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Abstract

In this article, on the basis of the existing experimental data, an empirical equation for calculating the compressive strength of Portland cement
concrete is developed. The determination of the compressive strengths by the equation described here relies on accurate determination of the water
to cement ratio which gives maximum compressive strength and the analysis of its variation with the curing time. The results obtained for the plain
(without admixture) and latex modified concretes at the age of 28 days show that this ratio ranges from 0.18 to 0.23. These values are reasonably
close to the non-evaporable water content reported for the Portland cement. On the other hand, this range as determined by the above procedure
limits the usefulness of the proposed equation for predicting the compressive strength of silica fume blended Portland cement concretes. However,
a general method of solving problems of this type allows the determination of upper and lower bounds of this range. This method requires the
measurement of at least two compressive strengths corresponding to two different water to cement ratios.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The various mathematical models have been developed to
explain the dependence of mechanical properties of Portland
cement concrete upon the water to cement ratio. It has been
shown that within the range of applicability the Abrams
equation [1] is a remarkably good representation of the
experimental situation. This simple model which has only two
experimental parameters demonstrates the great importance of
water to cement ratio in determining the mechanical perfor-
mance of Portland cement concrete. More complicated models
with a large number of adjustable parameters have been used to
account for the effects of other factors on the mechanical
behaviour of Portland cement concrete with fairly satisfactory
results. The augmented Abrams equations developed by
Popovics [2] provide a specific information concerning this.
However, in the proposed equations so far, the effect of non-
evaporable water content has not been taken into account.
Therefore, a new mathematical model is derived that contains
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not only the water to cement ratio and the quantities defining the
compressive strength of the concrete but also the assumed
values for the non-evaporable water content of Portland cement.
The average values for these parameters are found by analyzing
available experimental data [3–5] on the compressive strength
of Portland cement concrete. Additionally, a brief discussion
concerning the effects of formulation and environmental
variables on the magnitude of these parameters is also given.

2. Derivation of the equation

The water to cement ratio dependence of compressive
strength over small ranges of water to cement ratio can be
represented by a hyperbolic-type relation

r ¼
ad

w
c

bþ kd
w
c

� �n ð1Þ

where σ is the compressive strength of concrete (MPa); w/c is
the water to cement ratio. This relation can be represented by a
curve similar to that in Fig. 1. The data given on Fig. 1 were
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Fig. 1. Schematic representation of the compressive strength of Portland cement
concrete as a function of water to cement ratio. The data were taken from Ref.
[3].
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reported by Neville [3]. The maximum point of this curve
represents, for a given water to cement ratio, the maximum
value of the compressive strength, σm. This means that

dr=dðw=cÞ ¼ 0 and r ¼ rm at w=c ¼ ðw=cÞm ð2Þ

The parameters α, β and λ in the general Eq. (1) are then
obtained from the above conditions.

From the first of these conditions it follows that

k ¼ b

ðn−1Þd w
c

� �
m

ð3Þ

and from the second it obtains

a ¼
rmd b

nd 1þ 1
n−1

� �n
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ð4Þ

Substituting expressions (3) and (4) into Eq. (1) gives the
following equation for calculating the compressive strength of
concrete.
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As the age of concrete increases, the ratio (w/c)m
approaches a limiting value 0.23 which is very close to the
non-evaporable water content of Portland cement. If the
magnitude of σm for this value of the ratio (w/c)m is known,
the compressive strength of concrete for any value of the
water to cement ratio can be calculated easily from Eq. (5).
Attempts can be made to experimentally determine the
magnitude of σm. However, an important conclusion regard-
ing the magnitude of σm can be obtained from Eq. (5). By the
substitution of σa for σ and (w/c)a for w/c in this equation the
following expression for σm is found.
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in which (w/c)a represents any value of the water to cement
ratio; σa is the compressive strength which corresponds to the
ratio (w/c)a. The value of σa must be obtained experimentally
by performing tests on standard samples. Then, with the use of
Eq. (6), the value of σm can be calculated for various values of
σa and (w/c)a. Such calculations show that in general the
experimental value of σa results in a reasonable value for σm

and should be taken as a basis for the design of the
compressive strength—water to cement ratio diagram of the
concrete. The final form of Eq. (1) is found by substituting
the relation for σm from Eq. (6) into Eq. (5), yielding

r ¼ rad
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This hyperbolic function offers numerous advantages from
an analytical mechanics point of view. In this relation, the
parameter n is a presumably characteristic of the binder and it
was found to be 12 for the Portland cement. This value was
obtained from the simple curve-fitting procedure. The data
reported by Popovics [2] and Neville [3] for Portland cement
concretes were used for these purposes. The value of the
empirical characterization parameter, (w/c)m, could be deter-
mined by choosing two σ–w/c points on a strength curve,
writing Eq. (7) using these values and then solving the resulting
equation. It should be noted that one of the σ–w/c points
represents σa–(w/c)a. This method of procedure eliminates
the necessity of solving two equations. However, the value of
(w/c)m can be obtained to a reasonable degree of accuracy from
an analytic expression. In this case, the solution to this problem
is a relatively simple one, since it can be reduced to only one
unknown. One of the goals in this design is to develop a reliable
model for characterizing (w/c)m in terms of an appropriate
parameter. This approach is based on a combination of mathe-
matical and physical arguments with an eye toward the inter-
pretation of such a relation for use in the analysis.
3. Results and discussion

Eq. (7) is a mathematical formulation designed to approx-
imately describe the compressive strength of the Portland
cement concrete over a certain restricted range of the variables
involved. This equation provides a clear indication of the range
of compressive strengths obtainable by simply varying the



Table 1
Comparison of the experimental and the theoretical values of compressive strength of ordinary Portland cement concrete at different cure times

w/c Experimental values (MPa) Theoretical values (MPa)

1 day 7 days 28 days 1 year 1 day 7 days 28 days 1 year

0.4 22 43 53 65 22 43 53 65
0.5 13 30 42 55 13.66 31.80 41.55 53.40
0.6 8 22 32 45 8.46 23.08 31.83 42.71
0.7 5 16 26 37 5.27 16.62 24.09 33.66
0.8 3 10 18 28 3.32 11.95 18.13 26.31
0.9 2 8 14 23 2.12 8.60 13.62 20.48
For the ordinary Portland cement concrete, the value n=12 can be

taken with good accuracy.
σm=60.18 MPa σm=67.20 MPa σm=71.44 MPa σm=79.14 MPa
(w /c)a=0.4 (w /c)a=0.4 (w /c)a=0.4 (w /c)a=0.4
σa=22 MPa σa=43 MPa σa=53 MPa σa=65 MPa

The data were taken from Ref. [3].
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water to cement ratio. However, the formulation variables such
as the Portland cement and admixture types employed and
the environmental variables such as temperature and relative
humidity as well as cure conditions will generally result in a
change in σ, the magnitude of the change being largely
dependent upon the values of σa and (w/c)m. For example, the
data in Table 1 show that for an ordinary Portland cement
concrete with a water to cement ratio of 0.4, σa changes between
22 and 65 MPa are possible over cure times ranging from 1 day
to 1 year. Perhaps of greater importance is the pronounced
influence of these variables on (w/c)m. From the theoretical
point of view, (w/c)m approaches a constant value, with an
increase in the cure time. Fig. 2 shows the variation of (w/c)m as
a function of the square root of the cure time. This curve can be
represented with sufficient accuracy by the following equation.

w
c

� �
m
¼ 0:23

ffiffi
t

p

ð1þ ffiffi
t

p Þ ð8Þ

where 0.23 is a constant for an ordinary Portland cement
concrete; t is the cure time (days) and (w/c)m is the water to
cement ratio which corresponds to σm at any instant of cure.
This equation is valuable in determining how the magnitude of
(w/c)m changes with a change in the cure time. By calculating
(w/c)m from Eq. (8) and by using the experimental values of σa

corresponding to the water to cement ratio of 0.4, the
compressive strengths of concrete at any instant of cure are
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Fig. 2. Variation of (w/c)m as a function of the square root of the cure time [Eq.
(8)] for ordinary Portland cement concrete.
calculated for each value of the water to cement ratio from Eq.
(7). The results of such calculations are given in Table 1. It can
be seen that the experimental results are in good agreement with
the results obtained theoretically by using Eq. (7). In the same
manner, the values of σ can be found for any other assumed
value of the ratio (w/c)a and the corresponding values of σa.
This theory is also applied to account for the changes in the
magnitude of σm during cure. In this analysis, the values of σm

are found by taking (w /c)a=0.4 and by determining the
corresponding values of σa from Table 1 and then by calculating
the values of (w/c)m from Eq. (8) and finally by substituting
these selected and calculated values into Eq. (6). The values of
σm calculated in this way vary between 60.18 and 79.14 MPa
over cure times ranging from 1 day to 1 year. It is interesting to
note that the value of σm for the concrete at the age of 1 year is
only 32% higher than the value obtained for the concrete at the
age of 1 day. From this comparison, it can be seen how
important is the use of (w/c)m and σa in determining the
magnitude of σm. However, it may be difficult to determine the
values of (w/c)m for the rapid hardening Portland cement
concrete without carrying out an extensive series of tests on
standard samples. The procedure of calculation in this particular
case will be as follows: the value of (w/c)m for the rapid
hardening Portland cement concretes is determined from Eq. (7)
by taking two values for the water to cement ratio and by using
the corresponding values of the compressive strength. In this
analysis, one of the water to cement ratios is denoted by (w/c)a
and the corresponding value of the compressive strength by σa.
Table 2
Comparison of the experimental and the theoretical values of the 7 day
compressive strength of concrete made with a rapid hardening Portland cement

w/c Experimental values (MPa) Theoretical values (MPa)

0.4 42 42
0.5 34 34.56
0.7 21 21.85
0.9 13 13.33
1.1 8 8.07
For the rapid hardening Portland
cement concrete, the value n=12
can be taken with good accuracy.

σm=50.97 MPa (w /c)m=0.22 Eq. (7)
(w /c)m=0.167 Eq. (8)
(w /c)a=0.4
σa=42 MPa

The data were taken from Ref. [3].



Table 3
Comparison of the experimental and the theoretical values of the 28 day compressive strength of the silica fume blended Portland cement concrete

w/c Silica fume replacement level (%)

8 16 8 16

Experimental values
(MPa)

Theoretical values (MPa)

0.45 70 90 70 90
0.55 60 – 59.58 –
0.58 – 75 – 74.24
0.75 43 55 40.64 54.86
0.8 40 48 36.68 49.88
0.85 30 – 33.05 –
1 22 – 24.03 –
1.1 – 28 – 27.43
For the silica fume blended Portland cement
concrete, the value n=12 can be taken with
good accuracy.

σm=83.04 MPa (w /c)m=0.256 Eq. (7) σm=103.09 MPa (w /c)m=0.271 Eq. (7)
(w /c)m=0.193 Eq. (8) (w /c)m=0.193 Eq. (8)
(w /c)a=0.45 (w /c)a=0.45
σa=70 MPa σa=90 MPa

The data were taken from Ref. [4].
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Thus, the compressive strengths can be calculated easily from
Eq. (7) for various values of the water to cement ratio. The
results obtained for (w /c)m=0.22 are given in Table 2. It is seen
that for the rapid hardening Portland cement concrete cured for
7 days, this equation gives results which are in satisfactory
agreement with the experiments. However, the value of (w/c)m
calculated by this method is very different from that calculated
by Eq. (8). This means that formulation variables can have as
significant an effect on the magnitude of (w/c)m as the cure
conditions highlighted above. This effect can be particularly
severe with mineral admixtures which by necessity need
incorporation in large quantities e.g. silica fume and fly ash.
In Table 3, is given a comparison of the 28 day compressive
strengths of silica fume blended Portland cement concretes as
calculated by using Eq. (7) and as obtained by direct tests of
standard samples. It is seen that a better agreement between the
Table 4
Comparison of the experimental and the theoretical values of the 28 day compressiv

w/c Latex content (%)

2 2.3 2.6 2 2.3

Experimental values
(MPa)

Theoretical values (MPa)

0.38 – – 61.9 – –
0.41 – – 57.3 – –
0.42 – 55.6 – – 55.
0.44 – – 53.3 – –
0.46 – 51.4 – – 51.
0.47 – – 48.9 – –
0.49 51.4 – – 51.4 –
0.50 – 47.1 – – 47.
0.53 47 44.5 – 46.57 44.
0.57 43.2 – – 42.05 –
0.61 37.2 – – 37.89 –
For the latex modified Portland
cement concrete, the value
n=12 can be taken with
good accuracy.

σm=82.57 MPa (w /c)m=0.1998 Eq. (7) σm

(w /c)m=0.193 Eq. (8) (w /
(w /c)a=0.49 (w /
σa=51.4 MPa σa=

The data were taken from Ref. [5].
theory and the experiments is obtained when 0.256≤ (w/c)m≤
0.271. These values of (w/c)m calculated by Eq. (7) are gen-
erally higher than that found from Eq. (8) and therefore Eq. (7)
can be recommended for silica fume blended Portland cement
concretes. There are striking differences in the effects on (w/c)m
and σa observed with silica fume replacement of Portland
cement, both as to the effect of progressive modification and the
direction of the change. One of the remarkable features of the
changes in (w/c)m is that when the quantity of silica fume in the
Portland cement concrete increases, the magnitude of (w/c)m
begins to increase. This result should be expected since the non-
evaporable water contains nearly all chemically combined water
and also some water not held by chemical bonds [3]. In addition
to silica fume, other admixture types are available, each capable
of exerting a substantial influence on (w/c)m. Although the
effects of mineral admixtures on (w/c)m are well recognised, the
e strength of the latex modified Portland cement concrete

2.6

61.9
57.51

6 –
53.25

49 –
49.16
–

43 –
47 –

–
–

=69.96 MPa (w /c)m=0.22 Eq. (7) σm=83.58 MPa (w /c)m=0.183 Eq. (7)
c)m=0.193 Eq. (8) (w /c)m=0.193 Eq. (8)
c)a=0.42 (w /c)a=0.38
55.6 MPa σa=61.9 MPa
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influence of organic admixtures such as latex is somewhat less
predictable due to its ability to influence several factors.
However, it is found that (w/c)m is virtually independent of the
latex concentration from approximately 2% to 2.6%. i.e. the
common range of concentration traditionally employed in
practise. Moreover, the values of (w/c)m obtained from Eq. (7)
are usually similar in magnitude to those found for plain
(without admixture) Portland cement concrete from Eq. (8). In
Table 4 is given a comparison of the values of (w/c)m as
calculated by using these equations. For example, (w/c)m of the
latex modified Portland cement concrete cured for 28 days is
found to be 0.1998 for the latex concentration of 2%, 0.22 for
the latex concentration of 2.3% and 0.183 for the latex
concentration of 2.6%. These values of (w/c)m correspond
usually to the non-evaporable water contents of fully or well-
hydrated Portland cements. Proceeding as in the previous cases
and using the above-calculated values of (w/c)m, the theoretical
values of the compressive strength can be calculated with
sufficient accuracy from Eq. (7). The results of calculations
made for (w /c)m=0.1998 and (w /c)m=0.22 and (w /c)m=0.183
are given in Table 4. It is seen that the values obtained in this
manner are usually in a very satisfactory agreement with the
experimental values.

4. Conclusions

Eq. (7) can be used for calculating the compressive strength of
Portland cement concrete as long as the ratio (w/c)m does not
exceed the limiting value 0.23. In this case, the value of the ratio
(w/c)m at any instant of cure is obtained fromEq. (8). This method
used for the analysis of plain Portland cement concrete can also be
applied to the analysis of the latex modified Portland cement
concrete. The value of the ratio (w/c)m for the 28 days cured
concretes containing latex between 2% and 2.6% can vary from
about 0.18 up to 0.23, these again being the typical values for the
non-evaporable water content of Portland cement. However, the
selection of a proper value for the ratio (w/c)m presents
considerable difficulty in the analysis of the silica fume blended
Portland cement concretes. The simplest method, based on
measuring the compressive strengths corresponding to two
different water to cement ratios, could be used to calculate the
values of the ratio (w/c)m from Eq. (7). This method gives (w/c)m
values which are accurate enough for the silica fume blended
Portland cement concretes.

Nomenclature
w/c Water to cement ratio
σ Compressive strength of Portland cement concrete
σm Maximum compressive strength of Portland cement

concrete
(w/c)m Water to cement ratio corresponding to the maximum

compressive strength of Portland cement concrete, σm.
(w/c)a Any value of the water to cement ratio.
σa Compressive strength of Portland cement concrete

which corresponds to the ratio (w/c)a.
t Cure time.
n A parameter that is presumably characteristic of the

binder.
α, β, λ Parameters in Eqs.(1), (3) and (4)
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