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Abstract

There are many competing theories to model concrete exposed to freezing temperatures but few of them provide comprehensive quantitative
predictions of the mechanical behavior, while accounting for the multi-scale physics of the confined crystallization of ice. When a part of the liquid
in the pores solidifies, a pressure build up is generated, and excess liquid is expelled from the freezing sites towards the remaining part of the
porous network. In turn, with increasing cooling a cryo-suction process drives the liquid towards the frozen sites. Unsaturated poroelasticity theory
provides new perspectives on the computation of stresses and strains developed in such a complex mechanism. The formulation includes the
deformation of all the phases during the freezing process. Special attention is given to the influence of entrained air-voids on the frost resistance of
the porous material. The analysis indicates that the air voids act both as expansion reservoirs and efficient cryo-pumps whose respective effects are
quantitatively assessed. The theory also allows for the estimation of the critical spacing factor. Numerical simulations are conducted to study the
effect of pore size distribution on the critical spacing factor and on the internal pressurization within the porous material as it freezes.
© 2007 Published by Elsevier Ltd.
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1. Introduction

The discovery that a distributed network of small air voids in
the cement paste enhanced the frost-resistance of concrete
structures was accidental. The demand for a scientific
explanation of this important practical observation was
temporally met by the development of the hydraulic pressure
model by Powers [1]. According to this theory, as the
temperature decreases, ice is formed in the cement paste
capillaries and, in order to accommodate the volume increase
associated with ice formation, excess water is expelled from the
freezing sites causing a hydraulic pressure. If the matrix does
not have enough tensile strength to resist the resulting pressure,
cracks develop and the long-term performance of the structure is
compromised. By contrast, air-voids acting as expansion
reservoirs can reduce the hydraulic pressure. An important
validation of the hydraulic pressure model was the prediction
that the critical spacing factor between air-voids should in the
order of 250 μ, a value confirmed by laboratory and field work.
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Subsequent work by Powers and co-workers showed the
limitations of the hydraulic model. Powers and Helmuth [2]
demonstrated in set of classical experiments that, if a given
temperature below freezing is kept constant over a period of
time, non-air entrained pastes continue to expand while air-
entrained pastes exhibit shrinkage. The hydraulic pressure
model alone cannot explain these experimental observations
and the authors proposed that the shrinkage was caused by the
growth of ice in the air-voids resulting from the diffusion of
liquid water from the matrix.

Helmuth further criticized the hydraulic pressure model by
pointing out that saturated flows do not occur in the process of
freezing mature air-entrained pastes. Instead the accretion of ice
in capillaries and air-voids are due to unsaturated flow resulting
from suction and surface diffusion [3]. His ideas of crystalli-
zation pressure and importance of entrained air-void as a
nucleation agent for ice crystallization were expanded by
Scherer and Valenza [4].

Even though there are strong criticisms for the hydraulic
pressure model (see Chatterji [5] for more details), it is often
used and quoted because it is the only major theory capable of
providing an order of magnitude of the stress and of the critical
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Fig. 1. Cumulative pore volume fraction plotted against pore entry radius for
three different mortars. Adapted from [15].
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spacing factor. Yet, as revisited in [6], the original Power s'
model considered the paste to be rigid so that it cannot predict
the mechanical response of the deformable porous medium
depending on the complex interaction between voids, fluid
flow, phase transition and the material deformability. Also the
hydraulic pressure model predicts the proportionality of the
intensity of the hydraulic pressure to the cooling rate, which is
against experimental evidence [3].

Since the solidification of water involves a volumetric
change, it is important to know how much the matrix deforms to
accommodate such expansion. This deformation will affect the
magnitude of the resulting hydraulic pressure. Determination of
the material deformation is also needed to assess the mechanical
role played by entrained air-voids since they act both as
expansion reservoirs and cryo-pumps. Therefore a quantitative
approach may help establishing the respective mechanical
intensity of these effects. The theory may also allow the study of
the effect of pore size distribution on the frost resistance of the
material and the estimation of the critical spacing factor.

The phase transformation of a fluid inside a porous
deformable body can be formulated in the context of
poroelasticity originally developed by Biot [7] and expanded
in the more general context of continuum thermodynamics by
Coussy [8–10]. Poromechanics has proved to be useful to
model the mechanical behavior of cement-based materials [11],
and has been successfully used to predict the drying shrinkage
of these materials [12,13]. This paper extends the fundamental
equations needed to model the deformations in concrete
exposed to freezing conditions, including hydraulic pressure
and cryo-suction, as initially explored in [14], and further
developed in [15]. The equations of Poromechanics are then
used to study the effect of pore size distribution on the intensity
of strain and on the pore pressure build up acting on cement
pastes exposed to freezing temperatures. The model allows the
identification of the relative importance of air voids acting as
expansion reservoir and as a cryo-pump. Finally, the critical
spacing factor predicted by this theory is validated with the
existing experimental and field results.

2. Effect of the pore size distribution on the liquid saturation
curve below the melting point

As thoroughly explored in [16], in the context of cement-
based materials, the temperature of solidification of water in a
given pore depends on the size of the throat which gives access
to the pore. This can be shown by first recalling that the solid–
liquid thermodynamic equilibrium requires the equality of the
chemical potential of both phases. Neglecting both pressure
terms of second order with regard to the pressure difference
between the crystal pressure pC and the liquid pressure pL, and
temperature terms of second order with regard to the cooling
under the melting point, this equality provides

pC � pL ¼ Rm Tm � Tð Þ; ð1Þ

where T is the temperature, while Tm and Σm are respectively
the melting point and the melting entropy. The mechanical
equilibrium of the solid–liquid interface with curvature radius r
is governed by Laplace law

pC � pL ¼ 2gCL
r

; ð2Þ

where γCL is the crystal–liquid interface energy. Eqs. (1) and
(2) combine to give the celebrated Gibbs-Thomson law:

r ¼ 2gCL
Rm Tm � Tð Þ : ð3Þ

For the sake of simplicity, we now assume that the angle of
contact between the liquid and the solid matrix is zero so that r is
also the radius of the pore where the current solid–liquid interface
can locate (see for instance [17] for the more general case of a non
zero contact angle). As a result it can be inferred from Gibbs–
Thomson law (3) that r is the radius of the smallest channels where
the ice crystals can propagate when the temperature T is lowered
below the melting point Tm. Thereby all the pores having an entry
radius greater than r will freeze at temperature T given by (3).

Standard mercury porosimetry provides the means to
determine the cumulative pore volume fraction 1–S(r) occupied
by pores having a pore entry radius greater than r. Using data
extracted from the literature [18], the function 1–S(r) is
illustrated in Fig. 1 for three distinct mortars differing only by
their silica fume content. Starting from an initial liquid-saturated
cement paste, the volume fraction SL of the liquid remaining
unfrozen at temperature T is finally derived in the form

SL ¼ S r ¼ 2gCL
Rm Tm � Tð Þ

� �
: ð4Þ

Fig. 2 shows the liquid saturation SL as a function the cooling
ΔT=Tm−T for the three mortars given in Fig. 1. For this
determination the following values were used: a zero contact
angle and the values γCL=0.0409 J M

−2 [19], Σm=1.2 MPa K−1

at T=Tm=273 K [20]. It is worth noting that the determination of
the SL–ΔT curve requires only the knowledge of the cumulative
pore volume function 1−S(r) without the need of performing any



Fig. 2. Liquid saturation SL plotted against cooling ΔT for the three mortars of
Fig. 1.
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further freezing test. However, the SL–ΔT. curve can be also
determined by a direct experiment, by using for instance dielectric
measurements taking advantage of the important contrast in the
dielectric constant of liquid water compared with that of ice. This
has been done in [21] where the experimental results have been
shown to compare well to prediction (4).

Based upon the SL–ΔT curve, a material characteristic
cooling temperature Tch=Tm− (ΔT)ch can be introduced by
weighting the coolingΔTwith the number of pores whose entry
radius r is associated withΔT through Gibbs–Thomson law (3).
This definition leads to express (ΔT)ch in the form

DTð Þch¼
Z S¼1

S¼0
DT rð Þ � dS rð Þ: ð5Þ

When using this definition, the values of the characteristic
cooling temperature Tch=Tm− (ΔT)ch are found to be −6 °C,
−10 °C and −13 °C associated with the mortars of Figs. 1 and 2
containing respectively 0%, 10% and 30% of silica fume. For
ΔT≪ΔTch a major fraction of water will remain in liquid form
while, for ΔT≫ΔTch almost all water will have solidified.
3. Unsaturated poroelasticity for freezing materials

The previous section provided the means of determining the
fraction of the porous volume which is frozen at a temperature
below themelting point. The purpose of this section is to develop
the constitutive equations capable of accounting for the complex
mechanical behavior of concrete subjected to freezing. When
subjected to freezing, a cement paste deforms as a result of the
pore pressure build up caused by the liquid–solid transition. As
analyzed in the previous section, because of the combined effect
of confinement and surface energy, the liquid saturation of a
freezing porous material depends on the current temperature.
Accordingly the mechanical behavior of freezing porous
materials can be approached through the extension of saturated
poroelasticity to unsaturated conditions, where the porous space
is filled by two distinct phases, the liquid solution and the
solid crystals. In view of such an extension let us first recall the
constitutive equations of saturated linear poroelasticity [10,22].

Consider a representative volume DΩ0 extracted from a
porous body. This representative volume has an initial porosity
φ0 and its initial temperature is the melting temperature Tm. The
porous body is then further subjected to the cooling ΔT=Tm T.
Adopting the atmospheric pressure as (zero) reference pore
pressure, while assuming a linear isotropic behavior, the
constitutive equations of a thermoelastic porous solid whose
porous volume is subjected to the uniform pore pressure p are

r ¼ Ke� bpþ 3aKDT ;
sij ¼ 2Geij;
u ¼ /� /0 ¼ beþ p=N þ a/DT ;

ð6Þ

where σ and ɛ are respectively the mean stress and the
volumetric dilation; sij and eij the components of the deviatoric
stress and the deviatoric strain tensors; K, G and a are
respectively the bulk modulus, the shear modulus and the
thermal volumetric dilation coefficient of the porous solid, that
are the properties related to the empty porous material with a
zero pore pressure; b and N are respectively the Biot coefficient
and the Biot modulus. These macroscopic properties are linked
to the bulk modulus ks and the thermal volumetric dilation
coefficient αs of the solid matrix according to the relations [10]

b ¼ 1� K
ks
;
1
N

¼ b� /0

ks
; a ¼ as; a/ ¼ as b� /0ð Þ: ð7Þ

In the case of a freezing water-infiltrated porous material
subjected to a temperature below 0 °C, the pore pressure is no
longer uniform since the porous space is partly occupied by ice
crystals at pressure pC, and partly occupied by the water
remaining in liquid form at pressure pL. Constitutive Eq. (6) are
then extended in the form [10,22]

r ¼ Ke� bCpC � bLpL þ 3aKDT ;
sij ¼ 2Geij;
uC ¼ bCeþ pC=NCC þ pL=NCL þ aCDT ;
uL ¼ bLeþ pC=NCL þ pL=NLL þ aLDT :

ð8Þ

As φdΩ0 represented in (6) the change undergone by the
volume /0dΩ0 under the action of the pore pressure p, φCdΩ0

(resp. φLdΩ0) represents in (8) the change undergone by the
volume /0SCdΩ0 (resp. /0SLdΩ0) under the action of the
crystal pressure pC (resp. the liquid pressure pL). For its part
the overall volume currently occupied by ice crystals (resp. the
liquid water) is /CdΩ0 (resp. /LdΩ0) with

/C ¼ /0SC þ uCðresp:/L ¼ /0SL þ uLÞ; ð9Þ
where SJ is the current saturation related to phase J with

SC þ SL ¼ 1: ð10Þ

In (8) coefficients bL and bC are the generalized Biot
coefficients related to the liquid and to the solid crystals
respectively; NJK are the generalized Biot coupling moduli
satisfying the Maxwell symmetry relations NCL=NLC, as
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anticipated in (8); aL and aC are the coefficients related to the
thermal volumetric dilation of the pore volume occupied by the
liquid and the ice crystals respectively. Micro-macro relations
(7) extend in the form (see Appendix)

bC þ bL ¼ b ¼ 1� K
ks
;

1
NJJ

þ 1
NLC

¼ bJ � /0SJ
ks

;

aJ ¼ as bJ � /0SJð Þ:

ð11Þ

Unsaturated poroelastic properties bJ and NJK are current
properties depending on the current saturation degreeSJ. In contrast
to relations (9), which are quite general, the missing relations that
allows to express bJ andNJK from the knowledge of SJ,φ0 and the
solid matrix properties, depend on the specific morphology of the
porous space. Assuming that all pores deform the same when they
are subjected to the same pore pressure, Biot coefficient bJ can be
expressed in the simple form (see [23] and Appendix)

bJ ¼ bSJ ; ð12Þ
where b is the Biot coefficient related to the porous solid as
defined by (6).

4. Development of strain during freezing

Experimental studies of length changes of cement paste and
concrete samples exposed to low temperatures are traditionally
conducted without application of external load. Under this
stress-free condition σ=0, the solid–liquid equilibrium condi-
tion (1), the first of constitutive Eq. (8) and relations (11)
combine to give the volumetric dilation in the form

e ¼ bpL þ bCRm � 3asKð ÞDT
K

: ð13Þ

The determination of ɛ requires the determination of pL. To this
purpose we will assume that the pores are fully saturated by liquid
water before the porous material is exposed to low temperatures.
Wewill also assume that the sample is sealed, so that the total mass
of water it contains both in solid and liquid form remains constant
during the freezing process. We choose these modeling conditions
because they are the ones prevailing in the experiment performed
byBeaudoin andMacInnis in [24]. Interestingly, in this experiment
the saturating liquid was benzene, which unlike water contracts
when it solidifies. In spite of the liquid–solid phase contraction of
benzene, Beaudoin and MacInnis have still observed a slight
dilation of the sample when they subjected it to freezing. This
unexpected phenomenon has to be reproduced by the modeling.

The current mass densities ρC and ρL of the crystal and
liquid are linked to the pressure pC and pL, and to the current
cooling ΔT through the linearized constitutive equation

1
qC

¼ 1

q0C
1� pC

KC
� 3aCDT

� �
ð14Þ

and

1
qL

¼ 1

q0L
1� pL

KL
� 3aLDT

� �
ð15Þ
where KC and KL, αC and αL are respectively the bulk modulus
and the thermal volumetric dilation coefficient of crystal and
liquid. Consistently with (9), the total mass of water mW

currently contained in the porous material per unit of initial
volume dΩ0 in both liquid and solid form is

mW ¼ qC /0SC þ uCð Þ þ qL /0SL þ uLð Þ: ð16Þ

Substituting the poroelastic constitutive equations both for
crystal and liquid (8), (14) and (15) into (16), we get

mW ¼ q0L/0 þ q0L vDq þ vu
� �

; ð17Þ

where

vDq ¼ q0C
q0L

� 1

� �
/0SC ð18Þ

and

vu ¼ beþ pL
ML

þ pC
MC

þ 3 /0SLaL þ /0SCaC þ aL þ aCð ÞDT ; ð19Þ
while MJ is defined by

1
MJ

¼ 1
NJJ

þ 1
NLC

þ /0SJ
KJ

: ð20Þ

The term vΔρ captures the pore volume change due to the
change in saturation SJ under the sole condition (10) and to the
mass density difference between the two constituents. The term
vφ captures the pore volume change due to the thermo-
mechanical loading in unsaturated conditions. At this stage of
computation the above expressions hold irrespective of the
nature of the constituents and, thereby, of the liquid–crystal
phase transformation. In other words the expressions of vΔρ and
vφ would be the same whatever the constituent J occupying the
volume /0SJdΩ0 actually is.

We now specify the approach to freezing porous materials.
Using the liquid–crystal equilibrium condition (1), we first get

vu ¼ beþ pL
M

þ Rm

MC
DT

þ 3
X
J¼L;C

/0SJaJ þ aC þ aL

 !
DT ; ð21Þ

where 1/M=1/MC+1/ML. Use of (10), (11) and (20) provides
the expression

1
M

¼ 1
N
þ /0

SC
KC

þ SL
KL

� �
: ð22Þ

Since the liquid is not allowed to escape from the sealed
freezing sample, the total mass mW remains constantly equal to
the initial water mass ρL

0/0 so that

vDq þ vu ¼ 0: ð23Þ



Fig. 3. The three contributions to the volumetric dilation undergone during
freezing for the reference mortar with no silica fume of Figs. 1 and 2.
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Substitution of (18) and (21) in (23) provides an equation
linking ɛ and pL. Eliminating pL between the latter and (13),
while using (11) we get

e ¼ eth þ eDq þ eRm ; ð24Þ
where

eth ¼ �3 as þ /0bM
Ku

SCaC þ SLaL � asð Þ
� �

DT ; ð25Þ

eDq ¼ /0bM
Ku

SC 1� q0C
q0L

� �
; ð26Þ

eRm ¼ M
Ku

bC
ML

� bL
MC

� �
RmDT ; ð27Þ

where Ku=K+b2M. Interestingly, because of (22) Ku represents
the bulk modulus of a sealed porous material whose pores
would be saturated by a fictitious fluid having 1/(SL/KL+SC/KC)
as bulk modulus.

Eq. (24) indicates that the volumetric expansion of a porous
material exposed to freezing temperatures is composed of three
terms. The term bρL

0) between liquid water and ice crystals. It
can be associated to the strain proposed by Power's hydraulic
pressure model. Finally the term ɛΣm

indicates the contribution
due to a micro-cryo-suction process. Actually, this term would
vanish with the melting entropy Σm. With a non zero melting
entropy, liquid water has to flow from the still unfrozen part to
the frozen sites, in order to meet the liquid–solid equilibrium
condition (1), resulting in the contribution ɛΣm

when the
thermodynamic equilibrium is finally reached. Its general
expression (27) can be made more specific when using the
iso-deformation assumption of all pores, allowing us to use
(12). Combining (12), (20) and (27) we finally get

eRm ¼ /0Mb
Ku

SCSL
1
KL

� 1
KC

� �
RmDT : ð28Þ

Since generally KCNKL (KL≃1.79×103 MPa at 263 K for
supercooled water [25], and KC=7.81×10

3 MPa at 263 K for
ice crystal [26]), the term ɛΣm

is always positive, even for
liquids that usually contract when they solidify. This explain the
dilation still observed in [21] in an experiment using benzene as
saturating liquid. However, as observed this dilation remains
slight owing to the factor SCSL involved in (28).

In order to determine the order of magnitude of the three
contributions let us now complete the required data. For mortar
samples a recent direct experimental estimation of K and ks has
provided the values K=17,700 MPa and ks=42,400 MPa [27].
Accordingly, the first relation in (7) gives b=0.58. This value
agrees fairly well with the order of magnitude of a previous
independent estimation of b to be in the range of 0.48 to 0.54,
obtained by combining nano-indentation experiments and
uspcaling procedures [28]. We will adopt this value in the
forthcoming applications, together with φ0=0.34 for the initial
porosity. The values adopted for the various thermal dilation
coefficients are αs=18×10
−6 K−1 [29], 3αL=−286.3×10−6 K−1

at 263 K for supercooled water [25], 3αC=155×10
−6 K−1 at

263 K for ice crystals [26].
Fig. 3 shows separately the three individual contributions,

are close to that of ɛΔρ found to be the leading contribution. The
high values of ɛΔρ shown in Fig. 3 must be considered with care
since the sample was assumed to be both sealed and initially
liquid-saturated. These conditions enhance drastically the
volumetric dilation ɛΔρ due to the hydraulic effect because
the excess of liquid water expelled from the freezing sites
cannot escape from the sample. The values of pressure build up
pL predicted in Fig. 4 from the substitution of ɛ in (13) for the
three mortars of Figs. 1 and 2 are unrealistically high and the
mortars would crack in the first exposure to low temperatures. It
should be noted that in Powers' model, the cement paste matrix
is assumed to be rigid so the stresses developed during freezing
of non-air entrained paste become infinite. This large damage is
not observed in field conditions because cement paste and
concrete are seldom in fully saturated conditions. The
unsaturated zones can decrease the pressure build up during
freezing, yet not as efficiently as air-voids as quantified in the
next section. This highlight the importance of the experimen-
tally determine the critical degree of saturation and the actual
degree of saturation of concrete [28].

Since there is almost one order of magnitude between ɛΔρ

and the two other contributionsɛth and ɛΣm
as the cooling ΔT

reaches 18 °C, and owing to the slight difference between the
liquid pressure pL and the crystal pressure pC induced by cryo-
suction (see Fig. 4), it is likely that the hydraulic contribution
will generally remain the most important contribution to the
overall volumetric dilation in the absence of air-entrained voids,
whatever the initial saturation conditions.

The effect of the pore size distribution is shown in Fig. 5
where the overall volumetric strain ɛ, given by (24), is plotted as
a function of cooling ΔT for the three mortars of Figs. 1 and 2.
Since the main contribution to the volumetric strain is ɛΔρ,
which, according to (26), is proportional to SC=1−SL, the



Fig. 5. Volumetric dilation undergone during freezing predicted for the three
mortars of Figs. 1 and 2 in the absence of air-entrained voids (upper curves)
and with air-entrained voids (lower curves). For the latter case the curve labeled
pL(R)=0 accounts for the air void acting only as an expansion reservoir, while
the curve labeled pC(R)=0 accounts for the air void acting both as an expansion
reservoir and as a cryo-pump.
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overall volumetric strain as a function of cooling ΔT reflects
faithfully the SL–ΔT curves we obtained in Fig. 2 from the pore
size distributions of Fig. 1.

5. Effect of air-entrained voids

According to the analysis of the previous section, the liquid
pore pressure generated during freezing can be severe for
intense cooling and can damage significantly the material. Air-
entrained voids have been successfully used to prevent such
damage. This section describes how the equations of poroelas-
ticity can be used to study the effect of entrained air-voids that
when properly distributed in a saturated freezing porous solid
act as expansion reservoirs and can accommodate the liquid
water expelled from the freezing sites. Originally, the pressure
in the air voids is atmospheric and the liquid pressure is zero in
the void. Once equilibrium is restored the liquid pressure pL
is zero everywhere so that everywhere the crystal pressure is
pC=ΣmΔT according to the thermodynamic equilibrium con-
dition (1). Substituting these values in the first of constitutive
Eq. (8) where we let σ=0, we get

ejpL Rð Þ¼0 ¼
bCRm

K
� 3asKDT

K
: ð29Þ

where R stands for the void radius. In Fig. 5 the curves labeled
pL(R)=0 account for the predictions of Eq. (29). They show that
the presence of air voids lead to a dramatic reduction in
volumetric strain. In fact, in the presence of air voids the three
previous mortars are even predicted to shrink. The presence of
air voids prevent the hydraulic effect to happen so that the only
expansive effect is due to the crystal pressure pC=ΣmΔT.
The comparison of the thermal contribution given in Fig. 3 for
the reference mortar, with the shrinkage obtained in Fig. 4 in the
presence of air voids, show that we are mainly left with the
thermal shrinkage in the latter case.

Besides acting as an expansion reservoir, the air-voids perform
as a cryo-pump. Since the pressure in the air void is atmospheric,
the liquid water expelled from the freezing sites freezes when
Fig. 4. Liquid pressure build up pL and crystal pressure pC predicted for the
three mortars of Figs. 1 and 2 in the absence of air-entrained voids.
entering the air void. As long there is space for ice crystals to form
in an air void, the pressure of these crystals remains atmospheric.
As a result, according to (1) the pressure of the liquid in contact
with the crystals, instead of being zero as assumed in (29), is equal
to pL=−ΣmΔT. Substitution of pL=−ΣmΔT and pC=0 in the
first of constitutive Eq. (8) gives

ejpC Rð Þ¼0 ¼ � bLRm

K
� 3asKDT

K
: ð30Þ

In Fig. 5 the curves labeled pC(R)=0 account for the prediction
of Eq. (30). The added cryo-pump effect played by the air void
enhances the shrinkage. Actually, as previously analyzed in [4]
and [15], in order to continuously restore everywhere the
equilibrium condition (1) with pC=0, some extra water has to
be sucked towards the air void resulting in an extra shrinkage.
This extra shrinkage has been directly observed in [30].

Predictions from Eqs. (29) and (30) are equilibrium values.
They correspond to infinitely slow cooling rates with regard to
the rate of the liquid flow towards the air void achieving the
equilibrium. The effect of non infinitely slow cooling rates has
been explored in [15], which a special attention being given in
[6] to the air void transition layer. Here we will restrict ourselves
to determine the validity range of assuming infinitely slow
cooling rates. The characteristic time τΔT, scaling the cooling
rate with regard to the solidification within a porous material,
can be assessed in the form

sDT ¼ DTð Þch=
P
DT
o

; ð31Þ
where (DT )ch is the characteristic cooling defined in (5), while
P
DT

o
is the imposed cooling rate. The characteristic time τw,

scaling the hydraulic diffusion of liquid water towards the void,
can be expressed in the form

sw ¼ L2

4D
; ð32Þ



Fig. 6. Critical spacing factor plotted against cooling for the three mortars of
Figs. 1 and 2.
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where L is the spacing factor, the distance between the centers
of two neighboring spherical voids of radius R being equal to
2R+L. The expression of the hydraulic diffusivity D is [10]

D ¼ j
gL

=
b2 1þ mð Þ
3K 1� mð Þ þ

/0

KL
þ b� /0

ks

� �
; ð33Þ

where v is the Poisson coefficient of the porous solid and κ, its
intrinsic permeability, while ηL (≃1.79×10−3 Pa s at 273 K
[26,31]) is the liquid water viscosity. Cooling rates can be
considered as infinitely slow with regard to the liquid flow if
τw≪τΔT, providing the condition

L2b4D� DTð Þch=
P
DT
o

: ð34Þ
In practice, according to [29] the order of magnitude of in situ

cooling rates does not exceed a fewKd h–1 and, in order to explore

condition (34), we adopt the value
P
DT

o

¼ 3K � h�1. For the three
mortars analyzed above, we found that the order of magnitude of
(ΔT )ch was 10 K. If we adopt v=0.3 and the poroelastic
properties reported above, the hydraulic diffusivity takes the form

D m2 � s�1
� � ¼ 2:71012 � j m2

� �
: ð35Þ

Use of these data in (34) provides the condition

L2 m2
� �

b1:31017 � j m2
� �

: ð36Þ

The order of magnitude of the lowest values of the intrinsic
permeability of high strength mortars is κ≃10−21 (m2) (see for
instance [32,33]). Even for these extreme permeability values,
the condition (36) is not restrictive. Actually (36) provides the
conditions L«1 cm and the upper bond values of the spacing
factor experimentally observed to prevent internal damage are
of millimeter order [34]. As a result predictions (29) and (30) are
relevant with regard to in situ cooling rates, whereas (36) does
not provide any actual restriction concerning the critical spacing
factor.

6. Critical spacing factor

As pointed out in [4], air-entrained voids likely play the role
of nucleation agents. This nucleation role is critical to support
predictions (29) and (30) since it limits the supercooling of
water and, thereby, ensures with (36) that the thermodynamical
equilibrium captured by SL–ΔT curves is likely achieved at any
stage of the freezing process. However, although important, this
role is non-mechanical and does not quantitatively affect (29)
and (30). According to the above analysis of the previous
sections, the main mechanical effect of air-entrained voids
remains their capability to welcome the liquid water expelled
from the freezing site. As discussed in the previous section, the
mechanical effect of air-entrained voids acting as cryo-pumps
has been found to be an order of magnitude smaller than the
expansion reservoir effect (see Fig. 5).

Restricting to the mechanical effects, the right choice of the
spacing factor L has finally to meet the condition that the void
must be large enough in order to avoid any in-void pressure
build up. In order to be on the safe side we may disregard the
ability of unsaturated zones to accommodate the extra liquid
water. The corresponding condition has then to express that the
void volume 4πR3 / 3 is capable to welcome the totality of the
liquid water expelled from the adjacent freezing sites owing to
the ice-liquid difference of density. The zone of influence of
a void is the spherical shell, with inner radius R and outer
radius R+L/2. Its volume is Vshell = (4π /3)[(R+L/2)3−R3]. At
equilibrium related to cooling ΔT the volume of liquid that has
frozen within this shell is VL→C=/0[1–SL (ΔT)]×Vshell, where
SL–(ΔT ) is given by the SL–ΔT curve. During solidification the
volume change is (ρL

0/ρC
0 −1)×VL→C. As a result there will be

no pressure build up within the void if the following relation is
satisfied

q0L
q0C

� 1

� �
� /0 1� SL DTð Þ½ � � 4p

3
Rþ L

2

� �3

�R3

" #
b
4p
3
R3:

ð37Þ

Fig. 6 shows the normalized ratio L/R as a function ofΔT for
the three mortars whose SL–ΔT curve is given in Fig. 2. The
values of the ratio L/R reported in Fig. 5 agree with the order of
magnitude of the experimental values [34] known to preserve
the cement-based materials from bulk damage under freezing.
For instance, adopting R=50 μm the results shown up in Fig. 5
provides the value L=250 μm as a safe choice for the three
mortars down to T=−12 °C.

7. Conclusions

Internal damage due the frost action can nowadays be
avoided by the help of air-entrained voids and by adopting a
spacing factor in agreement with experimental data and good
practice. There was a lack of a comprehensive model that could
compare the effects of the hydraulic pressure, cryo-suction, and
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thermal mismatch of the constituents on the performance of
concrete exposed to low temperatures. Also classical models did
not include the deformation of the solid matrix during freezing
conditions.

Poromechanics has the flexibility to extend Powers hydraulic
pressure theory in order to account for the deformation of the
matrix and for the development of cryo-suction in air voids. The
simulations of the resulting equations using values relevant to
concrete exposed to freezing conditions indicate that for
saturated conditions the dominant mechanism of concrete
expansion is the hydraulic pressure caused by the transformation
of liquid water into ice and excess liquid is expelled from the
freezing sites. Unlike in Powers model, the stresses developed
during freezing of saturated non-air entraining paste are finite.
The high values of the predicted stresses reflect the assumption
of full saturation of matrix, a condition that may take time to
develop in field concrete.

The presence of air-voids can be easily incorporated in the
poroelastic equations which can provide quantitative values for
the reduction of pressure build up during freezing. The model
predicts well the shrinkage experimentally observed in air-
entrained pastes during freezing. Due to this shrinkage the stress
is no more tensile but compressive in the matrix.

In the original Powers' model, when temperature stops
dropping, the deformation has to stop as well whereas the
shrinkage observed by Piltner and Monteiro [30] was delayed.
This delay can only be explained by hydromechanical coupling,
such as the one developed in the present poromechanics model.

The predictions of the model have been validated by
obtaining realistic values of the critical factor L. A simple
methodology is proposed to determine the critical factor L: i)
determine the cumulative volume fraction as a function of the
pore entry radius (see Fig. 1); ii) determine the SL–ΔT curve
from (4) (see Fig. 2); iii) for a given extreme cooling ΔT
determine the upper bond allowable for L from inequality (37)
(see Fig. 2). The method is on the safe side with regard to initial
conditions in liquid saturation. The method can obviously be
refined by accounting for the hysteretic character of the SL–ΔT
curve, and by taking into account that drying shrinkage prior to
freezing could significantly affect the cumulative volume
fraction as a function of the pore entry radius.
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Appendix

In order to derive (11) let us start by letting pC=pL=p in the
first of Eq. (8). We get

r ¼ Ke� bC þ bLð ÞpL þ 3aKDT : ðA1Þ

The above equation must be the constitutive equation of a
porous solid whose pore pressure is p As a result, a comparison
of the first of Eqs. (6) and (A1) provides the first of relations
(11). To obtain the remaining equations, let us now recall that
the macroscopic stress σ is the space averaged of the
microscopic stress, that is

r ¼ 1� /0ð ÞrS � /0SCpC � /0SLpL; ðA2Þ
where σS stands for the averaged mean stress within the solid
matrix. Furthermore let us consider an experiment where

r ¼ �p; pC ¼ pL ¼ p; DT ¼ 0: ðA3Þ

A combination of (10) and the two last equations provides

rS ¼ �p; ðA4Þ
so that the volumetric strain ɛS related to the solid matrix
(assumed to be homogeneous) is

eS ¼ �p=kS : ðA5Þ

In the particular experiment defined by the loading condition
(A3) the porous solid is loaded externally and internally by an
uniform pressure on its boundary. Similarly to a spherical shell
externally and internally loaded by the same pressure, the
volumetric deformation is then uniform within the solid matrix
and identifies to the relative change of the pore volume
whatever the pore considered. It results in

e ¼ uJ=/0SJ ¼ eS : ðA6Þ

Substitution of (A6) in (A5) we get

e ¼ uJ=/0SJ ¼ �p=kS : ðA7Þ

Eqs. (A5) and (A7) used in the two last equations of (8)
finally provides the second of relations (11). The last of
relations (11) can be obtained by extending the approach given
in [10] to derive in the saturated case the last of relations (7).

Relations (11) are quite general since they do not rely upon
any assumption on the porous material (except the isotropy of
the porous network and the homogeneity of the porous matrix).
However they do not allow the separate determination of
poroelastic properties bJ and NJK, which depend on the precise
geometry of the porous network and on the current saturation
degree SJ. In order to give an assessment of these properties, let
us assume that all pores deform the same when they are
subjected to the same pore pressure p. Accordingly, we write

uC

/0SC

� �
pC¼pL¼p

¼ uL

/0SL

� �
pC¼pL¼p

: ðA8Þ

Substitution of (A8) in the two last equations of (8) provides

bC
SC

� bL
SL

� �
eþ 1

SC

1
NCC

þ 1
NCL

� �
� 1
SL

1
NLL

þ 1
NCL

� �� �
p

þ aC
SC

� aL
SL

� �
DT ¼ 0: ðA9Þ
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Since the above equation must hold whatever the values of
the independent loading parameters, the factors of ɛ, p and ΔT
must be zero, resulting in particular in

bC
SC

¼ bL
SL

;
1
SC

1
NCC

þ 1
NCL

� �
¼ 1

SL

1
NLL

þ 1
NCL

� �
;
aC
SC

¼ aL
SL

:

ðA10Þ

Substitution of the first of relations (A10) in the first of Eqs.
(11) provides (12). Use of the two last Eqs. of (11) and (12)
show that the two last relations of (A10) are satisfied. It is worth
noting that, adding the two last constitutive equations of (8)
while taking into account of (12) together with general relations
(7), (9) and (11), we get

r ¼ Ke� b SCpC þ SLpLð Þ þ 3aKDT ;
sij ¼ 2Geij;
u ¼ uC þ uL ¼ beþ SCpC þ SLpLð Þ=N þ a/DT :

ðA11Þ

Constitutive Eq. (A11) identify to the standard constitutive Eq.
(6) of saturated poroelasticity provided that the pore pressure p is
replaced in the later by the averaged pore pressure SCpC+SLpL. It
can be then concluded that, under assumption (A8), saturated
poroelasticity extends to unsaturated poroelasticity by simply
replacing p by SCpC+SLpL. However it must be kept in mind that
assumption (A8) that all the pores have the same deformation
remains a rough assumption. This holds for pores of same shape in
the dilute approximation where the interaction between adjacent
pores is negligible. This hold too for pores of same shape and of
same size uniformly distributed so that each pore experiences the
same interactionwith the surrounding pores. The relations obtained
up to now are still insufficient for the separate assessment of NJK.
Fortunately, the approach developed here for the freezing of porous
materials does not need the separate determination of NJK.
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