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Abstract

In this paper, the porosity of cementitious materials is described in terms of pore size distribution by means of a 3-dimensional overlapping
sphere system with polydispersivity in size. On the basis of results established by Lu and Torquato [B. Lu, S. Torquato, Nearest-surface
distribution functions for polydispersed particle systems, Phys. Rev. A 45(8) (1992) 5530—5544] and Torquato [S. Torquato, Random
Heterogeneous Media: Microstructure and Macroscopic Properties. Springer-Verlag: New York, 2001] providing relations for nearest-neighbor
distribution functions, the volume fraction of pores having a radius larger than a prescribed value is explicitly expressed. By adopting an
appropriate size distribution function for the sphere system, it is shown that the pore size distribution of cementitious materials as detected for
instance by mercury intrusion porosimetry (MIP), which generally points out several pore classes, can be well approached. On the basis of this
porosity representation, the evaluation of the capillary pressure in function of the saturation degree is provided. The model is then applied to the
simulation of the saturation degree versus relative humidity adsorption curves. The impact of the pore size distribution, the temperature and the
thickness of the adsorbed water layer on these parameters are assessed and analyzed for three model materials having different pore characteristics.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The long-term behavior of cement-based materials is a topic of
great concern in many fields of civil engineering, and in particular
in the context of nuclear waste storage where these materials
could become an attractive option for the construction of disposal
engineering barriers, surface and underground structures [3,4]. In
this framework, the French Atomic Energy Commission (CEA)
has developed research programs aiming at analyzing and
characterizing the behavior of such materials subjected to several
degradation scenarios. The latter concerns mainly the chemical
attacks which are likely to occur in condition of water immersion
or flow (as a consequence of ground water), and thermal loading
combined with a possible chemical degradation (natural carbon-
ation and steel corrosion essentially) in unsaturated conditions. In
this study we focus our attention on the second case where the
material is partially saturated. It is well known that for thermo-
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hydromechanical and atmospheric chemical degradation pro-
blems the transport properties of the material and their evolutions
are essential for their correct description and modeling. It is also
well accepted that these properties are widely related to the
microstructure and in particular to the pore network character-
istics in terms of pore size and pore length distributions.

In this context an approach providing simple explicit exact
relations for describing the porosity in terms of volume and
specific surface on the basis of a convenient pore size distribution
is proposed. The method permits to estimate some essential
parameters regarding mass transfer phenomena such as the
capillary pressure p(S;) as a function of the saturation degree S,,
and the saturation degree as a function of relative humidity (or
conversely) S(4;). The model is based on the application of
nearest-neighbor distribution functions, which are defined as the
probability of finding a nearest neighbor at some given distance
from a reference point in a system of interacting particles, as
proposed by Lu and Torquato [1] and Torquato [2] for a system of
3-dimensional overlapping polydispersed spheres. At first sight,
describing the pore structure of cementitious materials by using
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such sphere systems may appear poorly realistic, because of the
complex nature of their microstructure, which exhibits some
important connectedness characteristics and correspondingly
several pore domains over a wide range of sizes. However, in
addition to the derivation of exact results concerning the volume
and specific surface for these systems as will be developed in the
sequel, some other microstructural descriptors are exactly defined
and may be used for improving the pore representation in
connection with the corresponding experimental data (in
particular the lineal-path function and the chord-length density
function [2]), which is not the case for other particle shapes. Also,
an important advantage of the overlapping sphere representation
for porosity is that it is an actual 3D assemblage with interacting
particles, in contrast for example to the very classical represen-
tation involving a distribution of cylindrical pores, where it is
known that each element is independent. It then leads to the
effective existence of menisci (defined as the interfaces separating
two fluid phases), which are materialized by the spherical test
particles of a given radius inserted in the system for probing it.
This aspect is important and justifies the application of the Lu and
Torquato approach in the context of unsaturated porous materials.
Moreover, the well-defined overlapping sphere assemblage and
their explicit analytical surface and volume expressions as a
function of the test sphere radius may be used as a benchmark
method for evaluating the merits of other empirical or numerical
methods describing 3D structure.

Another point of significance regarding the microstructure
description is the pore connectivity and the associated percolation
properties, in particular when parameters linked to transport
properties have to be estimated. Although the pore size domains
and their related origin (whether they are intrinsically parts of
hydrated products or possibly result from inter-particle spaces) are
relatively well defined in the literature concerning cementitious
materials, the corresponding pore connectedness lacks generally
fine experimental characterization. For example, the percolation
threshold for the capillary porosity varies significantly with
authors, from a few percent to more than 20%, depending on the
experimental procedure or the numerical method adopted (seee.g.
[5=7]). From the pore connectivity viewpoint, the polydispersed
overlapping sphere system is probably not the most adequate
representation of the cementitious material porosity. A system of
overlapping ellipsoids would certainly be more realistic and
would lead to different results (in particular, it is shown in [8] that
the percolation threshold for such systems is as expected strongly
influenced by the aspect ratio of these ellipsoids, the maximum
value being obtained with the special case of spheres). Moreover,
it may be argued that the spatially uncorrelated nature of the
particle dispersion in the Lu and Torquato approach makes its use
for representing the cementitious material pore network and more
particularly its connectivity properties somewhat questionable.
Indeed, it is generally accepted that the pore size depends on the
spatial location and more precisely on hydration products present
at the considered site. Whereas for instance portlandite crystals
are non-porous solids, the calcium-silicate-hydrate (C-S-H) phase
contains intrinsically an important volume fraction of nanopores
(with size varying from the surface to the core, see e.g. [9,10]),
which introduces inevitably a certain level of correlation in the

particle distribution. It should be noticed that this classical
description of the C-S-H phase involving only nanoporosity may
be contrasted due to the existence of hollow-shell hydration
grains, which can be more or less partly filled, known as Hadley
grains [11]. The problem is even more complicated in the case of
concrete where the matrix is composed of both volume fraction of
aggregates and of hydration products, leading to a much lower
value of total porosity, and for this reason this study focuses only
on the hydrated cement pastes.

Concerning the use of overlapping ellipsoids system for
describing the pore structure, to the author’s knowledge, exact
and relatively simple analytical results similar to the ones
derived by Lu and Torquato for sphere systems are not yet
available. Moreover, since the determination of clustering and
percolation threshold in the relatively simple case of poly-
dispersed overlapping spheres is far from being trivial [12] (the
case of identical spheres is simpler [2,8]), the cases of
overlapping ellipsoids and spatially correlated sphere systems
appear currently out of reach. For all these reasons, we will
consider that the very complex problem of the precise
determination of percolation threshold is out of the scope of
this paper. This aspect would naturally deserve further
investigations, but may be to a certain extent partly circum-
vented by appropriately taking advantage of some experimental
data, in particular those obtained with the very classical test of
mercury intrusion porosimetry (MIP). Indeed, it is well
established that the MIP results intrinsically include some
basic but important connectedness information concerning the
porosity, which may consequently alter the results in terms of
pore size distribution [2,13—15].

For simplification, it will then be assumed in the following
that the whole range porosity of the cement-based materials can
be represented by the sphere system with a sufficient accuracy
regarding the abovementioned purposes of macroscopic
parameter estimation in unsaturated conditions. Correspond-
ingly, the nearest-neighbor distribution functions, which are
related to the probability of inserting spheres of given radii in
the particle system, are supposed to correctly reproduce the
experimental results, especially those obtained with the MIP.
Interestingly, other experimental techniques permit to provide a
more comprehensive description of porous materials; in
particular, a more precise pore size density function can be
obtained by applying the so-called B.J.H. method on the
adsorption branch of the nitrogen sorption isotherm, this one
being unaffected by any percolation effects [16]. In the sequel, it
will then be supposed, for the sake of simplicity, that the MIP
represents a satisfactory as well as simple mean for character-
izing the pore size distribution, keeping in mind that any other
technique may alternatively be employed for improving its
results. Thus, the objective of this work is clearly not to develop
a mercury intrusion simulator, where the hierarchical structure
of the porosity exhibited by cementitious materials has to be
taken into account in terms of pore length and pore radius
correlations, the later having an important impact on the
percolation characteristics [14—17].

Once the pore size distribution is experimentally determined,
to be successful the method requires a calibration of the size
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distribution function of the sphere system such that both
measured and simulated distributions coincide. The MIP results
are generally expressed with the quantity y(r) defined as:

_ _av(n)
‘”’)_a(m(r))_r ar (1)

where V(r) is the cumulative volume of (accessible) pores
having radii 7’ >r; y(r) permits indeed to highlight the pore size
domains which are dominant in the material. One important
purpose of this work is then to explicitly express both functions
V(r) and ys(r) for the sphere system representing the pores, and
to relate them to the saturation degree S.(r). This is the purpose
of Sections 2 and 3. Section 4 presents an application of the
method to three model materials having different pore size
characteristics. Sections 5 and 6 are devoted to the estimation of
the capillary pressure curve p.(S;) and of the isotherm
adsorption curves S.(A,), respectively, and an application to
the three model materials is provided and commented. Finally,
Section 7 concludes this study with some remarks and
perspectives.

2. Bases of the model

It is assumed in this study that the porosity of cement-based
materials can be described with a system of 3-dimensional
overlapping spheres with polydispersivity in size. The defini-
tions and results established in [1,2] concerning void nearest-
neighbor distribution function and exclusion probabilities will
be used in the following discussions. First of all, the void
nearest-surface distribution function 4,(r) is defined such that
the quantity /4, (r)dr corresponds to the probability that at an
arbitrary point in the system (which may be in or out of the
sphere system), the nearest particle surface is located at a
distance comprised between r and r+dr. It is noteworthy to
mention that for the continuous polydispersed sphere system, r
may range between —oo and oo; the negative values of r simply
means that the reference point is situated inside the particles.
The void exclusion probability function e, (r) is further defined
as the probability of finding a spherical cavity of radius 7,
centered at an arbitrary point, empty of particle material. This
function is related to the nearest-surface distribution function

hy(r) by [1,2]:
ey(r) = 1—/r hy(x)dx (2)

It follows from Eq. (2) that:

() = _Beair) 3)

Based on exact series expansions of /,(r) and e, (r) for a
system of overlapping (spatially uncorrelated) spheres with

continuous distribution in radius R characterized by a
normalized probability density function f(R), Lu and Torquato
[1] have established the following results:

ey(r) = exp(—p{v(r+ R)H(r + R))) @
hy(r) = p{s(r + R)H(r + R))e(r)

in which v(R) and s(R) are the volume and surface area of a
sphere with radius R, respectively:

4
v(R) = = R?,

3 s(R) = 4nR* (5)

In Eq. (4), H is the Heaviside step function ensuring that the
argument (r+ R) remains positive; p is the total number density;
(X(R)) defines the average of any function X(R) as:

(X(R)) = / " X(R)f(R)AR (6)

Relations (4) are valid for both negative and positive . In the
ensuing developments, these expressions will be employed for
negative values of 7, since we are mainly interested in char-
acterizing the porosity phase, which is assumed here to be the
particle phase. It is worth noting that the porosity phase may be
as well defined as the phase being outside the particle phase;
however for a better characterization and experimental
identification of the pore size distribution it seems more
convenient to understand a particle as part of a pore. In this case,
e,(r) is interpreted as the probability that there is no particle
material which penetrates the reference point with a distance
greater than —r, whereas h(r) is the probability density
corresponding to the occurrence of finding the nearest surface
situated at a distance of —r from a reference point in the particle
phase [1]. Accordingly, e, (7) represents the expected fraction of
space available to a test particle of radius —» when inserted in
the particle phase [2]. For the practical applications on
cementitious materials presented hereafter, e, (r) is of particular
importance. Fig. 1 shows an illustrative and simple example
which permits to intuitively appreciate this quantity in the case
of'a 2D polydispersed sphere (a more appropriate term would be
disk in this case) system when »<0. In this example the particle
phase is composed of several overlapping spheres, the biggest
having the radius 7, then followed by a sphere with radius
r,<ry and one with radius r;<r,; all other sphere radii r; are
such that 7;<rs. It is of course impossible to insert a test sphere
with radius 0>r; in this particle system, and the associated
probability of finding a spherical cavity of radius §>r; is zero.
Thus, it is clear from the above definition of e (r) that e, (r)=1
for r<—r,. Likewise, the biggest test sphere that can be inserted
in the system has the radius 7; and can be uniquely placed at the
exact location of the particle with radius 7. Correspondingly,
the quantity 1—e,(—r;) represents the volume of this test
sphere. If we try now to insert a test sphere of radius r; in the
system, we immediately remark that the volume which can be
occupied by this test sphere is exactly the cavity formed by the
three biggest particles, which does not correspond to the one of
the three particles considered separately since in our example
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Fig. 1. 2D schematic illustration of a system of polydispersed overlapping
spherical particles representing pore space (r;>r,>r3). The particle volume that
can be occupied by test spheres with radius 7, r, and 0 are indicated, and 0 is
such that 7 >0>7r.

they overlap; this volume is given by 1 —e,(—r3). Note that for
intermediate test sphere radii  such that for example r;>6>r»,
the cavity volume accessible to this test sphere varies
continuously due to particle interpenetration. Indeed, in this
case the test sphere is allowed to progressively penetrate further
in the smallest particle as its radius decreases. This is illustrated
in Fig. 1 where a test sphere with radius é represented in dotted
line is inserted in the overlapping zone of the two biggest
particles. It then appears clearly that the volume which can be
occupied by this sphere becomes gradually larger than the
volume of the bigger of the two particles.

Interestingly, a similar approach for polydispersed hard-
sphere systems leading to approximate solutions for the void
exclusion probability e,(r) has been used in the context of
cement-based materials in [18,19].

The definitions of Ay (r) and e,(r) further imply the
equalities:

e(0) = ¢y, m(0) =S (7)

where S is the specific surface of the sphere system and ¢ is its
complementary volume fraction (the volume fraction of the
particle phase is then ¢;=1—¢;). The pore size probability
density function P() and the corresponding complementary
cumulative distribution function F(9) are related to the nearest-
surface functions via the expressions [2]:

hy(9)

y(0) _ ey(9)
¢y

o= o

F(9) 620 (8)

Recall that, as already mentioned in the Introduction, P()
and F(0) do not integrate some pore connectivity information
which are intrinsically included in experimental results
involving fluid intrusion, such as MIP [13].

Before expressing in details /,(r) and e,(r) for some choices
of size distribution function f(R), it is important to relate the
function e(r) and the degree of saturation S,(d) for a given
radius of pore é. The function S,(d) is defined as the com-
plementary volume fraction of the total porosity which can be

filled by inserting spherical particles of radii »>4. It is then
implicitly supposed that all the pores having radius »>¢ are
empty of free water (to be distinguished with the adsorbed water
layer on pore surface, which will be introduced in the model in
Section 4), whereas the pores with radius »<9 are totally filled
with the liquid. In this condition the material is said to be
macroscopically partially saturated. We further introduce the
volume fraction of material, denoted as ¢(—9), filled by
inserting spheres of radii »> ¢ in the particle phase. Thus, with
these definitions it is immediate that:

¢1(=0)

Sr(‘s):

= V()= 1-ey(—0) and
ev(-0)~(1-¢1)

¢
where ¢9=¢,(0). Relation (9) plays a key role in the ensuing
developments and applications. Fig. 2 illustrates on the
schematic pore space representation of Fig. 1 the volume
fractions of particles occupied by water and air respectively, and
the corresponding shape of the gaseous—liquid interface, for the
case 1, <d<rj. As explained in the case of Fig. 1, the volume
that can occupy the test sphere of radius ¢ inserted in the system
is different from the one of the sphere with radius 7, due to
particle overlapping. Indeed, menisci materializing the gas-
eous—liquid interface appear when introducing such test spheres
in the zones where the particles interpenetrate, as represented by
dotted lines in Fig. 2. The cavity then formed by the space
accessible to the test sphere, which is ¢(—9)=1—e,(—9), is
supposed to be filled with air, whereas the remaining
complementary volume of particles (¢;(0) — ¢p1(—9)) is assumed
to be filled by water. Accordingly, S,(d) is defined in Eq. (9) by
the ratio between this volume fraction of water and the total
volume fraction of particles ¢{. Two important remarks have to
be made concerning the establishment of Eq. (9). Firstly, the
assumption that the interface separating the gaseous and liquid
phases present in the porosity is composed of portions of
perfectly spherical interfaces is intrinsically adopted, together
with the fact that the contact angle of the interface with the pore
wall is zero. These hypotheses follow from the spherical form of

(for 6>0) 9)

meniscus
Vi

I:I water
[
I:I matrix

gas-liquid
interface

Fig. 2. 2D schematic illustration of a partially saturated spherical particle
system; S,(d) is the volume fraction of water over the volume fraction of
particles (here ¢ is such that 7, <d<r).
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the ‘test’ particles. Secondly, as already mentioned, the con-
dition concerning the fraction of the porosity filled by insertion
of these spherical ‘test’ particles is supposed to be satisfied
everywhere in the material, whatever the connectedness of the
porosity network. It is assumed that this situation would be
obtained in the case of imbibition of a material initially totally
free of liquid, after a sufficient duration of the process (achieved
when the mass change is stabilized).

With relation (9), the expression of () defined in Eq. (1)
can be recast as:

V() de(8)
= 07 = O = 3l (-9)

¥(9) (10)

It is then noted that /(6) expresses simply via the function /..

3. Multiple pore size classes

It is well known that cement pastes (and consequently
mortars and concretes) usually exhibit several pore size classes.
Besides, a distinction is generally made between the porosity of
the hydration products (due essentially to C-S-H phase), and the
porosity resulting from cement inter-particle spaces, initially
containing water, and which are not totally filled by hydrated
products. The latter is denoted as capillary porosity and is
strongly dependant on the water over cement ratio (w/c); its
characteristic pore size ranges from about 100 pm to several
mm. Likewise, the porosity of C-S-H is usually divided into two
families, namely microporosity (typical diameter of 20—30 nm)
and nanoporosity (typical diameter of 2 to 4 nm), which are
associated with two different kinds of C-S-H (inner and outer, or
equivalently high density and low density C-S-H), resulting
from whether the formation process is restricted or not by space,
according to many authors (see e.g. [14,20]). It is then of
interest to apply the results exposed in the previous section to
the case of cementitious materials having N pore size classes
(N>1). It is proposed to naturally introduce these N classes in
the size distribution function f(R) by making use of a sufficient
number of normalized size distribution functions f; (R), each of
them characterizing one class of pores. Then f(R) is defined as:

N
SR =&fi(R), Y &=

i=1

(11)

The coefficients &; are positive scalars and have to satisfy the
constraint (11) in order to maintain the normalization of f(R).

Denoting R and R; the average radii of the whole particle
system and of the class 7, respectively, as:

R = (R), Ri= (R), with ( / X(R (12)
the following results are obtained:
R = &R}, ¢, = n 05,9 = 03" (nosum)  (13)

2065

where ¢r=e,(0)=exp(—p{W(R)),), and n is an integer. The
expressions of /,(r) and e (r) become simply:

p(&(v(r+ RH(r + R)),))
(with sum)

hy(r) = p(€i<s(r—|—R)H(r+R)>i)ev(r)

ey(r) = exp (—
(14)

Among the large diversity of size distribution functions
proposed in the literature, we chose the Schulz distribution
defined as (see e.g. [2]):

mi+1
fi(R) = ! (m,-—!— 1) R™exp (—

F(mi—Fl) R;

m,+1

z R> (15)

where I'(x) is the Gamma function. When the positive para-
meter m; is limited to integer values, we have I'(m;+1)=m,!; in
the sequel this restriction will be adopted for the sake of
simplicity. The distribution becomes sharper when m; increases,
and the limit case m;— oo corresponds to a monodisperse
distribution. In Fig. 3 the Shultz size distributions for several
values of m; are depicted.

The development of expression (14) for negative values of
requires the terms involving H(r+R) to be precise; we then

have:
/ X(r+R)f;

Moreover, since the nth moment (R"H(r+R)); of the
distribution fi(R) enters in Eq. (14) for n <3, it is useful to express
it for the particular choice of the Schultz distribution (15). Using
identity (16), (R"H(r+ R)); takes the explicit following form:

(X(r+R)H(r+R)) R)dR (for r<0) (16)

(R"H(r + R)),

mi+n

- j; (r(n’jl::rng')' (ﬂ)m‘ﬂj <m,§jr 1>j

Making use of Eq. (17), the quantities {v(r+R)H(r+R)); and
(s(r+R)H(r+R)); can be also explicitly expressed in the
following compact form:

(v(r + RH(r +R)),

1

4 [RRj(G-0)(=2) (mi+ 1\ m;+ 1
_7{; (m;+37')!< R, ) ) exp( R, r)
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Fig. 3. Shultz size distribution function for several values of m, normalized with
respect to the average radius of the particle system (R).

Relations (18) and (19) are essential in the ensuing develop-
ment because they relate directly the porosity and saturation degree
as defined by Eq. (9) to a pore size corresponding to the limit of
fluid intrusion, via Eq. (14). In the following sections several
applications of these results for two values of m; are given.

4. Application to cementitious materials

It will be shown in this section that with appropriate choices
of the size distribution functions f(R) (that is, with some
suitable values for the coefficients m; and the average radii R;),
the numerical results agree relatively well both qualitatively and
quantitatively with experimental ones obtained on cementitious
materials in terms of ¥(§) and () in function of the radius of
accessible pore. For the sake of simplicity, in the ensuing
developments the same value of m; will be used for all pore
classes, and then m;=m. Moreover, to avoid some confusion
between the radius involved in Eq. (14) and the one appearing in
Eq. (10), from now on the positive variable d=—r will be
systematically employed (recall that 4, and e, are defined with
negative values of radius for characterizing the particle phase).
With these conditions, we can express e,(—d) and /,(—9d) for
any given values of m as a function of R;, by means of Eq. (14).
For the particular cases of m=1 and m=5 we get:

4 3 = — 20
eym=1(—0) = exp {—p?ncf,- (EORf + 3Rf)exp<—fi>}

(with sum)

o (-0) =460, + 5 Joxo (- ) |ewnr(-9)

1

(20)

55 4

4 9—i2+6§—+1063

o _ A | R R; 765
evm=5( 5) = exp P?Ci i exp 5
— 5 35 -2 143 R;

+10R;0 +F5R[ +3R[

186° ot 8
—5 t+t95+ 12— 60
5R; R, Ri Jexp (_R_> eym=s(—9)

B i
+105% + 56R; +6Rf

Pym=s (_5) =4pn éi
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For a practical use of these results regarding an application to
cementitious materials, 2NV parameters have to be identified or
adjusted: R;, &;, and p (recall constraint (11)). It is shown that
the values of R; and &; can be evaluated from experimental
results via the cumulative volume ¥(9) and ¢/(6) curves. Indeed,
referring to (6) for calibrating the position of the peaks
characterizing the pore size classes, these peak positions are
obtained by solving the set of equation:

W) _9oh(-9) _,
90 a0

s <8s18(5—(5) —ps%(—é)) —51(~8)= 0,

(22)

with §,(—=0)={s(—6+R)H(—+R)). These equations do not
appear to have explicit roots, even for a unique class of pores,
and they will then be solved numerically; it is noteworthy that
these roots are a priori different from the R; introduced in f}(R).
Moreover, the cumulative volume /() experimentally obtained
permits to identity the parameters &;: i—1 experimental values
of V(9) are then required for different 9.

From now on, it is assumed that the different pore classes are
well separated, with at least one order of magnitude between the
average radii of two consecutive classes. This hypothesis, which
is in relatively good agreement with cementitious materials,
allows to estimate both e,(—9d) and h,(=9) for 6=R;. Indeed,
denoting Ry=Sup{R;} and R;=Inf{R;}, e,(—R;) and h,(—R;)
can be evaluated by neglecting the terms involving 1_2] such that
j=1{1;i—1} in Egs. (20) and (21), with the approximation that
exp(—aR/R;)~0 (with =2 when m=1 and a=6 when m=5).
This simplification is applicable under the condition that the
identification of R; and &; is performed from the greater average
radius towards the lower, i.e. from Ry to R;.

Moreover, an estimate of p can be furnished by considering
that ¢, according to Eq. (13), is such that ¢»; > ¢, ¥, due to
the assumption that R;> R;. In this condition it follows that
&> ¢, and therefore £; ~1 as a result of Eq. (11). The total
number of particles p can then be estimated via:

In(1- 27In(1-¢
- z_(4_321)7 m:Sz_(i—j,ﬂ) (23)
4nR 56mR

The expressions given in Eq. (23) require the knowledge of
both ¢,; and R,, which is a limitation of their applicability;
however they improve and facilitate the numerical identification
of R; and &;.

An application of the preceding results to the case of three
‘model” materials having different characteristics but exhibiting
only two pore classes for the sake of simplicity, and for the two
values m=1 and m=35 is now presented. The motivation for this
comparative study is twofold. First, it permits to illustrate and
evaluate the global capacities of the proposed method. Second, it
allows estimating and analyzing the effects of the microstructure
information in terms of pore size distribution on some key factors
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regarding the transfer phenomena in unsaturated conditions, as
p(Sy) and Si(h,) (see the next two sections). Accordingly, the
material characteristics are chosen so that the pore size distribu-
tions exhibit significant differences regarding their two main
features, namely the porosity and the pore size classes values, with
the condition of remaining representative of a real microstructure
(that is, comparable with MIP results). The parameters used in the
numerical simulations are reported in Table 1 and are adapted from
the case of a CEM I cement paste with water to cement ratio=0.43
in [21] for Material 1 in terms of ¢/(6) (main pore domains) and V'
(6). Material 3 corresponds to Material 1 which has undergone an
accelerated chemical degradation in saturated conditions [217];
consequently, the dissolution and decalcification of the main
hydrated products have led to an increase of the total porosity
combined to a significant displacement toward greater pore sizes
of'the pore classes. It should be noticed that pore sizes smaller than
2-3 nm can generally not be reached with the MIP technique, and
the data indicated in the table are extracted in this case from
measurements obtained with the B.J.H. method [22]. The porosity
¢»; for Material 1 has been adjusted for both values of m such that
the cumulative volume fraction /{(9) is equal to the experimental
value of 0.045 for 6=0,. Material 2 is similar to Material 1
regarding the peak positions for the two pore classes, but has a
lower total porosity; it is moreover subjected to the constraint
V(=7 10"")=0.05. This permits to evaluate the repercussions
of the porosity on the results, and in particular the porous space
repartition between the two pore domains, independently of the
peak position.

The characteristics of the three model materials in terms of
ho(—9), Y¥(0) and V() functions are depicted in Figs. 4, 5 and 6,
respectively. Recall that (6) and ¥(9) can be directly related to
MIP results: ¢ indicates the main pore classes and /" measures
the cumulative volume of intruded fluid as a function of pore
access radius. The evolutions of these functions for Material 3
are as expected strongly different from those of the two other
materials, which are comparatively closer. Since the case with
m=5 corresponds to a sharper pore size distribution for both
pore classes, the variations in magnitude for higher and lower
peaks in the /() curve appear to be larger than for the case with
m=1, for which the size distribution is broader. On the opposite,
as the main characteristics of the pore distribution are
constrained to be quite similar in terms of porosity and peak
location for the two cases, the e (—9) functions, and then V(0),
are necessarily comparable.
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Fig. 4. Evolutions of /,(—9) as a function of § for the three model materials and
for m=1 and m=5.

It should be noted that the specific surface of the pore space
(interface area per unit volume) given by 4,(0) (see [1,2] for further
details) underestimates in this case the typical values experimen-
tally obtained for cement pastes, which are over 100 m®/g
depending on the drying procedure performed on the specimen
before testing [22,9]. Indeed, the mass density of this material
being about 3 g/em®, the specific surface estimated by 4,(0) for
Material 1 is comprised between 35 and 40 m*/g. The reason of
this difference may be explained by the fact that the bimodal size
distribution as retained for describing the pore structure, due to its
simplicity, does not take well into account the smallest pores which
in practice are attributed to the C-S-H. These pores appear to
exhibit an important specific surface but comparatively do not
contribute significantly to the total porosity [9].

To conclude this section, it is noticed that the obtained
numerical results for Materials 1 and 3 in terms of /() and ¥(9)
evolutions agree relatively well with the MIP experimental data
presented in [21], in particular in the case with m=5, which
means that the pore size distribution for these materials is
rather tightened. It is also remarked that the values of R; are
systematically greater in the case of m=5, and in contrast the
total number of particles p is lower.

5. Evaluation of the capillary pressure curve
In this section the results previously established are applied

to the estimation of the evolutions of the capillary pressure p, as
a function of the saturation degree S,. The capillary pressure is

Table 1
Characteristics of the pore classes for the three model materials
Material 1 Material 2 Material 3
m=1 m=5 m=1 m=5 m=1 m=5
o 0.30 0.30 0.20 0.20 0.60 0.60
01 (<1077 m) 1.6 1.6 1.6 1.6 5 5
35 (x107% m) 22 22 22 22 150 150
Ry (x10° m) 2.092 3.261 2.171 3.36 6.011 9.15
R, (x107° m) 3227 4938 32.1 49.28 211 313
i3 0.99984 0.9986 0.99986 0.99985 0.99999 0.99999
& 0.000165 0.0014 1.432x10°* 1.448x107* 6.483x10 ¢ 7.623x10°¢
p (x10%) 19.33 9.499 11.86 6.144 2512 1.413
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Fig. 5. Evolutions of ¢(d) as a function of ¢ for the three model materials and for
m=1 and m=35.

defined as the difference between the pressure of the gaseous
phase and the liquid one, these two fluid phases being separated
by a non-planar interface. The p.(S;) function is of great impor-
tance in many practical problems dealing with mass transfer in
partially saturated porous media; in particular, it enters in most
of the modeling involving water transfers in cementitious
materials, such as thermo-hydromechanical problems, and deg-
radation due to external aggressive agents (see e.g. [23-27]).
The major reason is that this function, which is generally
experimentally determined, integrates at the macroscopic scale
a high level of microstructure information in terms of pore size
distribution and connectedness. Correspondingly, it is deeply
related to the material microstructure and then evolves when
this latter changes, as a consequence for example of heat
induced damage or chemical degradations.

To illustrate the influence of the microstructure described in
terms of its pore size distribution on the capillary pressure curve,
the three model materials defined in the previous section are
analyzed for the two values m=1 and m=5. In the ensuing
discussion, it will be supposed that the concept of capillary
pressure at macroscopic scale is applicable, keeping in mind that
for the lower pore radii (and then saturation degree) it is highly
questionable; indeed in these conditions the behavior of the gas—
liquid interface is essentially governed by the adsorbed water
film, the meniscus becoming very small and then having lesser
effects (see e.g. [28]). The basic equation relating the capillary
pressure and the pore radius is due to Laplace and takes the form:

20gcos0

e (24)

where 0 is the gas—liquid interfacial tension, 0 is the contact
angle between the gas—liquid interface and the solid phase, and
is the mean curvature radius of the gas—liquid interface. In the
case of a spherical meniscus of radius § we then have r=94. It is
generally assumed for simplicity that 6=0 for cementitious
materials (see e.g. [29]), and the preceding relation then becomes:

20 el
=— 25

p c 5 ( )

The saturation degree S, is defined as a function of the pore

radius 9, which is equal to the radius of the test sphere probing
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Fig. 6. Evolutions of /{(0) as a function of ¢ for the three model materials and for
m=1 and m=5.

the particle phase, in Eq. (9). However, this relation does not yet
include the effects of the adsorbed water layer on the pore
surface for pores having radius ¢’>¢ which are empty of
free water. The thickness ¢ of this layer depends on the partial
pressure p, of the water vapour present in the gaseous phase, or
equivalently on the relative humidity 4, defined as 4,=p,/ps,
where p, is the saturation pressure of vapour. It is proposed to
adopt the following expression for #:

2.785
2.4 '
= (0.85 + (—loghr)°‘57) (in R) (26)

This relation is adapted from Harkins and Jura for nitrogen
(see e.g. [16]), and is plotted together with the experimental
results from Hagymassy et al. [30] in Fig. 7. The expression of
S, is then modified as follows:

ev(=0-1)~(1-¢1)
i
Indeed, due to the spherical form of the particles, and with
the hypothesis of spherical meniscus for the gas—liquid interface
(corresponding to the test sphere surface), the effect of the
adsorbed layer can be simply taken into account by withdrawing

its thickness ¢ to the radius of the test sphere . Equivalently,
this effect is to be interpreted as a reduction of the radius for all

5:(0) =

(27)
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Fig. 7. Numerical and experimental [30] evolutions of the adsorbed layer
thickness ¢ versus the relative humidity A,.
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Fig. 8. 2D schematic illustration of a partially saturated spherical particle system
with the adsorbed water layer of thickness #; S,(9) is the volume fraction of water
over the volume fraction of particles (0 is such that 7, <d<ry).

particles (more precisely, for all particles with radius greater
than ) by ¢. Fig. 8 illustrates schematically the consequences of
the adsorbed layer thickness ¢ on the saturation degree S,, in
comparison with the case of Fig. 2 where it is not taken into
account. To make the comparison easier, test spheres of radius 6
are again represented in Fig. 8 for characterizing menisci which
materialize the interface between the free water and the gaseous
phase. It is clear from Fig. 8 that the radius of the meniscus
involved in the expression giving the capillary pressure is 6,
whereas the volume accessible to the test sphere is obtained by
reducing the particle radius by .
We adopt for o, the expression proposed in [31] as follows:

1.26
o = 0.1558 (l—m) (in N/m) (28)
where T is the absolute temperature. To close the system of
equations, it is necessary to relate p. and 4, this is done by
making use of the well-known Kelvin’s law which takes the form:

RT
= —p 3 0k (29)

where M, is the molar mass of water vapour and R the gas
constant; pj is the density of the liquid water which is assumed to
follow the expression given in [32] as:

p =314.4
0.55
7-273.15\ 7 . ;

The set of Egs. (25)—(26) and (28)—(30) provides in an implicit
form the variations of the capillary pressure p, as a function of the
pore radius 6, via the calculation of the relative humidity /, and of
the thickness of the adsorbed water layer 7. Since the saturation
degree S; is also related to § by Eq. (27), Egs. (25)—(30) then
permit to obtain computationally the p.(S;) curves.

The numerical p.(S;) curves for the three model materials and
the two cases m=1 and m=5 are shown in Fig. 9. Not sur-

prisingly, significant differences between the three materials,
especially between Material 3 and the two others, can be
observed. Materials 1 and 2 curves are close for saturation degrees
higher than 0.85; for lower saturation levels, the curves can be
approximately deduced by a translation toward higher values of
p. for Material 2. This observation can be attributed to the fact that
Material 2 has the same pore classes as Material 1 but with a
different repartition of the porosity between them. This result
illustrates the importance of the pore class porosity with respect to
the total porosity on the capillary pressure curves. It can be
noticed that the influence domain of each pore class appears
clearly on the numerical results; in particular, the limit between
the two pore classes, which can be materialized by the lower
peaks on the (0) curves, corresponds to the zone with negative
curvature radii on the capillary pressure curves.

The results obtained for Material 3 highlight the importance
of the pore size distribution on the p.(S;) curve. Indeed, in this
case the capillary pressure remains very low for saturation
degrees higher than 0.7, due to the relatively large pores drained
in this saturation domain (average radius centered around
150%10° m). Moreover, for all S,, the pressures predicted in
the cases of Materials 1 and 2 are significantly greater than for
Material 3. Again, this is explained by the fact that the major
part of the porosity volume fraction is obtained for much larger
pores in the case of Material 3. The proposed model then
provides a quantitative mean to evaluate the dependence of the
pore size distribution upon the capillary pressure curve. From
the numerical simulations, it is clear that this strong dependence
cannot be ignored and should be carefully evaluated, in
particular when the microstructure of the material evolves, as
a consequence for example of chemical degradation.

To assess the impact of the thickness ¢ of the adsorbed water
layer on the preceding results, it is presented in Fig. 10 the
evolutions of the capillary pressure curve for Material 1 in the
following configurations: ¢ is included in the calculations for
both p. and S; (a), ¢ is only included in the expression of S; (b),
and ¢ is considered to be 0 (c). The configuration (b)
corresponds to the model as presented in this paper, whereas
(a) is a virtual situation in which ¢ is replaced by d—¢ in the
Laplace equation, in other words the capillary pressure is
expressed by p.=204/(0—1). The effects of ¢ appear then to be
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Fig. 9. Evolutions of p(S,) for the three model materials and the two cases m=1
and m=>5.
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significant for this material especially for saturation degree
lower than 0.7-0.8, that is, for smaller pore radii. In fact, it
appears that ¢ may be neglected for high values of ¢
(corresponding approximately to S,>0.8), whereas its impact
is proportionally more important for lower . In other words, ¢ is
all the more negligible than it is ‘small’ relative to 6.

To conclude this section, we propose to evaluate the
consequences of a moderate increase of temperature on the
capillary pressure curve. It will be assumed that Eq. (26)
relating the adsorbed water layer thickness and the relative
humidity is not changed by this temperature evolution [22].
However it is well known that, since p.s is strongly dependent
on the temperature, A, necessarily will be affected by this
change. In this condition Egs. (25)—(30) are able to provide the
pc(Sy) curves as a function of the temperature, or p.(S;, 7). The
results for Material 1 with m=5 are presented in Fig. 11 for the
following values of temperature: 20, 40, 70 and 100 °C. It is
observed that the differences between the curves become
significant for saturation degree values lower than 0.6—0.7 and
for the two extreme temperatures, whereas the curves are very
close for saturation degrees greater than 0.7. Overall, the effects
of a temperature increase are then to decrease the capillary
pressure for a given saturation degree, and appears thus to be
dominated by the variations (decrease) of oy and p, with T. It
can be deduced that a moderate increase in temperature in the
range of a few tens of degrees from the ambient condition does
not affect importantly the capillary pressure curve, in particular
for high saturation degrees.

6. Evaluation of the isotherm adsorption curve

This section is devoted to the estimation of the isotherm
adsorption curve S (/,) for cementitious materials with the model
developed in the preceding sections. The term ‘isotherm’
indicates that this curve is given for a specified value of
temperature 7, and consequently a most general notation is Sy(/,,
T'). The effects such as ink bottle and pore-blocking (see e.g. [33—
35]), leading to hysteresis loop in the Sy(A, T') curves when the
material is submitted alternatively to adsorption and desorption
(wetting—drying paths), are not considered here. In practice, the
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Fig. 10. Evolutions of p.(S,) for Material 1 and the two cases m=1 and m=5,
when the adsorbed water layer thickness 7 is included in the calculation of both
S, and 4, (a), when it is included only in the calculation of S; (b), and when it is
supposed to be 0 (c).
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Fig. 11. Evolutions of p.(S,) for Material 1 with m=35, for several values of
temperature.

function Sy(h,, T') is generally used to calculate the p (S;) (or more
precisely p.(S;, 7)) curves via the use of the Kelvin’s law in the
models involving water transfers in unsaturated conditions. The
major reason is that it can be, contrary to p(S;, 7'), determined by
a simple, though often time-consuming, experimental procedure.
Combining Egs. (25)—(30) yields explicitly:

an—é%{
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piRTInh, (31)
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In addition to S;(h,, T), it is also of practical interest for water
transfer modeling in non-isothermal conditions (for example in
the case of thermo-hydromechanical problems, see e.g. [24—26])
to have an explicit expression of both 0S,/0h, and 0S,/07T, since
these terms enter into the formulation of the mass conservation
equation for water (alternatively, 0S,/0h, may be replaced by
0S,/0p., depending on the variable retained for describing the
water state). Due to the explicit form (31) and with the help of
Eq. (3) relating the nearest-surface distribution function 4,(r) to
the void exclusion probability e,(r), we have:

ammn:mmnfwm
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+ t’(hr)}

38 (hy, T)
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T ¢

p(T) T ou(T)
where the classical notation f’(x)=df(x)/dx is adopted. The
compact expressions of 0S/0h, and 0S,/0T'in Eq. (32) makes use
of Eq. (25) giving ¢ as a function of /. and T'as o(h,, T)=204/
Pe=—20aM,/(0\RT Inh,). Interestingly, the first relation of (32)
may take the alternative form:

IS (pe, T) _ 8 (pe, T) Oy
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since we have 0h,/Op.=hInh/p.. Egs. (31) and (32) then
provide explicit expressions of the isotherm adsorption curves
and their derivatives with respect to their arguments 4, and 7 (or
pe and T). These expressions incorporate microstructural in-
formation via the description of the pore network by a poly-
dispersed overlapping sphere system; for this (very) idealistic
pore representation, the results obtained are exact.

The three model materials defined in Section 4 for
illustrating and evaluating the global capacities of the proposed
method are again used in this section. Fig. 12 then presents the
numerical results obtained for S.(4,, 7=20 °C) with m=1 and
m=5. As expected, the remarks formulated for the capillary
pressure curves can be globally applied to the case of the
adsorption curves. Indeed, it appears again clearly that the pore
size distribution affects non-negligibly the S.(%, T') function.
Whereas the curves of Materials 1 and 2 appear relatively close,
indicating that the porosity is not the most significant factor
impacting the adsorption curve, the results obtained for Material
3 show important differences in both shape and magnitude of
the curve. This illustrates that the effects of the size of the pore
classes are of particular importance regarding the adsorption
curve. In fact, this is not surprising since /, depends directly on
the pore radius via the capillary pressure. Hence, modifying the
porosity volume fraction corresponding to pore sizes greater
than a given pore radius is equivalent to changing the saturation
degree for a given relative humidity. The influence domain of
each pore class appears clearly on the simulated curves; indeed,
the concave portions of these latter are related to the concave
parts of the V(0)—0 curves for the same materials (see Fig. 6),
which are centered on the average pore class radius. The
respective volume fraction of these pore classes can also be
roughly identified on the adsorption curves by considering that
the transition between two pore classes is indicated by the S.(%,,
T) curvature change from convex to concave. This change
appears around S,=0.65 and S,=0.75 for Material 1 and Material
2, respectively, which is consistent with the respective porosity
volume fraction of about 35% and 25% for the greater pore size
class. In addition, it can be noticed that the obtained curves agree
well with the experimental data of adsorption curves reported in
[22] for three cement pastes having different compositions
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Fig. 12. Evolutions of S,(h,) for the three model materials and the two cases
m=1 and m=5.
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Fig. 13. Evolutions of Sy(4,) for Material 1 and the two cases m=1 and m=35,
when the adsorbed water layer thickness 7 is included in the calculation of both
S; and 4, (a), when it is included only in the calculation of S; (b), and when it is
supposed to be 0 (c).

ranging from high performance material, to be related to Material
2 of this study, to weak performance one with pore size char-
acteristics relatively close to those of Material 3. To conclude, the
proposed model, which includes basic microstructural informa-
tion in the description of the pore space, is able to provide a
quantitative estimation of the isotherm adsorption curve.

As in the case of the p (S, T) curves, to illustrate the
influence of the thickness of the adsorbed water layer ¢ on Sy(/,,
T), we present in Fig. 13 the evolutions of the adsorption curves
for Material 1 in the following configurations: # is included in
the calculations for both 4, and S, (a), ¢ is only included in the
expression of S, (b), and ¢ is considered to be 0 (c). Again, the
configuration (b) results from the model as presented in this
paper, whereas (a) is a virtual situation in which ¢ is replaced by
d—t in the Laplace equation. Similarly to the p.(S,, T) curve,
the influence of the thickness ¢ appears noticeable, except for
high saturation degrees (S,>0.8—0.9, or equivalently &> 1)
where it becomes very low (it vanishes for S;=1). It is then clear
that ¢ cannot be neglected in general in the adsorption curve
estimations. To conclude this section, we evaluate numerically
the impact of a moderate temperature increase on the Sy(4,, T')
function. Fig. 14 then shows the simulated results obtained for

Temperature (°C)
—20 7
0.814—---40 .

h

r

Fig. 14. Evolutions of S(h,) for Material 1 with m=35, for several values of
temperature.
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several temperatures ranging from 20 to 100 °C, for Material 1
with m=5. Similarly to a rise of average radii for all pore size
classes, a temperature increase leads globally to a reduction of
saturation degree at a given A, The effects of this parameter
appear to be comparatively more marked for the S.(h, T)
curves than for the p.(S,, 7) ones presented in the previous
section, and are clearly non-negligible, even for high saturation
degrees.

7. Conclusion

This paper proposes to describe the porosity of cementitious
materials in terms of pore size distribution by means of a 3-
dimensional overlapping sphere system with polydispersivity in
size. On the basis of results established by Lu and Torquato [1]
providing relations for the nearest-neighbor distribution functions
defined as the probability of finding a nearest neighbor at some
given distance from a reference point in this system, the volume
fraction of pores having a radius larger than a prescribed value
is explicitly expressed. Then, by choosing an appropriate size
distribution function, experimental pore size distributions such
as those given by MIP or nitrogen adsorption, which typically
point out several pore domains for cementitious materials, can be
reproduced.

Adopting the hypothesis of a spherical water—gaseous
interface, the saturation degree is further expressed as a function
of the meniscus radius ¢ and the thickness ¢ of the adsorbed
water layer, with the assumption that all pores with radius
smaller than 6—¢ are filled with water, whereas the others are
empty of free water. The resulting relations are then applied to
the simulation of the capillary pressure curve p.(S;) as a function
of the saturation degree; to this end, three model materials with
different pore size characteristics are considered. It is then shown
that, as expected, the pore size distribution has a deep impact on
the magnitude of the capillary pressure at a given saturation
level. Similar conclusions are obtained concerning the simula-
tion of the saturation degree versus relative humidity curves S,
(h,). The effects of a moderate temperature increase (up to
100 °C) on both p(S;) and S(%;) curves are also assessed; it
appears that the repercussions resulting from this change are
limited but should be considered for an accurate description of
these functions. It follows that in practical applications for which
transfer phenomena are essential, the dependence of the
capillary pressure and relative humidity upon the saturation
degree should be precisely characterized as a function of the pore
structure, in particular when the latter evolves (for example in
thermo-hydromechanical and chemically induced degradation
problems).

The application of the model as presented do not yield
fundamentally new results; the major contribution of the paper
rather resides in providing a quantitative method based on
explicit exact relations, corresponding to an actual 3D over-
lapping sphere system representation of porosity, for estimating
some key parameters regarding the water transfer in unsaturated
conditions. The main orientations for improving the model
concern the problem of hysteresis loops appearing in the
adsorption—desorption curves, and the assessment of perme-

ability and diffusion coefficient for both liquid and gaseous
phases as a function of S.,.
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