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Abstract

The effect of interfacial transition zone on mechanical properties of concrete has been found to be significant, thus the interfacial transition
zone should be considered in the analysis for better estimation of elastic modulus of concrete. However, it is difficult to estimate elastic modulus of
concrete practically using simple models proposed so far. In this study, a numerical concrete model that adopts three-phase model and finite
element with material discontinuity was proposed to analyze concrete with complex interface in three dimensions. The validity of the proposed
model was verified by comparing the calculated elastic moduli of concrete with those obtained from experiments. The effect of interfacial
transition zone on elastic modulus of concrete with either low or high w/c was also investigated. The analysis results suggest that careful selection
of characteristics for interfacial transition zone should be made for the accurate estimation of elastic modulus of concrete.

© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Elastic modulus of concrete, which plays an important role in
the analysis and design of concrete structures, has been studied
extensively by many researchers. In practice, the elastic
modulus of concrete used in the analysis and design has been
determined by empirical formula obtained from experimental
results. However, the empirical formula is often too simple to
differentiate the influence of various parameters, such as
cement-to-sand volume ratio, composition of aggregates, and
etc., on the elastic modulus of concrete.

Many researches have attempted to estimate the elastic
modulus of concrete by both analytical and numerical methods.
In the simplest model for the estimation of elastic modulus of
concrete, the concrete is assumed to be a two-phase material,
which consists of coarse aggregates and mortar matrix. The use
of two-phase model provided reasonable estimation for
practical purposes, but did not give insightful results. The
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difference between the real value and the estimated value by
two-phase model arose from the fact that the model did not
consider interfacial transition zone in concrete at all [1]. This
interfacial transition zone, which deeply affects the character-
istics of concrete such as strength, permeability, and crack, must
be considered in the modeling of concrete to capture more
realistic behavior of concrete. Three-phase model, which
assumes that concrete is composed of aggregate, mortar matrix,
and interfacial transition zone, has been introduced for the
estimation of elastic modulus of concrete by other researchers
[2—6]. In studies by Hashin et al., Neubauer et al., Ramesh et al.,
and Garboczi et al., interfacial transition zone was modeled as
thin shell surrounding aggregate and the model gave reliable
results [3—6]. However, it is difficult to estimate elastic modulus
of concrete practically using the three-phase model, since
interfacial transition zone is too thin to be modeled precisely by
conventional numerical methods.

This paper presents a numerical concrete model, which
adopts a three-phase model and finite element with material
discontinuity, for the estimation of elastic modulus of concrete.
Conventional finite element methods allow only one material
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Fig. 1. Modeling of a structure with material discontinuity.

property to be assigned to each clement. This makes mesh
generation a cumbersome task, especially when composition of
materials is complicated and some elements are relatively much
small compared with the rest of the elements as seen in concrete.
Furthermore, complicated interface may cause that the shape of
a finite element loses its convexity and leads to ill-conditioned
stiffness matrix. Zohdi [7] introduced a numerical integration
method, which can accurately calculate the stiffness of a finite
element with material discontinuity in recent years. Applying
the numerical integration method to the three-phase model, we
analyzed concrete with complex interface using uniform finite
elements, and the elastic modulus of concrete was determined
accurately using the force—displacement relationship. The
proposed numerical concrete model has the advantages of the
rapid mesh generation of 3-D concrete model and guaranteed
convexity of element. The validity of the proposed numerical
concrete model was verified by comparing calculated results
with those obtained from the experiment, and the effect of the
interfacial transition zone on elastic modulus of concrete was
also investigated.

2. A numerical model for estimation of elastic modulus
of concrete

Finite element method is one of widely used and effective
numerical methods for structural analysis involving various
materials. In conventional finite element analysis of composite

material, the interfacial zone between different materials is
ignored and treated as an element boundary to avoid material
discontinuity in an element, and the equation for the static
problem is represented as follows.

[K[{u} = {F}. (1)

In Eq. (1) [K], {u}, and {F} represent stiffness matrix of a
structure, nodal displacement vector, and nodal force vector
acting on the structure, respectively.

A finite element can be endowed only with a single material
property to avoid material discontinuity within the element.
Hence, it becomes very difficult to generate proper mesh when
the interface between materials is complicated as concrete in
three dimensions. Furthermore, complex interface may cause
the finite element to lose its convexity and lead to ill-
conditioned stiffness matrix [8]. To overcome these short-
comings, this study adopts the numerical integration method
which accurately calculates the stiffness matrix of a finite
element with material discontinuity.

Fig. 1 shows two dimensional uniform mesh of a solid
consisting of two different materials, and each element is
composed of one or two materials. The conventional numerical
integration generally used in finite element method is suited for
an element consisting of a single material, but the conventional
numerical integration is not for an element composed of two or
more materials. Adopting the numerical integration method
which accurately calculates the stiffness of finite elements with
material discontinuity, the concrete composed of various
materials can be conveniently modeled using the uniform finite
element mesh and the elastic modulus of concrete was estimated
based on the more realistic model. The main concept of the
numerical integration for an element with material discontinuity
is as follows [7].

To simplify the problem, let us consider a scalar discontinuous
function F(c) in Fig. 2, which has a jump at ¢=4. This
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Fig. 2. Separation and integration of a discontinuous function.
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discontinuous function can be expressed as the sum of a
continuous function C(c) and a step function |F(0)|H (¢ — 9).
F(g) = C(e) +|F(9)|H (¢ — 0) (2)

where, ¢ is the local coordinate system and |F(0)| is a jump at ¢=9
(IF(0)|=F(0)+—F(9)-). The integration of the discontinuous
function F(c) over an element leads to Eq. (3)

/ S)ds = /{c )+ [F@)|H (e — 6)}de. G)

Applying the Gauss quadrature integration to the equation,
each term in Eq. (3) can be approximated as follows.

[ (Cle)de= Z Cg)wi (4)

1 N
/_|<>|H ~0ds= Y IFOH( — o
Z 0-w; +|F(5)| Z (5)

i=m+1

where, N is the number of quadrature points, w; is the weight of
the quadrature point, and ¢; is the location of the quadrature
point. The error occurring in the integration of the discontinuous
function in an element is estimated by the following relations [7].

1 N
error = [IF(c)dc - {Z (Clei) + |F()[H (s — 5))W:}

—FO)(1-0)— > w
i=m+1
N N
<Y - > w

< |F(0)] - max [w;| - max |g; — ¢;p]- (6)
The maximum error arisen from the Gauss quadrature integration
for the discontinuous function is governed by the largest quad-
rature weight, w;, and the largest distance between two neigh-
boring Gauss points, ¢;—¢;+ 1. Therefore, the maximum weight,
max [w;| = 1.93N %7 and the maximum distance between two
neighboring points, max |g; — ¢;1| =2.6N~ 12 in the Gauss
quadrature integration lead to the following error bound
error < max |w;| - max|¢; — ¢, 4| =5.07N 82, (7)

This concept can be extended to the calculation of stiffness
matrix. The error bound for the calculation of stiffness matrix of
a three-dimensional element with discontinuity is estimated and
presented in Table 1 [7]. The results show that the stiffness
matrix of an element with material discontinuity can be
calculated with enough precision using an adequate number
of quadrature points.

It is very difficult to model concrete of three dimensions using
the conventional finite element method because complex mesh

Table 1
Error bounds of the proposed integration method

Gauss rule Error bound (% )
2x2x2 0370

3733 0.040

373%3 0.0025

Tx7x7 0.0004

9x9x9 0.0001

generation is required. Moreover, the interfacial transition zone,
which affects the characteristics of concrete such as strength,
permeability, and crack, must be included in the modeling of
concrete for more realistic analysis. By adopting the numerical
integration method which allows the use of finite elements with
material discontinuity, the concrete composed of various
materials can be modeled with uniform finite elements including
the interfacial transition zone more conveniently, and the elastic
modulus of concrete was calculated more accurately. Coarse
aggregates are randomly placed in the modeling of concrete to
capture more realistic behavior of concrete. To maximize the
efficiency in the calculation of stiffness matrix, a small number
of quadrature points were used in ordinary elements, and a large
number of quadrature points were used for the elements with
discontinuity.

3. Estimation of elastic modulus of concrete by a proposed
numerical model

3.1. Elastic moduli for models with various numbers of
inclusions

To study the effects of the number of inclusions on the elastic
modulus of concrete and verify the validity of the proposed
numerical concrete model, five models with the five different
numbers of inclusions are analyzed. Concrete was first assumed
to be of the two-phase material composed of aggregates and
mortar in order to compare the calculated results with the values
obtained by the conventional methods. Concrete is modeled
using 12 x 12 x 12 uniform solid elements and the effect of shear
deformation is neglected since the effect of shear deformation
on the elastic modulus would be minute under uniaxial loading.
The following mechanical properties are used for the analysis:
elastic modulus E,=70 GPa, Poisson’s ratio v,=0.2 for
aggregates, elastic modulus E,,=30 GPa, Poisson’s ratio
vm=0.2 for mortar. Volume fraction of aggregates is set to
23%. Coarse aggregates are randomly placed in the modeling of
concrete. The random disposition of coarse aggregates can
describe more realistically the spatial distribution of coarse
aggregates in concrete and produces the realistic variations on
properties and behaviors of concrete, although it becomes more
difficult as the volume fraction of aggregates increases.

One hundred analyses were performed for each model with
the different numbers of aggregates to test the convergence in
the averaged value of elastic modulus of concrete. Fig. 3 shows
the calculated values of elastic modulus for the model with eight
aggregates. Elastic moduli of concrete estimated by the analysis
show variations, and the cumulated average value for the elastic
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Fig. 3. Elastic modulus of each sample.

modulus converges to 36.7 GPa after seventy runs by the weak
law of large numbers. Averaged elastic moduli of the concrete
consisted of various numbers of inclusions with fixed volume
fraction of aggregate (23%) are presented in Fig. 4. The
averaged elastic modulus of the model with one large aggregate
is greater than the others with greater number of aggregates. The
results also show that the difference in the averaged elastic
moduli due to the varying number of aggregates is reduced
when a sufficient number of aggregates are considered in the
analysis.

The average elastic moduli obtained from the analysis were
compared with the values obtained by Christensen—Lo’s model
(three-phase composite sphere model, see the Appendix) [9,10]
to verify the effectiveness of the proposed numerical concrete
model. The values calculated by the proposed numerical
concrete model agree well with the values by Christensen—
Lo’s model, as shown in Table 2, although the proposed model
provides greater values than the Christensen—Lo’s model as the
elastic modulus of inclusions increases.

3.2. Comparison with experimental results

To verify the proposed numerical concrete model and
investigate the effect of interfacial transition zone, the elastic
moduli of concrete calculated by the proposed numerical
concrete model were compared with those obtained by the
experiments. It is reported that the thickness of the interfacial
transition zone is around 50 pm in normal strength concrete [7],
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Fig. 4. Averaged elastic modulus for models with various numbers of inclusions.

Table 2
Comparison of elastic modulus without consideration of interfacial transition
zone (unit: GPa)

Elastic modulus of inclusions ~ Proposed method  Christensen—Lo model

50 34.05 33.66
70 36.91 36.10
90 39.18 37.84
150 44.34 41.00

and the elastic modulus of the interfacial transition zone is about
30-50% of the elastic modulus of mortar [11]. Bentz et al. [12]
and Ramesh et al. [5] estimated the elastic modulus of concrete
assuming that the volume fraction of interfacial transition zone is
10%. In this study, the elastic moduli of concrete were calculated
within the range of 30-70% in ratio of elastic modulus of the
interfacial transition zone over elastic modulus of concrete and
1-7% in volume fraction of interfacial transition zone.

The mix proportions of concrete used in experiments are
shown in Table 3. Mechanical properties of the aggregates and
the mortar, water—cement ratio (w/c), and volume fraction of
aggregates are presented in Table 5. The elastic moduli of the
aggregates and the mortar were not obtained from static test, but
from dynamic test (impact echo test). Dynamic elastic modulus
was used for better estimation, since static elastic modulus has
large variation in the measurement due to using secant elastic
modulus in static test.

For the analysis, concrete is assumed to be the three-phase
material which is composed of coarse aggregates, mortar, and
interfacial transition zone. Four three-dimensional analysis
models with randomly placed aggregates were analyzed as
shown in Fig. 5, and Table 4 presents the size, the number, and
the volume fraction of aggregates for each model.

The values of elastic modulus calculated by the proposed
numerical concrete model were compared to the ones measured
in the experiments in Table 5. The elastic moduli of concrete
calculated by the proposed numerical concrete model are greater
than the ones measured in the experiments for all cases when
interfacial transition zone is neglected. The results show that the
elastic modulus of concrete decreases as the volume fraction of
interfacial transition zone increases or the assumed elastic
modulus of interfacial transition zone is reduced. In addition,
the elastic modulus of concrete is more influenced by the
volume fraction of interfacial transition zone than the elastic
modulus of interfacial transition zone. However, the size effect
of aggregates on the elastic modulus is not pronounced
precisely in the present investigation. The results indicate that
the characteristics of interfacial transition zone, although its
volume fraction is relatively small, play an important role in the

Table 3
Mix proportion of concrete models used in experiments (unit: kg/m®)

Mix Cement Silica Water Coarse Fine HRWR S/a W/B
type fume aggregate aggregate (%) (%)

Cl 400 - 200 988.3 702.2 0 42 0.50
C2 475 25 165 1040.2 680.4 1.5 40 033
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Fig. 5. Concrete model with four types of aggregates.

concrete properties. Therefore, the interfacial transition zone
should not be ignored in the analysis.

The elastic moduli of concrete estimated for the normal
strength model (C1) show close agreement when the volume
fraction of interface and the ratio of elastic modulus of interface
to elastic modulus of mortar are assumed to be 6%, 50%,
respectively. The elastic modulus for high strength model (C2)
shows good agreement around 1% of volume fraction and 70%
of elasticity modulus. The volume fraction of interfacial
transition zone is closely related to the water—cement ratio.
Since the interfacial transition zone is caused by water
cumulated around the surface of coarse aggregates, the thickness
of interfacial transition zone increases with the water—cement
ratio resulting in a higher volume fraction of interfacial transition
zone in concrete. The analysis results from the low and high w/c
concrete reasonably predict the volume of interfacial transition
zone in the concrete with different w/c ratios.

The interfacial properties were estimated by the inverse
method, associated with the four-phase composite sphere model
(see the Appendix), proposed by Hashin and Monteiro [3] to
calibrate the proposed numerical concrete model. The elastic
moduli of concrete were also calculated by the proposed
numerical concrete model using the interfacial properties obtained
from four-phase composite sphere model. For the normal strength

Table 5
Comparison of calculated elastic modulus and experimental results

Model Volume  Elastic Analysis result Experimental
fraction  modulus (GPa) result (GPa)
of of
interface  interface Type I Type l
(%) (Ei/Em)

0 - 4124 4131 39.70
1 30% 40.97  41.00
50% 4095  41.01
70% 41.06 4095
Cl 4 30% 40.02 3998
w/c=0.50 50% 4022 40.23
E,,=33.7 Gpa 70% 4046  40.51
E,=58.8 Gpa 5 30% 39.62  39.75
V,=37.4% 50% 3992 3997
70% 4035 4041
Aggregate type: 6 30% 39.16  39.30
granite 50% 39.58  39.78
70% 39.97  40.19
7 30% 39.01 3897
50% 39.51 3942
70% 39.82  39.80

0 - 4448 4455 44.30
1 30% 44.17 4414
50% 4427 4422
70% 4431 4434
C2 2 30% 4386 43.84
w/c=0.33 50% 4396  44.00
E,=37.6 Gpa 70% 44.10 44.16
E,=58.8 Gpa 3 30% 4344  43.52
V,=39.2% 50% 43.67  43.67
Aggregate type: 70% 4390 4398
granite 4 30% 43.08  43.13
50% 4339 4343
70% 43.68 4396
7 30% 42.01  42.05
50% 4253 4254
70% 43.04  43.07

concrete model (C1) the difference between the values estimated
by two models was less than 0.8%, while for the high strength
concrete model (C2) the difference was less than 0.2%, as shown
in Table 6. Consequently, the agreement between the values
calculated by the proposed numerical concrete model and the
values by four-phase composite sphere model is satisfactory.

Table 6
Table 4 Comparison of elastic modulus with consideration of interfacial transition zone
Size, number, and volume fraction of aggregates for numerical models (unit: GPa)
Model Type Aggregates A B C D Sum Model  Volume Elastic Poisson’s  Analysis result Four-
cl I Radius (mm) 2817 17.11 1233 9.04 - fraction  modulus  ratio of  (GPa) phase
Number of aggregates 1 6 11 22 40 f)f f)f interface Type I  Type I composite
Volume fraction (%) 250 337 23.1 182 100 interface interface sphere
I Radius (mm) 2052 1711 1233 837 - (%) (GPa) model
Number of aggregates 1 6 11 22 40 (GPa)
Volume fraction (%)  28.8 337 23.1 144 100 Cl 5 17.52 0.231 39.92  40.01 39.70
C2 I Radius (mm) 28.68 1743 1256 9.07 - 5.5 18.47 0.231 39.84  39.97
Number of aggregates 1 6 11 22 40 6 19.24 0.231 39.69 39.84
Volume fraction (%) 252 340 232 17.6 100 C2 1 20.34 0.228 4428 4426 44.30
I Radius (mm) 29.78 1743 12.56 852 - 1.25 22.18 0.228 4425 4432
Number of aggregates 1 6 11 22 40 1.5 24.06 0.228 4426 4425
Volume fraction (%)  28.3 34.0 232 145 100 1.75 25.67 0.228 4422 4430
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It is shown by the comparison of the results that the
proposed numerical concrete model can be effectively used for
the estimation of the elastic modulus of concrete considering
the size effect of aggregates. However, some discrepancies are
inevitable because of the assumptions used in the numerical
modeling and various errors in experiments. In addition, care-
ful selection of characteristics for interfacial transition zone
must be made for accurate estimation of elastic modulus of
concrete.

4. Conclusion

A numerical concrete model has been proposed for the better
estimation of elastic modulus of concrete. The proposed
numerical concrete model adopts three-phase model and
effective numerical integration method which allows material
discontinuity in a finite element. The proposed numerical
concrete model has the advantages such as the rapid mesh
generation of three-dimensional concrete models with uniform
finite elements and the elimination of element distortion. The
proposed numerical concrete model was verified by comparing
calculated results with experimental results. The estimations of
elastic modulus of concrete calculated by the proposed
numerical concrete model are in good agreement with the
experimental results. With the verified model, effects of inter-
facial transition zone, which affects the characteristics of
concrete, are studied. The analysis shows that the elastic
modulus of concrete may be more influenced by the volume
of interfacial transition zone than elastic modulus of interfacial
transition zone. It is also confirmed that the elastic modulus of
concrete is more affected by interfacial transition zone when the
water—cement ratio is large.

The number of analyses can exert influence to some degree
on the averaged elastic modulus of concrete. When the small
number of analyses is performed, the averaged value may be far
from the true value. Therefore, the sufficient number of analyses
needed in order to get the converged averaged value by the
weak law of large numbers. The size effect of coarse aggregates
on the elastic modulus is not very pronounced in the present
investigation. Since the present study is based on the limited
number of cases, more general conclusions may not be
appropriate at the present time. Nevertheless, the proposed
numerical concrete model provide a powerful tool for the esti-
mation of elastic modulus of concrete, and the analysis results
reported herein help the understanding of effect of interfacial
transition zone on the elastic modulus of concrete.
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Appendix A

For the convenience, the formulae for three-phase composite
sphere model and four-phase composite sphere model are
collected here.

Three-phase composite sphere model

The effective bulk modulus K, is obtained by

Va (Ka - Km)

Ke = K V(K — Ko/ (K + 4G J3)]

(A1)

The effective shear modulus G, is the solution to the
following quadratic equation

a(Ge/Gp)*+2b(G./Gp) + ¢ =0 (A2)
with the coefficients given by
a=8(Gy/Gyp — 1)(4 — 5v,)n, V103
- 2[63(Ga/Gm - 1)'72 + 27’1’72]1/117/3
+252(Gy /Gy — 1)y V23
—50(G,/Gp — 1)(7 = 12v,, + 82 ), V,
+4(7 — 10v,)n,13 (A3)
b= —2(Gu/Gp — 1)(1 = 5v, )y, V103
+2[63(Ga/ G — D)y + 21ym5] V)3
—252(Ga )Gy — D)y V213
+75(Go/ G — 1) (3 = v )12V Ve
3
+ 5 (15\),,, - 7)’72’73 (A4)
¢ =4(Ga/Gp — 1)(5v, — 1), V103
— 2[63(Ga/ G — 1)y + 21,m3]V,)
+252(Ga /Gy — 1)y V213
+25(Ga/ G = 1) (v, = ) Va = (T+ Sva)ians - (AS)
n = (49 — 50v,v,) (G, /G, — 1)
+35(Gy/Gr)(vg — 2vy) +35(2v, — Vi) (A6)
Ny =5vu(Gy/ Gy — 8) +7(G, /Gy + 4) (A7)
3 = (Gy/Gp)(8 — 10vy,) + (7 — 5vp). (A8)
Four-phase composite sphere model
The effective bulk modulus K. is obtained by
(Va+V2)
Kc = Km )
T K + (1= Ve = V(K 1 4G /3)
(A9)
where K, = K; + —Va(Ka — K ,
L4 (1= V0)[(Ka — Ki)/ (Ki + 4Gy/3)]
(A10)
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Va= Va/(Va + Vm)~ (All)

The effective shear modulus G. is the solution to the
following equation

3 3 3 3 3 3
4d§2)(Gc‘/GM)2+ <d£3) - 2d§3) - 2d§4> + 3d§4)> (Gc‘/Gm) - d§4) =

(A12)
with the coefficients given by
3 3) (3 3) (3
dy) = PPy — PPy (A13)
P(n) _ P(nfl)s(n) (A14)
1—2v 1—2v 1—2v 1—2v
(1) _ a a a a
P —6ov, —T+4y, 3y, —7 —2v, (A15)
—2(5— ) 247, 2v, —147,
s — 3(1+v,) 247, 742v, 217,
—(5—4v,)G1 66"—17,,3{3 —4v,G, 147,.1G, 1
—B=6v)Gr1 —6G, T, —(T—4v)Guy 217, 1Gus
14 14 14 14
% 6v, 7 —4v, —3v, 7+ 2v,
ol e 36 247
S5—4v, 2—4v, —2(5-v) 2(1+w) (Al6)
G, 1 = G,_1/G,(phase 1: aggregate, phase 2: interface,
phase 3: matrix, phase 4: composite)
o n—1 n
PSS
i=1 i=1
Here
K bulk modulus;

G shear modulus;

14 volumetric percentage;
v Poisson’s ratio;

a aggregate;

m matrix (mortar);

i interface;

c composite (concrete).
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