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Model of piezoresistivity in carbon fiber cement
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Abstract

Piezoresistivity in carbon fiber cement allows strain sensing. It was first reported in 1993, but this paper provides the first theoretical model for
this phenomenon. The model is based on the concept that the piezoresistivity is due to the slight pull-out of crack-bridging fibers during crack
opening and the consequent increase in the contact electrical resistivity of the fiber–matrix interface. Good agreement is found between theory and
experimental results obtained under tension/compression.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Carbon fiber cement–matrix composites are structural materi-
als that are gaining in importance quite rapidly due to the decrease
in carbon fiber cost and the increasing demand of superior struc-
tural and functional properties. These composites contain short
carbon fibers, typically 5 mm in length, as the short fibers can be
used as an admixture in concrete (whereas continuous fibers can-
not be simply added to the concrete mix) and short fibers are less
expensive than continuous fibers.

Although carbon fibers help the structural performance of
cement-based materials, they are most valuable in improving the
functional properties, particularly the ability to sense strain ren-
dered by carbon fiber addition pertaining to the strain sensing
ability [1–14].

Although there are considerable experimental results on the
piezoresistivity of carbon fiber cement [15], theoretical understan-
ding of the phenomena is limited to a plausible mechanism in-
volving slight fiber pull-out upon crack opening and the
consequent loosening of the fiber–matrix interface and increase
in the contact electrical resistivity of this interface [9,16]. This
paper provides the first model of the phenomenon.
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2. Modelling1

Consider a carbon fiber reinforced cement specimen in the
shape of a parallelepiped, such that the part of the specimen for
which the resistance ismeasured (i.e., the part between the voltage
electrical contacts in the four-probemethod of electrical resistance
measurement) is of size L×W×H. The specimen is under tensile
stress σ in the elastic regime and the crack is parallel to the front
rectangular surface of the specimen (Fig. 1). The cross-section of
the crack is in the shape of an ellipse with dimensions 2a and 2b in
the major and minor axes respectively. The crack width is t in the
direction into the paper in Fig. 1. Let the angle between the minor
axis and the stress direction be θ. In order to determine the force
Fc applied on the crack (Fig. 2), project the crack on the bottom
rectangular surface of the rectangular parallelepiped. The pro-
jected area Ap of crack is expressed by the equation

Ap ¼ Lpt; ð1Þ
where Lp is the projected length of major axis of crack (i.e., 2a cos
θ). Therefore,

Ap ¼ 2at cos h: ð2Þ
The force Fc is given by

Fc ¼ Apr: ð3Þ
1 The Appendix contains a glossary of symbols used in the theory below.
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Fig. 1. A crack with the cross-sectional shape of an ellipse has the cross-section
parallel to the front surface of a specimen under tension.

Fig. 2. The force Fc applied to the crack is decomposed into two components Fi

and Fj along the major and minor axes of the crack respectively.

Fig. 3. A single carbon fiber bridging a crack is along the minor axis of the crack.
The fiber is embedded in the cementmatrixwith lengthh on either side of the crack.
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Substituting Eq. (2) into Eq. (3), we obtain the equation

Fc ¼ 2atr cos h: ð4Þ
Let us decompose Fc into two components Fi and Fj, where

Fi and Fj are forces for crack closing and opening respectively
(Fig. 2). Hence,

Fi ¼ Fc sin h ¼ 2atr sin h cos h ¼ atr sin 2h ð5Þ
and

Fj ¼ Fc cos h ¼ 2atr cos2h ¼ atrð1þ cos 2hÞ ð6Þ
Let us assume that a single fiber (diameter d=15 μm, length

Lf =0.5 cm and electrical resistivity ρf =3.0×10
−3 Ω. cm, were

used in prior experimental work [1–10,17]) bridges the crack
with length h embedded in the cement matrix on either side of
the crack (Fig. 3). The applied tensile stress σ results in a shear
stress τ along the interface between the fiber and the cement
matrix. The relationship of Fj with τ is

Fj ¼ Ac s ¼ 2kdhs; ð7Þ
where Ac is contact area between the fiber and matrix and is
equal to πd(2h).From Eqs. (6) and (7), we obtain

s ¼ atrð1þ cos 2hÞ=ð2kdhÞ: ð8Þ
Let the volume fraction of fibers in the rectangular paral-

lelepiped specimen be γ. Then, the total number of fibers (N)
contained in the measured part of the specimen is

N ¼ gVs=Vf ; ð9Þ
where Vs=LWH is the volume of the measured part of the
specimen and Vf is the volume of an individual fiber.

Vf ¼ kd2Lf=4 ð10Þ
Then Eq. (9) becomes

N ¼ 4g LWH=ðkd2Lf Þ ð11Þ
Let us divide the parallelepiped into N rectangular parallelepiped
unit cells of dimensionsM, Q and S (Fig. 4(a)). Since there are a
total ofN fibers, there is one fiber per unit cell. The resistance of a
unit cell in the direction of the fiber is contributed by (i) con-
duction paths within the cement matrix surrounding a crack with
the bridging fiber and (ii) the bridging fiber itself. The matrix
portion of the unit cell is divided into three parts that are marked
A, B and C (Fig. 4(b)). Let the volume resistance contributions by
A, B, C and the fiber be RA, RB, RC and Rv respectively. If Rv is
much smaller than RB, the crack-bridging fiber dominates the
electrical conduction between A and C and the resistors RA, Rv

and RC are in series. If Rv is not much smaller than RB, the resis-
tors Rv and RB are in parallel.

Rv ¼ qfLf=Af ¼ qfLf=ðkd2=4Þ; ð12Þ
where Af is the cross-sectional area of the fiber.

RB ¼ qmLm=Am; ð13Þ
where ρm is volume resistivity of the matrix, i.e., 4.87×105 Ω cm
[18], Lm is the length of B (Fig. 4(b)) and Am is the cross-sectional
area of B.
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The unit cell volume Vu is given by

Vu ¼ MQS ¼ Vs=N ; ð14Þ
Let us approximate S as Lf (Fig. 4(b)). From Eqs. (14) and (11),

MQ ¼ kd2=4g: ð15Þ
The maximum value of Am is MQ (Fig. 4(c)). From Eq. (13),

RB > qmLm=ðMQÞ ¼ 4 gqmLm=ðkd2Þ ð16Þ
Substituting ρf=3.0×10

−3 Ω. cm, Lf=0.5 cm, d=1.5×10
−3 cm,

ρm=4.87×10
5Ω. cm, Lm=1.0×10

−4 cm [15] and γ=0.48% into
Eqs. (12) and (16) yields

Rv ¼ 8:49� 102X ð17Þ
and

RB > 1:32� 105X: ð18Þ
Hence, RB is much greater than that of Rv. Therefore, RA, Rv and
RC are in series.

The interface between fiber and matrix is associated with a
contact resistance Ri. To include Ri in the theory, the overall
Fig. 4. (a) Three-dimensional schematic illustration of a parallelepiped unit cell of size
(white region) in the horizontal plane. The cement matrix is the shaded region. (b) J–
electrical circuit of the unit cell, showing resistors in series.
resistance Rf of a fiber can be considered to be equal to the sum
of the volume resistance Rv and the contact resistance Ri, i.e.,

Rf ¼ Rv þ Ri: ð19Þ
The equivalent circuit is shown in Fig. 4(d). Hence, the total
resistance is

R ¼ RA þ Rv þ Ri þ RC: ð20Þ
Since the dimensions of A and B and the fiber are essentially

the same, whether the specimen is loaded or not, we can assume
RA, RC and Rv to be constant. Taking the differential change on
both sides of Eq. (19), we obtain

DR ¼ DRi: ð21Þ
Ri is defined as

Ri ¼ qc=Ac; ð22Þ
where ρc is the contact electrical resistivity and takes the value
of 105 Ω. cm2 [16].Using Eq. (22) and the fact that Ac=πd(2h),
we obtain

Ri ¼ qc=ð2kdhÞ ð23Þ
Single fiber pull-out testing showed that the contact resistivity

gradually increased with increasing shear stress prior to the abrupt
M ×Q × S and containing a single fiber (dotted vertical line) that bridges a crack
J section view of the unit cell. (c) I–I section view of the unit cell. (d) Equivalent



Fig. 5. Curve of contact resistivity versus shear stress for carbon–fiber silica–
fume cement paste, based on Fig. 2 of Ref. 16.

Fig. 6. Distribution of fiber ends in a three-dimensional volume of size L×W×H.
There are Nx, Ny and Nz fiber ends in x, y and z axes respectively.
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increase when the shear stress had reached its maximum [16].
Furthermore, the resistance increased almost linearly with the
shear stress τ [16]. This stress may loosen the bond between fiber
and cement matrix. Thus,

DR ¼ cDs ¼ cD½atrð1þ cos 2hÞ=ð2kdhÞ�
¼ cat=ð2kdhÞD½rð1þ cos 2hÞ�; ð24Þ

where c is a proportionality constant.
We shall next determine the constant c in Eq. (24). Based on

the data of Fu and Chung [16], we obtain the curve of contact
resistivity versus shear stress (Fig. 5). The slope k of this curve is

k ¼ 0:1764� 105 X: cm2=MPa
¼ 1:764� 10−6 X: m2=Pa: ð25Þ

Using Eqs. (23) and (24), we have

Dqc ¼ 2kdhcDs ¼ kDs:

Thus,

c ¼ k=ð2kdhÞ ¼ 8:82� 10−7=ðkdhÞX: m2=Pa: ð26Þ
Substituting the value of c into Eq. (24), we obtain

DR ¼ ð4:41� 10−7Þat=ðk2d2h2ÞD½rð1þ cos 2hÞ� ð27Þ

Since the angle θ between forces Fc and Fj can take values in
the range from 0 to π /2, we can integrate the right side of Eq. (27)
with respect to the angle θ ranging from 0 to π /2 and take the
average value over θ. In this way, we obtain the average effect of
an individual fiber on the change in resistance of the specimen, i.e.,

DR ¼ 1=ðk=2ÞjZ k=2

0
ð4:41� 10−7Þat=ðk2d2h2ÞD½rð1þ cos 2hÞ�j

¼ 1=ðk=2Þjð4:41� 10−7Þat=ðk2d2h2LW Þr½h−ðsin 2hÞ=2�jk=2
0

¼ ð4:41� 10−7Þatr=ðk2d2h2Þ: ð28Þ

In Eq. (28),ΔR is the change in resistance in the loading direction
and it is independent of θ.
There are a total of N fibers in the rectangular parallelepiped
specimen. Under the condition of uniform fiber distribution, it can
be considered that the ends of all fibers (one end of every fiber
being considered as representing the position of the fiber) are
uniformly distributed, with every fiber end located at the center of
a small cube of volumeVu. Here, the small cube is a special case of
a rectangular parallelepiped unit cell of dimensions M, Q and S
that are all equal (Fig. 4(a)). The distance δ between the ends of
two adjacent fibers is the length of an edge of the small cube, that is

d ¼
ffiffiffiffiffi
Vu

3
p

¼
ffiffiffiffiffiffiffiffiffiffiffi
Vs=N

3
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LWH=N3

p
ð29Þ

Then, in a three-dimensional space of size L×W×H we have

Nx ¼ L=d

Ny ¼ W=d

and

Nz ¼ H=d; ð30Þ
where, Nx, Ny and Nz are the number of fiber ends along the x, y
and z axes respectively (Fig. 6).

Combining Eqs. (29) and (30), we obtain

Nx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL2=ðWHÞ3

p
; ð31Þ

Ny ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NW 2=ðLHÞ3

p
ð32Þ

and

Nz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NH2=ðLW Þ3

p
: ð33Þ

The three-dimensional space of size L×W×H (Fig. 6) can be
divided into Nz vertical slices of thickness δ. There are NxNy

fiber ends per slice. Each slice can be divided into Nx columns of
width δ. Let the change in resistance of a column, a slice, and the
entire L×W×H volume be ΔRV, ΔR2D and ΔRy

3D respectively.
Assume that the fibers in Fig. 6 are all parallel to the y-axis.

The assumption of the fibers being parallel to one another is
justified by the fact that the average effect of a single fiber on the
change in resistance ΔR is independent of the fiber orientation



Table 1
Different combinations of a (half of the length of a crack) and t (thickness of the
crack) corresponding to at=50.5 μm2 and 61.3 μm2 for the cases of uniaxial
compression and uniaxial tension respectively

Row
number

t
(μm)

a (μm)

Compression Tension

1 103 5.05×10−2 6.13×10−2

2 102 5.05×10−1 6.13×10−1

3 10 5.05 6.13
4 1.0 5.05×101 6.13×101

5 10−1 5.05×102 6.13×102

6 10−2 5.05×103 6.13×103

Fig. 7. Curves of measured and calculated values of the change in electrical
resistance versus time and of the measured stress versus time under uniaxial

2
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(Eq. (28)). Hence, the fibers in a column are electrically in series
and all of the Nx columns in a slice and all of the Nz slices are
electrically in parallel. Assuming that every fiber contributes
equally to the change in resistance, we have

DRV ¼ NyDR; ð34Þ

1=DR2D ¼
X
i

Nx

ð1=DRV
i Þ ¼ Nx=DR

V ð35Þ

and

1=DR3D
y ¼

X
i

Nz

ð1=DR2D
i Þ ¼ Nz=DR

2D: ð36Þ

Combining Eqs. (34)–(36), we obtain

DR3D
y ¼ NyDR=ðNxNzÞ ð37Þ

Substituting Eqs. (31)–(33) into Eq. (37), we obtain

DR3D
y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W 4=ðL2H2NÞ3

p
ΔR: ð38Þ

Substitution of Eqs. (11) and (28) into Eq. (38) yields

DR3D
y ¼ ð4:41� 10−7Þatr=ðk2d2h2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kd2LfW 3=ð4gL3H3Þ3

p

¼ ð4:41� 10−7Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lf=ð4γπ5d4Þ3

p
ðatσ=h2ÞW=ðLHÞ

ð39Þ

Similarly, if all the fibers are parallel to the x and z axes, we can
derive the following two equations respectively:

DR3D
x ¼ ð4:41� 10−7Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lf =ð4gk5d4Þ3

q
ðatσ=h2ÞL=ðWHÞ ð40Þ

and

DR3D
z ¼ ð4:41� 10−7Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lf =ð4gk5d4Þ3

q
ðatσ=h2ÞH=ðLW Þ ð41Þ

The overall change in resistanceΔR3D in the specimen is equal to
the weighted average of ΔRx

3D, ΔRy
3D and ΔRz

3D, i.e.,

DR3D ¼ wxDR
3D
x þ wyDR

3D
y þ wzDR

3D
z ð42Þ
where wx, wy and wz are weighting factors that are defined as

wx ¼ L=ðLþW þ HÞ; ð43Þ

wy ¼ W=ðLþW þ HÞ ð44Þ
and

wz ¼ H=ðLþWþHÞ: ð45Þ

Based on our prior experimental work [19,20], d=15 μm,
Lf=0.5 cm and γ=0.48 vol.%. Since the maximum value of h is
equal to half of the length of a fiber and the amount of crack opening
is less than 1 μm [21], h=0.25 cm. Using International Units and
substituting these parameters into Eqs. (39)–(42), we have

DR3D ¼ 1:81� 104½wxL=ðWHÞ þ wyW=ðLHÞ
þ wzH=ðLW Þ�atr ð46Þ

From our prior experimental work for the case of uniaxial
compression [19], L=5.1 cm, W=5.1 cm and H=3.0 cm.
Substituting these values in Eqs. (43)–(46) yields

DR3D ¼ 5:14� 105atr: ð47Þ
Similarly, from our prior experimental work for the case of
uniaxial tension [20], L= 7.0 cm, W=3.0 cm and H=2.0 cm.
Substituting these values in Eqs. (43)–(46) yields

DR3D ¼ 1:36� 106atr: ð48Þ
Substituting into Eqs. (47) and (48) the measured values of

stress ó from our prior piezoresistivity experimental work
[19,20] and fitting these experimental piezoresistivity data with
the model yield the value of at, which is the product of a (half
of the length of a crack) and t (the thickness of the crack) and
serves as an adjustable parameter in the theory. The average
value of at over the range of applied stress for all 3 cycles of the
experiment was thus determined to be 50.5 μm2 and 61.3 μm2

for uniaxial compression and uniaxial tension respectively.
Table 1 shows different combinations of a and t that correspond

toat=50.5μm2 and 61.3μm2 for the cases of uniaxial compression
compression for at=50.5 μm . The measured values are from Ref. 19.



Fig. 8. Curves of measured and calculated values of the change in electrical
resistance versus time and of the measured stress versus time under uniaxial
tension for at=61.3 μm2. The measured values are from Ref. 20.
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and uniaxial tension. For a given value of at, the larger is t, the
smaller is a. As a should be larger than t for a typical crack, the
combinations of a and t in Rows 1 to 3 of Table 1 are infeasible.
Although a is larger than t in Rows 5 and 6, the value of a is too
large, while that of t is too small. The combination of a and t in
Row 4 is the most reasonable. Hence, a=50.5 ìm and t=1.0 μm.
Table 1 also shows that at a fixed value of t, a is larger for tension
than for compression. That a is larger for tension is consistent with
the low fracture toughness of cement under tension. By using the a
and t values in Row 4, good agreement was obtained between the
calculated and experimental values of the change in resistance, as
shown in Figs. 7 and 8 for uniaxial compression and uniaxial
tension respectively. This agreement supports the model of this
paper and furthermore means that most (if not all) of the fibers in a
specimen contributes to the piezoresistivity.

This model has also been applied to the piezoresistivity of
carbon fiber reinforced cement under flexure. Under flexure, one
surface is under tension and the opposite surface is under com-
pression. The surface electrical resistance on each of the tension
and compression sides of the beam is measured during flexure
[22]. Good agreement between the calculated andmeasured values
of the surface resistances during flexure [23] provides further
support of the model presented here.

3. Conclusion

A model of the piezoresistivity in carbon fiber cement is
provided, based on the notion that the phenomenon is due to the
slight pull-out of crack-bridging fibers during crack opening and
the consequent increase in the contact electrical resistivity of the
fiber-matrix interface. Good agreement between model and
experiment was attained for both tension and compression. Most
of the fibers in the specimen contribute to the piezoresistive
phenomenon.
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Appendix A. Glossary of symbols

γ Volume fraction of fibers in the specimen
δ Distance between the ends of two adjacent fibers (also

the thickness of one slice)
ρc Contact electrical resistivity between fiber and matrix
ρf Volume electrical resistivity of a fiber
ρm Volume electrical resistivity of the cement matrix
σ Tensile stress
θ Angle between the minor axis and the stress direction
τ Shear stress applied to a fiber
a Major axis of an elliptical crack
A Upper part of the matrix in a unit cell
Ac Contact area between a fiber and the cement matrix
Ap Projected area of a crack
Am Cross-sectional area of part B of a unit cell
b Minor axis of an elliptical crack
B Middle part of the matrix in a unit cell
c Proportionality constant that relates the resistance

change and the shear stress change
C Lower part of the matrix in a unit cell
d Fiber diameter
Fc Force applied on a crack
Fi Component of Fc along the major axis of a crack
Fj Component of Fc along the minor axis of a crack
h Embedded length of a fiber in the cement matrix
H Height of a parallelepiped measured portion of a

specimen
k Slope of the curve of contact electrical resistivity

versus shear stress
L Length of a parallelepiped measured portion of a

specimen
Lf Fiber length
Lm Length of part B of a unit cell in the fiber direction
Lp Projected length of the major axis of a crack
M Length of a unit cell (cell containing one fiber

end)
N Number of fibers in the measured part of the specimen
Nx Number of fiber ends in the measured part of the

specimen within length L along the x axis
Ny Number of fiber ends in the measured part of the

specimen within width W along the y axis
Nz Number of fiber ends in the measured part of the

specimen within height H along the z axis
Q Width of a unit cell (cell containing one fiber end)
R Total resistance of a unit cell in the fiber direction
RA Volume resistance of part A of a unit cell
RB Volume resistance of part B of a unit cell
RC Volume resistance in part C of a unit cell
Rv Volume resistance of a fiber along the fiber axis
Ri Contact resistance between a fiber and the cement

matrix
Rf Overall resistance due to a fiber
ΔRV Change in resistance of a column in a unit cell
ΔR2D Change in resistance of a slice in a unit cell
ΔRx

3D Change in resistance of the measured part of the
specimen, if all the fibers are parallel to the x axis
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ΔRy
3D Change in resistance of the measured part of the

specimen, if all the fibers are parallel to the y axis
ΔRz

3D Change in resistance of the measured part of the
specimen, if all the fibers are parallel to the z axis

ΔR3D Total change in resistance of the measured part of the
specimen

S Height of a unit cell (cell containing one fiber end)
t Crack width
Vf Volume of an individual fiber
Vs Volume of the measured part of the specimen
Vu Volume of a unit cell
W Width of a parallelepiped measured portion of a

specimen
wx Weighting factor for the contribution to the total

change in resistance of the measured part of the
specimen for the case in which all the fibers are
parallel to the x axis

wy Weighting factor for the contribution to the total
change in resistance of the measured part of the
specimen for the case in which all the fibers are
parallel to the y axis

wz Weighting factor for the contribution to the total
change in resistance of the measured part of the
specimen for the case in which all the fibers are
parallel to the z axis
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