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Modelling elasticity of a hydrating cement paste
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Abstract

Concrete is a complex multi-scale composite involving multi-physics processes. As it is the only evolving component of concrete, the cement
paste has a major influence on the mechanical properties of concrete at early age. This paper focuses on the increase of the elastic properties of a
cement paste during its hydration. The homogenization theory for disordered media is used in order to estimate the evolution of the effective
elastic moduli of the hydrating paste. The morphological model refers to two types of C-S-H (calcium silicate hydrates, main hydration products of
Portland cements) distinguished by many authors: inner products or high density C-S-H build up layers surrounding the anhydrous particles, while
the outer products or low density C-S-H play the role of a porous matrix.

The simulations of the effective Young's modulus at late age during hydration and at the end of hydration prove to be in excellent agreement
with the experimental results available in the literature.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

1.1. Aim of the paper

During the hydration reaction of cement, hydrates make
bonds between dissolving clinker grains and the porosity is
progressively reduced. Setting, which corresponds to the
achievement of a continuous solid phase, and the progressive
increase of the stiffness of the cement paste which follows
setting are the focus of the present paper.

Mechanical properties of cement paste at early age have been
investigated in several comprehensive experimental studies [1,2]
providingmeasurements of the strength and the stiffness of cement
pastes at the macroscopic scale. FEM numerical simulations have
been successful in modelling stiffness increase at rather late age.
The CEMHYD3D hydration model [3] was used to provide the
FEM code with 3D digital images of the microstructure. Still, such
⁎ Corresponding author. École Nationale des Ponts et Chaussées, Institut
Navier 6 et 8 avenue Blaise Pascal, 77455 Marne-la-Vallée, France.

E-mail addresses: julien.sanahuja@lafarge.com (J. Sanahuja),
dormieux@lmsgc.enpc.fr (L. Dormieux), gilles.chanvillard@lafarge.com
(G. Chanvillard).

0008-8846/$ - see front matter © 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.cemconres.2007.07.003
a numerical approach requires heavy computational means, so that
the classical techniques of the homogenization theory represent an
attractive alternative. The present paper aims at evaluating whether
such a micromechanics approach coupled with a hydration model
is able to yield some realistic prediction of early aged cement paste
behavior. Powers hydration model [4] is chosen in the sequel for
the sake of simplicity.

In fact, the homogenization theory of disordered media has
already been implemented for modelling the early-age poro-
elastic characteristics of cement pastes, mortars and concretes
[5–7]. At the lowest scale considered in these approaches, a high
density stiff C-S-H phase is introduced as an inclusionary
constituent with respect to a low density, softer, C-S-H matrix.
This heterogeneous material is homogenized and, in a next step,
is regarded as a matrix embedding various inclusions such as
portlandite or remaining parts of anhydrous (clinker) grains. As
compared to these pioneering attempts, the purpose of the
present paper is to develop a morphological model distinguish-
ing at the paste scale the so-called inner and outer products,
while taking advantage of recent advances concerning nanoscale
observation of hydrating clinker grains [8,9].

The model therefore assumes that hydrates precipitate
both around anhydrous grains and in the water-filled space. It
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Fig. 2. A schematic REV subjected to uniform strain boundary conditions.
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thus refers to the classical notion of inner and outer products.
Anhydrous grains surrounded by a layer of “inner” phase are
embedded in an “outer” matrix. At the lower scale, both
inner and outer are porous materials made up of the same solid,
but with different morphologies and porosities. Setting is
controlled by the fluid-to-solid transition of the “outer” matrix.

The model is developed in Section 2. The predictions of the
latter are then compared to experimental data: degree of
hydration at setting (Section 3.1), increase of Young's
modulus during hydration (Section 3.2), Young's modulus at
the end of hydration (Section 3.3), and early age Young's
modulus obtained by ultra-sonic measurements (Section 3.4).

1.2. Notations

Pa First-order tensor
A Second-order tensor
A Fourth-order tensor
T 1 � T 2 Tensorial product of the tensors T 1 and T 2

T 1d T 2 Contraction of the tensors T 1 and T 2

T 1 : T 2 Double contraction of the tensors T 1 and T 2

T �1 Inverse of the tensor T
1 Second-order unit tensor
I Fourth-order unit tensor
J Projector extracting the spherical part of a second-

order tensor (J ¼ 1=31� 1Þ
K Projector extracting the spherical part of a second-

order tensor (K ¼ I� J)

j being a particular phase of the REV:
fj Volume fraction of phase j
haij Average of the field a over the domain occupied by

phase j
Cj Stiffness tensor of phase j

if phase j is isotropic, Cj =3kjJ+2gjK:
kj Bulk modulus of phase j
gj Shear modulus of phase j
Ej Young's modulus of phase j
vj Poisson's ratio of phase j

with the classical relations: kj =
Ej

3 1�2vjð Þ ;gj ¼
Ej

2 1þvjð Þ ;Ej ¼ 9kjgj
3kjþgj

and vj ¼ 3kj�2gj
6kjþ2gj

usual cement's chemistry abbreviations:
C CaO
S SiO2

H H2O
Fig. 1. Principle of homogeniza
1.3. Principle of homogenization in linear elasticity

This subsection only provides a very brief introduction to
micromechanics and homogenization in linear elasticity. To get
a detailed presentation, see for example [10].

The homogenization theory aims at estimating the effective
behavior of a composite material. This effective behavior can
then be used to perform computations at the scale of the struc-
ture (Fig. 1). A representative elementary volume (REV) of size
l needs to be defined according to two conditions:

• to be elementary, it needs to be small enough compared to the
size L of the structure;

• to be representative, it needs to be large enough compared
to the size d characterizing the heterogeneity of the
microstructure.

Thus the so-called condition for scale separation dbb lbbL
is a necessary condition for the concept of REV to be valid.

In the framework of homogenization of random composite
media, applied to linear elasticity [11], with uniform strain boun-
dary conditions (Fig. 2), the homogenized stiffness tensor reads:

Chom ¼
XN
i¼1

fiCi : hAðzPÞii ð1Þ

where N is the number of different phases, fi the volume fraction
of phase i,Ci the stiffness tensor of phase i, A zPð Þ the strain
concentration tensor (defined onFig. 2) and haii the average of the
field a over the domain occupied by phase i.

The average of the strain concentration tensor over phase i is
estimated through an appropriate homogenization scheme in-
tegrating some information on the morphology. In the Eshelby-
based approach, the average strain concentration tensor hAii is
estimated from the uniform strain which establishes in an
ellipsoidal inclusion embedded into an infinite medium with
stiffness C0 subjected to uniform strain boundary conditions at
infinity of the form n

P zPð Þ = E∞ · zP. This reference strain E∞ is
tion: different length scales.



Fig. 3. Polished section and nano-indentation grid [18] on a cement paste at w/c=0.5.
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related to the strain E applied at the boundary of the REV
according to the average strain rule hei=E. The shape of the
ellipsoid representing a given phase and the stiffness C0 both
depend on the morphology of the microstructure. For example,
in the self-consistent scheme [12,13], the searched homogenized
stiffness tensor is used as the reference stiffness: C0 =Chom. The
self-consistent scheme is classically used to model polycrystal-
like microstructures. When a continuous phase surrounding all
the other phases exists (matrix), the Mori Tanaka scheme [14]
uses it as the reference medium. The Mori Tanaka scheme takes
into account the interactions between the inclusions using the
average strain in the matrix as the reference strain E∞.

2. Modelling

2.1. Morphological observations

To estimate the effective elastic moduli of a hydrating
cement paste through homogenization of random media, we
need to develop a homogenization scheme of such a material.
Thus, it is necessary to gather information on the morphology of
the cement paste. We use results from various observation
techniques at the paste scale and at the hydrates scale.

2.1.1. Polished sections
Several phases are revealed by observation of a polished

section of cement paste (left part of Fig. 3):

• white areas: remaining anhydrous grains;
• gray areas around white ones: “high density” hydrates;
• gray and black mixed areas: “low density” hydrates, which
seem to be more porous than high density hydrates (black
areas being pores);

• light gray areas: portlandite crystals, which are not taken into
account in this first approach.

Typical nano-indentation grids (right part of Fig. 3) confirm
these morphological observations, suggesting that (1) there is a
Fig. 4. Schematic representation of the propos
need for a distinction between two phases in the hydrates,
respectively a soft and a stiff one, associated to a low and a high
density of solid, and (2) that the high density hydrate phase
surrounds the anhydrous phase building up a composite
inclusion embedded in the low density hydrate phase.

This argument which is mechanical in nature is confirmed by
chemical approaches [15–17] and soft X-ray transmission
microscopy observations [8].

2.1.2. Growth of hydrates on an anhydrous grain
The growth of C-S-H on the surface of a C3S grain wetted by

a drop of lime saturated solution has been observed by atomic
force microscopy [9,19]. This growth seems to occur by
aggregation of small flattened particles of C-S-H whose largest
face is parallel to the surface of the grain [9,19]. The size of
these particles has been measured: 60⁎30 nm by 5 nm thick. In
the sequel, these particles are called “elementary bricks”. We
admit that the whole C-S-H part of a cement paste is made up of
these elementary bricks, arranged in a way that is discussed in
the next section.

2.2. Morphological modelling of a hydrating cement paste

Using the morphological observations from Section 2.1, we
now build a homogenization scheme. Fig. 4 schematically
represents the morphological model developed in this section.

At the paste scale, composite inclusions (an anhydrous core,
denoted by the subscript a, surrounded by a layer called “inner”,
denoted by the subscript i) are embedded into a matrix called
“outer”, denoted by the subscript o. At a lower scale, both inner
and outer are porous media whose solid phase (C-S-H solid,
denoted by the subscript s) is made up of the elementary bricks
observed in [19]. The two phases only differ by their porosity
and morphology. In both inner and outer, the solid phase
(respectively the porous phase) is denoted by the superscript s
(resp. p).

Inner hydrates are thus considered as a porous polycrystal
made up of elementary bricks. Even if the first layers of bricks
ed morphological model of cement paste.



Fig. 5. Schematic representation of the self-consistent scheme proposed to
model the inner hydrates.

Fig. 6. Critical solid volume fraction as a function of the aspect ratio of the solid
particles, estimated by a self-consistent scheme and numerically calculated from
geometric considerations (results from [23]).
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seem to be parallel to the surface of the grain, the next ones can
reasonably be considered as much more randomly packed [9].
To simplify, we assume a uniform distribution of orientation of
these bricks. Furthermore, we assume that the porosity of inner
is uniform and constant. Only the volume fraction of inner in the
paste increases during hydration. The size of the bricks being
60⁎30⁎5 nm, the pores (in between the bricks) size approx-
imately ranges from 5 to 60 nm, which roughly corresponds to
the gel pores (1 to 50 nm according to [20]).

Outer hydrates contain both gel pores and capillary pores
whose size ranges from 50 nm to 20 μm according to [20]. To
reach such sizes, particles much larger than the elementary
bricks are required. One way to get such particles is to pack
some bricks to form platelets. About 4 to 8 bricks are enough to
get a size of 250 nm. As hydration proceeds, more and more
platelets are precipitating in the space initially filled with water.
Thus the low density hydrates porosity evolves with time.
However, we assume that the platelets have a unique shape.
From a mechanical point of view, the platelets of outer hydrates
have the same characteristics as the bricks of inner hydrates.

The homogenization schemes proposed to model the effective
elasticity of inner, outer and the paste are now successively
described.

2.2.1. Inner
Inner or high-density hydrates are considered as a porous

polycrystal whose solid particles are the elementary bricks
observed in [19]. The dimensions of the latter are 60⁎30⁎5 nm.
These bricks can be modelled as flat spheroids (oblates), whose
aspect ratio (ratio between the diameter parallel to the axis of
revolution to a diameter perpendicular to the axis of revolution)
would be rsi ¼ 5=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
30⁎60

p
c0:12.

The morphology being random and polycrystalline, it seems
natural to resort to a self-consistent scheme to model the effec-
tive elasticity of such a porous material. The scheme proposed
here differs from the classical self-consistent scheme: the sphere
used to model the solid phase is replaced by a set of oblate
spheroids whose orientation is random. The ability of such a self-
consistent scheme to model porous polycrystals whose crystals
shape is far from spherical will be validated on gypsum.

2.2.1.1. Self-consistent scheme with spheroids. The stiffness
tensor of the solid particles is supposed to be isotropic and is
denoted by Cs =3ksJ+2gsK. In the self-consistent scheme
implemented for determining Ci (Fig. 5), the pore space is
represented by a spherical inclusion, and the solid phase is
represented by a set of oblate spheroids, which differ in
orientation. For simplicity, an isotropic orientation distribution
is assumed. The spherical coordinates (r, θ, ϕ) and the spherical
base (ePr, ePθ, ePϕ) are used here.

The spherical pore embedded into an infinite medium
with stiffness Ci (left part of Fig. 5) is a particular case of the
Eshelby inhomogeneity problem [21]. The strain in the pore is
homogeneous:

ep ¼ heip ¼ Ap : E
lwith Ap ¼

3ki þ 4gi
4gi

Jþ 5
3ki þ 4gi
9ki þ 8gi

K

ð2Þ

where ki and gi are the bulk and shear moduli of the inner,
respectively.

The uniform strain in the solid spheroid whose axis of
revolution is parallel to ePr (right part of Fig. 5) is also estimated
by the solution of the Eshelby inhomogeneity problem [21]:

es h;/ð Þ ¼ Iþ Pi h;/ð Þ : Cs � Cið Þ½ ��1 : El ð3Þ

where Pi (θ,/) is the Hill tensor of an oblate spheroid whose axis
of revolution is parallel to ePr. It also depends on ki, gi and on the
aspect ratio rsi of the spheroid, the role of which will be discussed
into detail in the next paragraph. For a uniform orientation
distribution, the average strain over the whole solid phase reads:

heis ¼
Z 2p

/¼0

Z p

h¼0
es h;/ð Þ sinh

4p
dhd/ ð4Þ

An isotropic tensor As can then be introduced as:

heis ¼ As : E
lwith As

¼
Z 2p

/¼0

Z p

h¼0
Iþ Pi h;/ð Þ : Cs � Cið Þ½ ��1 sinh

4p
dhd/ ð5Þ

The reference strain E∞ is related to E using hei=E, together
with (2) and (5):

E ¼ uiAp þ 1� uið ÞAs

� �
: El ð6Þ

in which φi denotes the porosity of inner. The macroscopic
stress is Σ= 1� uið ÞCs : heis. The effective stiffness tensor Ci



Table 1
Critical porosity and associated Poisson's ratio for some limit aspect ratios of the
solid spheroids

rs 0 1 ∞

φc 1 1/2 1
vSCSc ≈0.173 1/5 17�

ffiffiffiffi
79

p

35 c0:232
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is then defined as the tensor linking the macroscopic strain and
stress: Σ=Ci : E. Using (5) and (6), the latter reads:

Ci ¼ 1� uið ÞCs : As : uiAp þ 1� uið ÞAs

� ��1 ð7Þ

This tensorial equation reduces to two scalar equations since all
the tensors involved are isotropic. The self-consistent estimates
ki and gi of the homogenized bulk and shear moduli are the
solutions of these two nonlinear equations.

2.2.1.2. Critical porosity. The standard SCS is generally
implemented using a spherical shape for both the solid and the
pores, and classically yields a critical porosity φc=1/2, above
which the effective stiffness vanishes. In contrast, when using
non spherical spheroids, the critical porosity φc proves to
depend on the aspect ratio rs. The latter is defined as the ratio of
the length of the symmetry axis over the diameter in the
symmetry plane (rs N1 for prolates, and rs b1 for oblates). The
dependence of φc on rs was already observed for prolates in
[22]. The present study confirms this finding for the oblate case.
In fact, φc only depends on rs, that is, is not affected by the
elastic characteristics of the solid particles.

More precisely, when rs→1, corresponding to a spherical
shape, the classical value φc=1/2 is retrieved. The variation of
the critical porosity predicted by the SCS as a function of rs is
plotted on Fig. 6 (solid line). The critical solid volume fraction
fc
s=1−φc decreases when the particles are either lengthened or
flattened: less solid is needed to reach a given level of stiffness.

Interestingly, the diagram is not symmetrical w.r.t. the axis
rs=1 (for rsN1, fc

s(rs)b fc
s(1/rs)): intuitively, a network of

needles needs less solid to reach the critical solid volume
fraction than a network of platelets. As pointed out in [22], the
critical porosity disappears (φc→1) when rs→∞ (Table 1).
This is also true when rs→0.

Interestingly, Garboczi et al. [23] computed numerical
estimates of the geometrical percolation threshold for a network
Fig. 7. Young's modulus and Poisson's ratio of a plaster-like microstructure estima
experimentally measured (from [26]).
of overlapping spheroids (points on Fig. 6). The fair agreement
in terms of critical porosity between the numerical simulations
and the self-consistent results supports the use of the latter for
investigating the mechanical properties of the hydrates. This is
going to be confirmed by experimental data available on
gypsum, viewed as a model material of porous polycrystals.

2.2.1.3. Model validation on gypsum. Gypsum is made up of
elongated and interlocked crystals [24]. Its microstructure is
therefore similar to that of both inner and outer hydrates up to
the fact that platelets in the latter are replaced by needles in
gypsum. Still, while it is extremely difficult to design samples
of pure hydrates, the solid phase in gypsum is homogeneous. It
thus seems to be a useful model material for validating a
micromechanical modelling based on the self-consistent
scheme for polycrystal materials like the hydrates. We hereafter
compare the sc scheme results with FEM numerical results and
experimental measurements.

We herein refer to FEM simulations of gypsum-like
microstructures as reported in [25]. The microstructures were
generated by random introduction of 21⁎3⁎3 voxels paralle-
lepipeds into a cube. The solid particles have an isotropic linear
elastic behavior characterized by Es=45.7 GPa and νs=0.33.

Fig. 7 left plots the FEM and SCS simulations of the Young's
modulus as a function of porosity, together with experimental
data [26]. As regards the SCS results (obtained from (7)), the
solid particles are represented by prolate spheroids considering
three values of the aspect ratio.

Despite the difference in shape between spheroids and parall-
elepipeds, an excellent agreement is observed, and the con-
sistency with experimental data is reasonable. On low porosities,
the SCS results seem to be independent of the aspect ratio, as
already observed in [22]. In fact, the latter is found tomainly affect
the critical porosity. The curves suggest that an aspect ratio of the
order of 15 instead of the aspect ratio of the parallelepipeds should
be used to optimize the fit between FEM and SCS simulations.

The agreement between FEM and SCS simulations is
confirmed as regards the homogenized Poisson's ratio. The
latter is plotted at Fig. 7 right as a function of porosity for three
different solid Poisson's ratios, namely 0, 0.2 and 0.33.

2.2.2. Outer
As outer or low density hydrates also have a porous

polycrystal-like morphology, with oblate-shaped solid particles,
ted by a self-consistent scheme, numerically calculated (results from [25]) and



Fig. 8. Schematic representation of the generalized Mori Tanaka scheme
proposed to model the paste.
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the scheme proposed is exactly the same as the one developed
for inner in Section 2.2.1. Only the aspect-ratio ri

s and the
porosity φi have to be replaced by their outer equivalents.

2.2.3. Paste
The paste is made up of three phases: anhydrous, inner and

outer. To take into account the inclusion-matrix morphology, a
generalized Mori Tanaka scheme is proposed (Fig. 8), in the
sense of morphologically representative patterns [27].

Fig. 8 depicts a generalized Eshelby problem, where a
composite sphere is embedded into an infinite medium of
stiffnessCo. Using the approach detailed in [28], this problem is
solved successively considering a reference strain E∞ spherical
and deviatoric. Contrary to the classical Eshelby problem, the
strains in the phases a and i are not homogeneous. The average
strains in the anhydrous and inner phases can be written as:

heia ¼ Aa : E
l and heii ¼ Ai : E

l ð8Þ

The Mori Tanaka scheme considers the reference strain E∞ as
the average strain in the matrix o:

heio ¼ El ð9Þ

The Mori Tanaka estimate of the homogenized paste stiffness
tensor then reads:

Cpaste ¼ faCa : Aa þ fiCi : Ai þ 1� fa � fið ÞCo½ �
: faAa þ fiAi þ 1� fa � fið ÞI½ ��1 ð10Þ

An alternative approach to this generalized Mori Tanaka
scheme consists in resorting to an n-layered inclusion-based
model [28], which is often used to model inclusion-matrix
morphologies. The discrepancy between the Young's modulus
of the paste estimated through these two schemes is found to be
negligible. This means the generalized Mori Tanaka scheme,
being simpler to implement, is also here completely relevant.
Fig. 9. Volume repartition of anhydrous, hydrates and capillary pores esti
2.3. Input data

The homogenization scheme needs as input data the volume
fractions and the elastic characteristics of the phases.

2.3.1. Volume fractions
The homogenization scheme developed in the previous

section needs as inputs the volume fractions of the five phases
involved in the paste model as a two-scales porous composite
material: anhydrous ( fa), solid part of inner ( fi

s), porous part of
inner ( fi

p), solid part of outer ( fo
s), porous part of outer ( fo

p).

2.3.1.1. Powers model. Although it was already introduced in
the 40s, the Powers hydration model [4] has approved to be still
relevant and remains widely used because of the easiness of its
implementation. It provides the volume fractions of anhydrous
(subscript a), hydrates (h) and water (w) as simple functions of the
water to cement w/c mass ratio and of the degree of hydration α
(volume of hydrated clinker over volume of initial clinker). The
required information are the volume of hydrates κh created and the
volume of water κw consumed when a unit volume of anhydrous
cement is hydrated, which are stoichiometric characteristics.
Denoting the density of anhydrous cement by ρa, we have:

fa ¼
ð1� aÞ

1þ qaw=c
; fh ¼

jha
1þ qaw=c

and fw ¼ qaw=c� jwa
1þ qaw=c

ð11Þ
The Powers model is a numerical implementation of these
relations, with ρa=3.13, κh=2.13 and κw=1.31:

fa ¼
0:32 1� að Þ
w=cþ 0:32

;

fh ¼
0:68a

w=cþ 0:32
and fw ¼ w=c� 0:4175a

w=cþ 0:32

ð12Þ

The pore space of a cement paste is made up of capillary pores,
whose volume fraction is 1–fa–fh, and of gel pores, which are
smaller. The volume fraction of the latter is also estimated by the
Powers model, so that the total porosity of the paste reads:

fp ¼
w=c� 0:17a
w=cþ 0:32

ð13Þ

The evolutions of anhydrous, hydrates and capillary pores
volume fractions for w/c=0.3 and 0.5 are depicted at Fig. 9. The
mated by the Powers model as a function of the degree of hydration.



Fig. 10. Volume repartition of the five phases constituting the cement paste (φi=0.30).
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hydration reaction is assumed to stop at α=αult when one of the
two reactants is depleted. According to w/c, this corresponds to
fa=0 or fw=0, hence:

ault ¼
1 if w=cNjw=qa
w=c
jw=qa

if w=cbjw=qa

8<
: ð14Þ

At w/c=0.3, hydration stops at αb1, because water is
depleted: some clinker grains still remain unhydrated (hetero-
geneous solid phase). At w/c=0.5, hydration stops at α=1,
because anhydrous is depleted: accordingly, the solid phase is
homogeneous.

The degree of hydration proves to be more relevant than time
for describing the evolution of the hydration state. Indeed,
different cement pastes may reach similar morphologies at
different times, but these times may correspond to similar
degrees of hydration. Nevertheless, the degree of hydration α
can be linked to time by means of a hydration kinetics model.

2.3.1.2. Distinction of the two hydrate types. Tennis and
Jennings [15] proposed a quantitative model of the distribution
of C-S-H into each type, low density (outer) and high density
(inner). Their estimate of the ratio of the mass of low density to
the total mass of C-S-H reads, in dried conditions:

mLD ¼ 3:017aw=c� 1:347aþ 0:538 ð15Þ

As the solid part of both types of C-S-H is assumed to have
the same density, the mass fraction directly translates into a
volume fraction:

f so
f so þ f si

¼ mLD ð16Þ

2.3.1.3. Volume fractions of the five phases. We are trying to
estimate the volume fractions of the five phases making up the
Table 2
Mechanical threshold of a cement paste estimated on strength measurements [1]

w/c α0
exp

0.157 0.07
0.25 0.16
0.35 0.24
0.5 0.25
cement paste morphological model: anhydrous ( fa), solid part of
inner ( fi

s), porous part of inner ( fi
p), solid part of outer ( fo

s),
porous part of outer ( fo

p). We thus need to write five relations
between these volume fractions. Eq. (16) makes the first one.
Two more equations can be obtained writing the total porosity
and the total hydrate solid volume fraction:

f pi þ f po ¼ fp ð17Þ

f si þ f so ¼ f sh ¼ 1� fa � fp ð18Þ

The anhydrous volume fraction is given by the Powers model
(12):

fa ¼
0:32 1� að Þ
w=cþ 0:32

ð19Þ

A last equation is required. The inner porosity φi is supposed to
be known and independent of both w/c and α (see Section 2.2):

f pi
f Pi þ f si

¼ ui ð20Þ

The five Eqs. (16), (17), (18), (19) and (20) then allow to derive
the volume fractions fa, fi

s, fi
p, fo

s, fo
p as functions of φi, w/c and

α (Fig. 10). Finally, the quantities needed by the homogeniza-
tion scheme can be derived as:

fi ¼ f si þ f pi and uo ¼
f po

f po þ f so
ð21Þ

2.3.2. Elastic characteristics of the different phases
We have already commented on the fact that a hydration

model is necessary for predicting the volume fraction of the
different mechanical phases involved in the model. Clearly
enough, the implementation of the morphological model also
requires fundamental elastic characteristics.

The characteristics of the anhydrous phase have been
measured by nano-indentation [29] on C3S: Ea=135 GPa and
νa=0.3. The elastic constants of the inner phase surrounding the
anhydrous cores are also determined from nano-indentation
tests as Ei=31 GPa and νi=0.24 [30].

As far as the outer phase is concerned, its effective elastic
characteristics evolve with time, that is, are function of the
degree of hydration α. Therefore nano-indentation techniques
can only provide a snapshot of the outer stiffness. This is why a



Fig. 11. Degree of hydration at setting estimated by SC scheme, and experimental values from [1].

Table 3
Input data used in simulations

E (GPa) ν

Anhydrous (a) 135 0.3
Inner (i) 31 0.24
Hydrate solid (s) 71.6 0.27

ri
s 0.12
ro
s 0.033
φi 0.30
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homogenization estimate of the latter must be derived from Eq.
(7). The effective elastic characteristics of the outer also depend
on the stiffness of the elementary bricks. These bricks are un-
fortunately too small to perform nano-indentation measurements.

However, the elastic characteristics of the elementary bricks
can be assessed by an inverse analysis of the inner stiffness, as
the latter is constant and uniform, and has been measured by
nano-indentation (Ei=31 GPa and νi=0.24 [30]). The elastic
moduli ki and μi calculated from (7) depend on the elastic
moduli ks and μs of the bricks, the aspect ratio ri

s of the bricks
and the porosity φi of inner. The aspect ratio ri

s≈0.12 has been
determined in Section 2.2.1 from the size of the bricks. As far
as the porosity is concerned, Tennis and Jennings [15]
proposed 0.35 and 0.30 using density considerations. Note
that the classical value φi=0.28 of the so-called gel porosity
has been early proposed in the Powers model. The intermediate
estimate φi=0.3 is used in the sequel which will assess the
sensitivity of the simulations to this parameter. Inverse analysis
of the elastic moduli of the inner then yields Es=71.6 GPa and
νs=0.27.

3. Implementation and experimental validation

The last parameter which remains to be discussed is the
aspect ratio ro

s of the platelets making the outer hydrates. The
simulations reported on Figs. 6 and 7 emphasize the fact that
the aspect ratio mainly affects the critical porosity φc asso-
ciated with the onset of the effective stiffness. There is there-
fore good hope that the optimal aspect ratio can be derived
from experimental data concerning the setting degree of
hydration.

3.1. Calibration of the aspect ratio of the platelets

Using Taplin's experiments on strength of cement pastes
[31], quoted by Byfors [32], Torrenti and Benboudjema [1]
defined a threshold α0

exp of the degree of hydration, below
which the strength of the paste can be neglected. More precisely,
Torrenti and Benboudjema assumed an affine relationship
between the compressive strength and the degree of hydration:
σc=σ

0
c(α−α0exp). Then, they estimated α0

exp by affine regression
on experimental data (α, σc) available for some values of w/c
(see Table 2). We should mention that α0

exp only represents an
estimate of the degree of hydration at setting. In particular, some
experimental points (αbα0

exp, σcN0) exist, showing that a paste
hydrated at αbα0
exp can exhibit some (small) compressive

strength. In other words, α0
exp represents a degree of hydration at

setting which neglects the beginning of the (α, σc) curve
corresponding to very early age.

The onset of stiffness at the scale of the cement paste occurs
when the critical solid volume fraction is reached in the outer
phase. The porosity of the outer is given by (21), which reads
formally φo=Φ(w/c, α). The self-consistent estimate α0

SC (w/c)
of the setting degree of hydration is therefore the solution to the
equation φc(ro

s)=Φ(w/c, α0
SC (w/c)), where the function φc(ro

s)
can be derived from Fig. 6. The aspect ratio ro

s has to be
optimized so as to minimize the distance between the experi-
mental results α0

exp(w/c) and the SC estimate α0
SC (w/c).

The optimum value of the aspect ratio of the platelets is
found to be ro

s=0.033 (see left part of Fig. 11). The setting
degree of hydration hardly depends on φi in the range 0.25–
0.35 (Fig. 11 right). This justifies the arbitrary choice φi=0.30.

The optimal value of the aspect ratio of the platelets
ro
s=0.033 differs from the aspect ratio of the elementary bricks
ri
s=0.12. This difference justifies the idea of platelet introduced
for the outer hydrates, which can be defined as the juxtaposition
of several elementary bricks.

3.2. Evolution of Young's modulus during hydration

Table 3 summarizes the parameters used for the implemen-
tation of the model.

Haecker et al. [2] measured the degree of hydration and
Young's modulus at 14, 28 and 56 days on two different
cements for w/c ranging from 0.25 to 0.6.

Fig. 12 plots together experimental data and the model
predictions. The agreement is very satisfactory on the whole
range of w/c ratios. It is emphasized that the simulations are
based on mechanical and morphological parameters taken from



Fig. 13. Estimated Young's modulus of the outer, for various w/c.

Fig. 12. Young's modulus of paste estimated by model, and experimental values from [2].
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the literature, except for the aspect ratio of the platelets which
has been calibrated in order to predict correctly the experimental
setting degree of hydration. It is all the more interesting to note
that the range of degree of hydration covered by the experi-
mental data of Fig. 12 corresponds to an advanced stage of
hydration far from setting.

The evolution of the outer Young's modulus Eo as a function
of the degree of hydration is plotted on Fig. 13. As expected, Eo

is an increasing function of the degree of hydration, and is
higher for lower w/c ratios. Interestingly, the asymptotic values
(at α=αult according to (14)) are not so far from the nano-
indentation results on low density hydrates reported in [30]
(20±2 GPa).

3.3. Young's modulus of fully hydrated pastes

Let us leave the field of early aged pastes and move to the
one of hardened pastes. The model predictions are still based on
the input data gathered in Table 3. The degree of hydration of
the pastes that are considered now is assumed to correspond to
the ultimate state predicted by the Powers model, reached when
one of the two reactants is depleted, see (14).

Experimental data of comparison are taken from Helmuth
and Turk [33] who used three different materials: two portland
cements and a nearly pure C3S. The Young's modulus was
deduced from measurements of the fundamental flexural and
torsional resonance frequencies of thin slabs specimens withw/c
from 0.3 to 0.6. C3S samples were aged 8 and 14 months at
testing, and portland cement samples were aged 6, 7, 8, 14 and
24 months.

The curve (see Fig. 14) exhibits an angular point at w/c=κw/
ρa (≈0.42) which corresponds to the transition from a three
phases composite (anhydrous, hydrates and pores) to a two
phases one (hydrates and pores). Indeed, in the ultimate state, all
the anhydrous phase has reacted for w/cNκw/ρa whereas some
anhydrous cores remain for w/cbκw/ρa.

The fact that the experimental stiffness is underestimated
around w/c=0.3 could possibly be due to an underestimation of
the real degree of hydration: some additional water might have
penetrated the sample to conduct hydration a little further.
Generally speaking, the discrepancy between experimental and
theoretical results is acceptable.
3.4. Young's modulus at early age

Experimental data used in Section 3.2 concerned rather aged
pastes (more than 14 days). Indeed, standard mechanical tests
on very early age pastes are difficult to perform.

Boumiz [34] did ultra-sonic measurements of the elasticity of
C3S and white cement pastes at early age. The ultra-sonic
technique allowed to start measurements nearly from α=0. The
pastes being saturated with water, the elastic moduli obtained
are the undrained ones. Indeed, classical poromechanics [35]
define two extreme cases for the elastic stiffness tensor of a
saturated porous medium:

• drained stiffness, when the pressure in the pores is vanishing;
• undrained stiffness, in the absence of fluid mass exchange
with the outside.

Until now, the model has focused on the drained stiffness.
Some work needs to be done to obtain the undrained stiffness
required to compare the micromechanical estimates to the
ultrasonic measurements.

3.4.1. Undrained elastic moduli
The relation between the effective drained (Chom) and

undrained (Cu
hom) stiffness of a saturated porous medium is [10]:

Cu
hom ¼ Chom þMB� B ð22Þ

where B is the tensorial Biot coefficient and M is the Biot
modulus of the whole porous material. When the material is



Fig. 14. Young's modulus of fully hydrated pastes estimated by model and
experimental values from [33].

Table 4
Optimization of the aspect ratio of the outer solid platelets

w/c ro
s opt. RMS error (GPa)

0.3 0.015 1.56
0.4 0.028 1.31
0.5 0.033 1.28
0.6 0.035 0.96

1436 J. Sanahuja et al. / Cement and Concrete Research 37 (2007) 1427–1439
macroscopically isotropic, this translates in terms of bulk and
shear moduli:

kuhom ¼ khom þMb2 and luhom ¼ lhom ð23Þ

where b is the Biot coefficient (B=b1). When, furthermore,
the solid phase is homogeneous and isotropic (bulk and shear
moduli being denoted by ks and μs), the Biot coefficient and
the Biot modulus of the whole porous material read [10]:

b ¼ 1� khom
ks

and M ¼ ks
b� u

ð24Þ

As inner and outer are isotropic porous media whose solid
phase is homogeneous and isotropic, their undrained moduli
can be easily calculated from the drained ones (see Sections
2.2.1 and 2.2.2) using (23) and (24).

As far as the paste is concerned, its moduli in undrained
conditions are estimated as described in Section 2.2.3, repla-
cing the drained moduli of inner and outer by the undrained
ones.

3.4.2. Comparison
Fig. 15 left plots together experimental data and model

predictions, still obtained from input data summarized in
Table 3. The agreement is not so good, especially at very early
Fig. 15. Undrained Young's modulus of paste estimated by model, and experimental ult
age (αb0.3). It can be quantified by the root mean square (RMS)
error. The latter is defined by:

RMS error ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1

Eexp
i � Emod

ið Þ2

n

vuuut
ð25Þ

where n is the number of experimental points, Ei
exp and Ei

mod

are respectively the experimental and modelled Young's
modulus at point i=1…n. The RMS error is 2.36 GPa. The
present model needs some improvements at early age.Moreover,
the setting degree of hydration obtained by ultra-sonic mea-
surements is very different from the one used in Section 3.1.
Thus, we can try to recalculate the optimal aspect ratio ro

s of the
outer platelets, minimizing the RMS error between the ultrasonic
experimental data and the model predictions. Doing such an
optimization on a per-w/c basis yields the results listed in
Table 4. This improves a bit the agreement between the exper-
imental data and the model predictions, as shown on Fig. 15
right.

3.4.3. Validity of the model of outer at early age
The optimization of the aspect ratio of the outer solid

platelets did not provide accurate predictions of the ultra-sonic
measurements of the setting degree of hydration. We now also
consider the influence of the ratio mLD characterizing the
distribution of C-S-H between outer and inner products. The
self-consistent estimate α0

SC of the setting degree of hydration
determined in Section 3.1 can be calculated as a function of
mLD, without introducing the expression (15) proposed by [15].

Fig. 16 plots α0
SC as a function of mLD for a few values of the

w/c ratio and the aspect ratio ro
s of the outer solid platelets. An

aspect ratio below 0.02 might not be so realistic since a platelet
would need a juxtaposition of at least 0.12/0.02=6 elementary
ra-sonic measurements [34] (left: ro
s =0.033; right: ro

s optimized on a per-w/c basis).



Fig. 16. Self-consistent estimate of the setting degree of hydration as a function
of the ratio between outer and inner products (φi=0.3).
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bricks to be formed (0.12 being the aspect ratio of the
elementary brick). The ratio mLD is obviously restricted to the
range [0,1]. The experimental setting degree of hydration
determined from Fig. 15 is b0.03 for w/c=0.3 and b0.1 for
w/c=0.5. Clearly enough, no value of mLD would allow to
reach such setting degrees of hydration (see Fig. 16). This
means that the morphological model of the outer hydrates
viewed as a porous foam needs some refinements at early age.

3.5. Improved model of outer

The comparison of model predictions to ultra-sonic mea-
surements from [34] in subsection 3.4 revealed that the outer
model needs some refinements at least at early age. In order to
reproduce the degree of hydration at setting estimated from the
ultra-sonic measurements, it was necessary to resort to an
unrealistically small platelet aspect ratio.

The main criticism which can be formulated against the
present model lies in the fact that the solid phase of the outer is
uniformly distributed in the space in between the composite
anhydrous+ inner spheres. This yields a very low density of the
outer described as a porous foam. Simultaneously, the model
fails to take into account the well accepted description of the
capillary pores (at least, the largest ones) as a reminiscence of
the complementary space with respect to the clinker particles.
Clearly, a more accurate geometrical representation of the outer
is due.

The idea is to keep the matrix concept embedding the
composite anhydrous+ inner spheres, but now, this matrix is
regarded as a double porosity material. It is made up of the outer
phase itself, still described as a porous foam, and of the largest
capillary pores. The typical size of the latter is of the order of
10 μm, while the platelets (packs of a couple of elementary
60⁎30⁎5 nm bricks) making up the foam are of the order of
100 nm. This scale separation justifies to represent the matrix as
Fig. 17. Schematic representation of the proposed morphologica
a porous material which “solid” phase is the homogenized
porous foam, that is, the outer (see Fig. 17).

From a technical point of view, the mechanical properties of
this matrix can be estimated by two successive self-consistent
schemes:

• platelets and small pores are homogenized to build up the
outer (porous foam), using the self-consistent scheme
already implemented to model inner and the previous outer
(see Section 2.2.1);

• the outer and large pores are homogenized to build up the
matrix, using a classical self-consistent scheme with
spherical shapes (see for example [10] p.193).

For technical purposes, it is convenient to introduce the
volume fraction fm of the matrix, which is the sum of the
contribution of the solid ( fm

s) and that of the matrix pore space
( fm

p). With the notations introduced in Section 2.3.1, it is
emphasized that fm, fm

s and fm
p respectively replace the previous

quantities fo, fo
s and fo

p. The matrix porosity reads φm= f m
p/fm.

The description of the matrix pore space refers to two well
separated sizes of pores. On the one hand, we find the largest
capillary pores (up to 20 μm). They make up the pore phase in
the second homogenization step (foam+pore space). On the
other hand, the porous foam (outer) comprises the smallest
capillary pores (up to 150 nm) and gel pores. The new model
therefore introduces an additional scalar morphological param-
eter χ which splits the matrix porosity φm into the largest
capillary pores ((1−χ)φm) and the foam pores (χφm). Note that
the new model is indeed an extension of the previous one which
is retrieved in the case χ=1.

Obviously, the condition that the outer be less dense than the
inner introduces some restrictions on χ, stating that the foam
porosity be greater than the inner one φi:

vf pm
vf pm þ f sm

Nui ð26Þ

which yields:

vNvmin
ui

1� ui

fm
f pm

� 1

� �
ð27Þ

where χmin depends on w/c and α. The latter is plotted as a
dotted line on Fig. 18. The part of the (χ, α) plane situated on
the left of this dotted line (gray area) should be avoided to
ensure (27).

The setting of the paste is controlled by that of the matrix.
The latter requires that (i) enough platelets have precipitated in
the outer porous foam and that (ii) the porosity of the matrix (in
l model of cement paste, with the improved model of outer.



Fig. 18. Degree of hydration at setting as a function of χ, for some w/c and ro
s ; only the part of the graph situated on the right of the dotted line is valid (χNχmin).
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the second homogenization step) is lower than 1/2: (1−χ)fmp/
fmb1/2. Condition (i) (resp. (ii)) corresponds to the threshold
plotted on the right (resp. left) curve at Fig. 18. The degree of
hydration at setting of the cement paste thus depends not solely
on the w/c ratio and on the aspect ratio ro

s of the platelets, but
also on χ. For illustrative purposes, let us consider values of w/c
ranging between 0.3 and 0.5, and the same value ro

s=0.033 as
before. Compared to the previous model (corresponding to
χ=1), it appears that all values of χ in the interval [0.45,1]
predict lower degrees of hydration at setting, closer to what
ultra-sonic tests suggest [34].

The morphological parameter χ is expected to be a function
χ(w/c, α). Further investigation is definitely necessary in order
to clarify the way χ depends on these two parameters. Still, for
illustrative purposes, we can propose simulations based on a
constant χ, chosen as the minimal one satisfying χNχmin in the
range 0.2bw/cb0.6: χ=0.72. Simulations of the increase of the
(drained) Young's modulus of the paste are plotted on Fig. 19,
using χ=0.72 and χ=1 which corresponds to the previous
model. With χ=0.72, the degree of hydration at setting is
reduced, as expected from Fig. 18, and the increase of the
Young's modulus is slower at the beginning of hydration.
However, later on (αN0.4), the predictions of the new model are
nearly equivalent to those of the previous one. This is a good
news in so far as a fair agreement had been obtained with the
previous model at late age.

4. Conclusion

The model developed in this paper successfully predicts the
evolution of the Young's modulus of a cement paste at late age
Fig. 19. Young's modulus of
(αN0.5). Some improvements are still necessary at early age
(αb0.3). In this respect, a refinement of the basic model has
already provided promising improvements. We should mention
that two other models have been developed, basically
considering only one type of hydrates. More precisely, the
first model considers anhydrous particles embedded in a
homogeneous foam of hydrates, while the second one deals
with a random distribution of capillary pores and composite
spheres made up of an anhydrous core surrounded by a
homogeneous layer of hydrates. The results of these models in
terms of Young's modulus are less satisfactory than those
described in the present paper. This is likely to be due to the fact
that the microstructure they refer to is not consistent with the
existence of two distinct types of hydrates, which seems to be
confirmed experimentally, for instance by nano-indentation
tests [36].

On the route towards industrial implementation, a number
of improvements are necessary, especially at early age. Indeed, the
distinction between high and low density hydrates is not
sufficient: real cement pastes also comprise various products of
hydration which differ not only in terms of density but also on the
chemical level. Nevertheless, incorporating new components
such as portlandite or aluminates seems to be a straightforward
extension of the present model, provided that amore sophisticated
hydration model be available. Incorporating portlandite would
allow for example to simulate the mechanical effect of calcium
leaching, where portlandite progressively dissolves.

The real task which remains to be done consists in dealing
with nonlinear phenomena and aging behaviors which are
necessary for addressing strength or creep. Owing to recent
improvements in advanced homogenization techniques [37,27],
paste during hydration.
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the main challenge is to characterize the behavior of the
constituents at the microscopic scale, beyond the elastic regime.
Ongoing researches in this direction are expected to provide in
the next future, at least a partial answer to this demand.
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