at least 1 :80.
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Appendix A

To solve the singular integral Eqs. (17) and (18), the FPZ

is divided into n segments (from 1 to n) with (n +1) nodes

(from 0 to n) as in Fig. A.1 below.
01

(1)(2)

s

( j )

j j-1

( )n

nNode

Segment

Fig. A.1. Division of FPZ into segments.
Node j is located at sj—its distance from the tip of FPZ

(Fig. A.1). Hence, s0=0 and sn= lp. The cohesive stress at

node j is sj; obviously s0= ft.
In each segment ( j) with end points at j�1 and j, the

distance from FPZ tip and the cohesive stress are

interpolated linearly with their values at the end points:

s ¼ 1

2
1� xð Þsj�1 þ

1

2
1þ xð Þsj ðA:1Þ

r ¼ 1

2
1� xð Þrj�1 þ

1

2
1þ xð Þrj: ðA:2Þ

The local coordinate x equals �1 at node j�1 and 1 at

node j. For each node i , i =1, 2,. . ., n, t i = si, the

compatibility Eq. (17) can be written as

Z lp

0

g s; tið Þ r sð Þ � r0 lp � s
� �	 


ds ¼ � w tið Þ

or
Xn
j¼1

Z sj

sj�1

g s; tið Þ r sð Þ � r0 lp � s
� �	 


ds ¼ � w tið Þ

ðA:3Þ

We write s0(lp� s) as

r0 lp � s
� �

¼ r̃r0 lp � s
� �

Irr ðA:4Þ

where sr represents a reference stress.

According to the bilinear tension softening relationship

(Fig. 3), w(ti) can be represented through the cohesive stress

as

wðtiÞ ¼ � ri

ak ft
þ bk

ak
ðA:5Þ

where b1=1 and k =1 or 2 depending on whether w(ti) is

less or greater than w1.
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Substituting (A.2), (A.4) and (A.5 into (A.3) gives

Xn
j¼1

Z 1

�1

g s; tið Þ 1

2
1� xð Þrj�1 þ

1

2
1þ xð Þrj � r̃r0 lp � s

� �
Irr


�

	 J dx� 1

rk ft
ri ¼ � bk

ak
: ðA:6Þ

Here, it follows from (A.1) that

J ¼ 1

2
sj � sj�1

� �
: ðA:7Þ

Similarly, the smooth closure condition (18) can be

written in a discrete form as

Xn
j¼1

Z 1

�1

k sð Þ 1

2
1� xð Þrj�1 þ

1

2
1� xð Þrj � r̃r0 lp � s

� �
Irr


�

	 J dx ¼ 0: ðA:8Þ

Note that singular integrations need to be handled in

(A.6) when ti = sj�1 or ti = sj and j =n, and in (A.8) when

j =1 (the segment includes the FPZ tip) and j=n. We have a

total of (n +1) equations (n from (A.6) and one from (A.8))

with (n +1) unknowns, namely s1, s2,. . .,sn and sr

(s0= ft).

If the maximum COD (at the bottom of a TPB specimen

or at the bottom of the groove of a WS specimen) is less

than w1, the problem is still linear. If not, the problem is

nonlinear. In this case, the solution is improved via iteration

within each increment of FPZ. We choose ak and bk in

(A.6) according to the results of the previous iteration. If the

ratio of the increment of the maximum COD in the current

iteration to the total increment is less than the required

tolerance, i.e.���� gmaxcurrent iteration� gmaxprevious iteration

gmaxcurrent iteration� gmaxprevious loading step

���� < tol

ðA:9Þ

the solution is deemed to have converged. The iterations for

the current loading step are stopped and the next increment

of the FPZ (0.5 mm) made. In the computations, tol =0.01

was used. If the solution oscillates near the converged value,

an average of the solutions of two successive iterations is

used and the iterations continued until convergence. If the

sr solution in the current increment of FPZ is smaller than

in the previous one, it is clear that the peak the load-

deformation curve has been passed. The analysis is then

stopped.
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