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ial model is presented to simulate rheological behavior of cement paste. This
material model is among others based on combined concepts by Hattori and Izumi and by Tattersall and
Banfill. More precisely, coagulation, dispersion and re-coagulation of the cement particles (giving a true
thixotropic behavior) in combination with the breaking of certain chemically formed linkages between the
particles (giving a so-called structural breakdown behavior) are assumed to play an important role in
generating the overall time-dependent behavior of the cement paste. The model evaluation is done by
comparing experimental data with model prediction.

© 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Cement paste is a suspension of cement particles in water and
represents a good example of a concentrated suspension. Concrete,
which is essentially a mixture of cement paste and aggregates, has
become the most commonly used structural material in modern
civilizations. The quality of the concrete structure is of course
dependent on the quality of each constituent used in the concrete
mix. However, this is not the only controlling factor. The quality is also
much dependent on the rheological behavior of the fresh concrete
during placement into formwork at jobsite [1]. Hence, the importance
to understand such behavior. In particular, a general connection
between the rheological behavior of cement paste and the structural
changes governing thixotropy and structural breakdown can provide a
better understanding of the different results gained at jobsite. For
example, breaking up the so-called static yield stress into different
components depending on the mechanism that they originate from,
can aid to better understand the nature of the observed reduction in
formwork pressure for self-compacting concrete (SCC). An extensive
work about the relationship between the static yield stress of SCC and
formwork pressure has for example been carried out by Billberg [2].

1.1. Thixotropic behavior

Themodel introduced here is based on thixotropic behavior as well
as on a certain process called “structural breakdown” (the latter is
explained in Section 1.2). The interest in the former phenomena is
nearly as old as modern rheology [3]. An increasing number of real
ll rights reserved.
materials have been found to show thixotropic effects. Also, they have
been applied in various industrial applications, the cement paste
being one example. The term thixotropy was originally coined to
describe an isothermal reversible gel–sol (i.e. solid–liquid) transition
due to mechanical agitation [3]. According to Barnes et al. [4], the
accepted definition of thixotropy is “…a gradual decrease of the
viscosity under shear stress followed by a gradual recovery of
structure when the stress is removed…”. Additional definitions of
thixotropy are given in [5].

The amount of theoretical literature on the abovementioned time-
dependent material is limited [4]. However, there is a comprehensive
review article about the subject done by Mewis [3] and Barnes [5].
Also, a shorter review is given in Mujumdar et al. [6] and in a textbook
by Tanner andWalters [7]. In these literatures, the various approaches
used to measure thixotropy are presented. For example, one approach
mentioned is by measuring the torque T under a linear increase and
then decrease in angular velocity ωo (of the rotating part of the
viscometer). If the test sample is thixotropic, the two torque curves
produced do not coincide, causing rather a hysteresis loop. While
hysteresis loops are useful as a preliminary indicator of behavior, they
do not provide a good basis for quantitative treatments [1,5]. However,
an attempt can be made to quantify thixotropic behavior with such
torque curve by its integration [1,5,8]. The use of this approach for SCC
can for example be found in [9]. Another approach possible in
studying thixotropic behavior is by monitoring the decay of measured
torque from an initial value To to an equilibrium value Te with time t,
at a constant angular velocity ωo (such an experiment can also be
carried out when quantifying structural breakdown [1]). In some
cases, simple exponential relationship can be found, but other and
more complicated relationships can also exist. For example, Lapasin
et al. [10] makes the use of the above approach on cement pastes,
using three different types of functions, however more complicated
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Nomenclature

3 the subscript 3 (as in X3) designates the size 3 cement particles
4 the subscript 4 (as in X4) designates the size 4 cement particles
a parameter used in I3 [–] (Eq. (9))
g gravity [m/s2] (Eq. (29))
h height of the inner cylinder =116 mm (Sections 2 and 5)
H3 coagulation rate [s−1] (Eq. (7))
I3 dispersion rate [s−1] (Eq. (9))
I3
s dispersion rate (or rate of “break-apart”) [s−1] (Eq. (11))
I4
s dispersion rate (or rate of “break-apart”) [s−1] (Eq. (15))
J3 number of reversible junctions per unit volume [m−3] (Section 4.1)
J3
s number of reversible linkages per unit volume [m−3] (Section 4.2)
J3
p,c number of permanent junctions per unit volume (Section 4.2)
J3
p,s number of permanent linkages per unit volume (Section 4.2)
J3
p number of permanent connections per unit volume =J3p,c+ J3p,s [m−3] (Sections 4.1 and 4.2)
J4
s number of reversible linkages per unit volume [m−3] (Section 4.3)
J4
p number of permanent linkages per unit volume [m−3] (Section 4.3)
Jtot total number of connections per unit volume [m−3] (Section 4.3)
K special function used in H3 [s−3] (Eq. (8))
n3 number of primary particles per unit volume [m−3] (Section 4.3)
n4 number of primary particles per unit volume [m−3] (Section 4.3)
n3[t] number of particles per unit volume [m−3] (Eq. (1))
R radial coordinate [mm] (Fig. 8)
Ri radius of the inner cylinder =85 mm (Section 2)
Ro radius of the outer cylinder =101 mm (Section 2)
t time (t∈ [0, 50 s]) (Figs. 4, 5 and 7)
tm time from water addition (tm∈ [0, 102 min]) (Section 2)
T measured torque [Nm] (Figs. 4, 5 and 7)
Tc computed torque [Nm] (Section 5; Figs. 4, 5 and 7)
U3 reversible coagulated state = J3/n3 [–] (Eq. (27))
U3[0] reversible coagulated state at t=0 [–] (U3|t=0=U3[0])
U3
s reversible linked state = J3s /n3 [–] (Eq. (26))

U3[0]
s reversible linked state at t=0 [–] (Section 4.5.1)

U4
s reversible linked state =J4s /n4 [–] (Eq. (28))

U4[0]
s reversible linked state at t=0 [–] (Section 4.5.3)

v velocity of the cement paste [m/s] (Eq. (29))

Greek letters
α parameter used in K [s−2.99] (Eq. (8))
β parameter used in K [s−2.9] (Eq. (8))
γ̇ shear rate [s−1] (Section 5)
ε̇ rate-of-deformation tensor [s−1] (Section 5)
η apparent viscosity (or equally, shear viscosity) [Pa·s] (Eq. (16))
κ parameter used in I3 [sa−1] (Eq. (9))
λ parameter used in I3

s [s−0.6] (Eq. (11))
μ plastic viscosity [Pa·s] (Eq. (20))
μ̃ thixotropic plastic viscosity [Pa·s] (Eq. (22))
μ̂ plastic viscosity of structural breakdown [Pa·s] (Eq. (24))
μ[t] total plastic viscosity [Pa·s] (Eq. (18))
ξi for i=I, III and V; material parameters used in Eqs. (22) and (24) [Pa·s]
ξj for j=II, IV and VI; material parameters used in Eqs. (23) and (25) [Pa]
ρ density of the cement paste [kg/m3] (Eq. (29))
σ constitutive equation [Pa] (Section 5)
τ0 yield stress (or equally, yield value; c.f. British Standard BS 5168:1975) [Pa] (Eq. (21))
τ̃0 thixotropic yield stress [Pa] (Eq. (23))
τ̂0 yield stress of structural breakdown [Pa] (Eq. (25))
τ0[t] total yield stress [Pa] (Eq. (19))
Φ phase volume (i.e. solid concentration) of the cement paste [–] (Section 2)
χ parameter used in I4

s [s−0.9] (Eq. (15))
ωo angular velocity of the outer cylinder (Ro) [rad/s] (Figs. 4, 5 and 7)
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than of the simple exponential form. Nevertheless, as will be shown in
Section 3, amaterial model created by this approach is limited because
the apparent viscosity equation η can only be valid when a simple
shear rate condition is applied to the rheological test. Considering an
apparent viscosity equation extracted from such an experiment and
then using it in another experiment of much more complicated shear
history, would be almost impossible. For the latter case, at least the
history of the shear rate must be included into the material model in
one form or another.

Cheng and Evans suggested a general mathematical form of the
equation of state for a thixotropic material, using a specific structural
(or flocculation) parameter and a differential evolution equation to
describe its time dependency [11]. An important property of such
evolution equation is that it takes into account (in an implicit manner)
the history of the shear rate. Based on the same approach as Cheng
and Evans, Coussot developed a different thixotropic material model
[12]. It proved able to describe cement based materials behavior when
only submitted to short resting times [13]. Roussel improved this
model in order to describe resting times longer than 1 min [14].

1.2. Structural breakdown

The term “structural breakdown” was made by Tattersall in 1954
[15]. Because no recovery in torque was measured in the correspond-
ing experiment, structural breakdownwas considered to be a different
phenomenon than thixotropic behavior. The mechanism of structural
breakdown was explained in 1983 in a textbook by Tattersall and
Banfill [1]. There, it was attributed to the process of breaking certain
linkages between the cement particles, which were assumed to be
formed by the hydration process. The breaking of linkages was
considered to be an irreversible process and thus non-thixotropic (the
mechanism of structural breakdown will be further explained in
Section 4.2).

In the earlier work of Wallevik [16,17], the use of a certain
flocculation parameter was used, named “coagulated state”. Rather
than being based on a differential evolution equation, fading memory
Fig. 1. The results from miscellaneous theories. Experimental data for illustrations (a) to
integrals of shear rate was used (i.e. the shear rate history was
explicitly included into the calculations). This particular model was
not based on the structural breakdown phenomenon, but rather on
thixotropic behavior. More precisely, it was based on several ideas
proposed by Hattori and Izumi [18] (an older reference to the work of
Hattori and Izumi is available in [19]). However, with a purely
thixotropic characteristic, the model was only partly successful. As
will be explained in Section 4, the new model presented here will
contain both the structural breakdown phenomenon and thixotropic
behavior. With these two phenomena simultaneously present, a
better outcome is attained (shown in Section 6). Due to programming
complexity and longer calculation time, the use of fading memory
integrals (as was done in [16,17]) is not applied in the new model
presented here. Rather, the approach is using several connected
differential evolution equations. A summary of these equations is
given in Section 5.

2. Experimental

In this work, the rheological behavior of cement paste is analyzed
by measuring torque T(t) under complicated angular velocity ωo(t)
conditions, shown in Fig. 1b (as well as in Fig. 4a). The challenge is to
create a material model that is based on the microstructural approach
and is able to simulate the measured rheological behavior of the
cement paste. The challenge is especially great when a complicated
angular velocity is used in the experiment. With a good apparent
viscosity function η=η(γ̇,…) used in the numerical simulation, the
computed torque Tc should be able to overlap the measured torque T.
The objective is that with such satisfactory material model, a better
idea of what controls the rheological behavior of the cement based
material can be presented.

2.1. Measuring device

The viscometer used is the ConTec Viscometer 4 [20,21]. It is a
coaxial cylinders viscometer that has a stationary inner cylinder (of
(e) are from the SNF-case at tm=72 min, while (f) is the HMW Na-case at tm=72 min.
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radius Ri =85 mm) that measures torque T, and a rotating outer
cylinder (of radius Ro=101 mm) that rotates at predetermined angular
velocities ωo (shown in Figs. 1b and 4a). The height of the inner
cylinder is h=116 mm. Shearing from the bottom part of the
viscometer is filtered out by special means [20,21]. To avoid slippage
between the cylinders and the cement paste, both the inner and outer
cylinders are fitted with (small sized) protruding vanes [22,23]. With
this, the dimensions Ri and Ro are relative to the extremities of the
vanes. For a viscoplastic material, it is assumed that the material is
held in the space between the vane blades so that thematerial and the
vanes together behave like a rigid cylinder. Experimental observation
supports this assumption and is in accordance with the findings made
in [24] (see also [25,26]). Hence, any attempt to investigate the flow
between the vane blades is not done in this work.

2.2. Admixture

Three different types of admixtures are used. These are super-
plasticizers and are designated as VHMW Na, HMW Na and SNF,
respectively. The first two are a very high- and a high molecular
weight Na-lignosulfonates, respectively. These are natural polymers
formed from the pulping process and are produced by Borregaard
LignoTech, Norway. The SNF is a sulfonated naphthalene-formalde-
hyde condensate polymer and is synthetically formed. It has the
commercial name Suparex M40 and is produced by Hodgson
Chemicals Ltd. More information about the properties of these
superplasticizers can be found in [17].

2.3. Mix design of the cement paste

The mass ratio of water to cement for the cement paste is w/c=0.3
and the amount of superplasticizer used is 0.5% solid by weight of
cement. The initial phase volume (i.e. solid concentration) is equal to
Φ=0.52 and is always increasing with time due to the hydration of the
cement particles [16]. As is well known, hydration is a reaction of an
anhydrous compound (i.e. cement particles) with water, yielding a
new compound, a hydrate. The hydrate quickly covers the cement
particle surface (i.e. a hydrate membrane is formed) to increase the
surface roughness and the phase volume, giving a certain increase in
the apparent viscosity η with time tm.

2.4. Mixing procedure

A Hobart AE120 mixer is used when mixing the cement paste. It
has three speed settings for the agitator and the attachment (i.e. the
whips), respectively: Speed 1: 106 and 61 rpm, Speed 2: 196 and
113 rpm and Speed 3: 358 and 205 rpm. The agitator rotates clockwise
and the attachment rotates counterclockwise. The attachment is blade
shaped, like an open shield. The cement (in dry condition) is first
placed into the mixing bowl (at zero speed). Thereafter, the water is
poured into the bowl during mixing at speed 1. The time tm=0 min
marks the initial water addition to the cement (the subscript “m” is an
acronym for “mixing”). Prior to this the water is premixed with either
lignosulfonate or SNF polymer. The mixing procedure for the cement
paste is a four-step procedure: (1) Mixing of cement and water at
Speed 1 (tm∈ [0 min, 3 min]). (2) Hand mixing to break up clumped
cement particles (tm∈ [3 min, 6 min]). (3) Mixing at Speed 2
(tm∈ [6 min, 10 min]). (4) Check with hand mixing if the suspension
is homogeneous (tm∈ [10 min, 11 min]). The first viscometric
measurement occurs at tm=12 min.

2.5. Measuring procedure

At tm=12, 42, 72 and 102 min after the initial water addition, a
measurement with the viscometer is performed. Each measurement
takes 50 s. Immediately after each such test, a remixing by hand is
done to ensure homogeneity. Thereafter, the test material is at rest
until the next measurement (about 29 min). It should be noted that
the Hobart mixer is only used once for each batch. More precisely, it is
only used during the first 10 min of each experiment as described in
Section 2.4.

3. The need for an improved model

The angular velocity ωo used in a single rheological test is shown in
Fig. 1b. An example of experimental result by such rotation is shown in
Fig.1a–e, and are from the SNF-case at tm=72min. This is the same data
as shown later in Fig. 5c (Section 6.2). For Fig.1f, then a different polymer
is used, namely theHMWNaand the result applies at tm=72min aswell.
This is the same data as shown in Fig. 7c (Section 6.3).

Using classical models like that of themodified vom Berg [10], or of
the modified Shangraw [10] to fit the experimental data in Fig. 1 is
unattainable. Their primary failure rests in the way these models are
generated, namely from an experiment where simple angular velocity
condition is applied to the rheological test. Using such simple test
setup makes it that much easier to fit the experimental data to
whatever model one chooses.

Fig. 1a is adopted from [27] and shows an attempt to fit the
modified vom Berg model to the experimental data. The model
modification is done by Lapasin et al. [10]. For this case, by setting the
material parameters to such that it simulates the first part of the
experimental data, the rest of the experimental data cannot be
simulated. A wide variety of different parametric values were tested
by trial and error, without any success. The same applies for the
modified Shangraw model, shown in Fig. 1c (adopted from [27]).
There, an attempt is made to fit the middle part of the experimen-
tal data as much as possible. However, with the material parameters
fixed with that objective, the rest of the experimental data cannot be
simulated.

Using the original Hattori–Izumi theory [18] was also shown to be
unattainable. This is shown in Fig. 1d (adopted from [27,17]). One of
the problems of this theory is that it does not include a yield stress,
which means that the computed torque cannot be elevated to the
“height” where the experimental data is. The other problemwith this
theory is that in the limit t→∞, the output of the corresponding
algebraic evolution equation is a constant regardless of how much
shear rate γ̇ or coagulation rate H is present; i.e. under sufficiently
large value of time t, it overshadows all physical processes described
by the shear rate γ̇ and the coagulation rate constant H. This particular
behavior is well explained in [16] (Section 3.4).

Fig. 1e shows the result of using the MHI-theory (i.e. the modified
Hattori–Izumi theory) and is adopted from [16,17]. As shown, this
model is successful for the SNF-case. However as shown in Fig. 1f,
when using the HMWNa polymer in the cement paste, a worse result
is attained. The problem is apparently present in its failure to
reproduce the large recovery in the measured torque. Accordingly,
the MHI-theory has its limitations.

In the remainder of this work, a new theory is presented, in which
the problems presented in Fig. 1 are solved. For lack of better term, the
theory is designated as the Particle Flow Interaction Theory (or the PFI-
theory). Its current version is labeled as “Mark I” (future developments
will be labeled Mark II, Mark III, and so forth). As will be clear in
Section 6, the current version of the PFI-theory (i.e. Mark I) has some
unresolved issues (see for example Fig. 6), but still is an important
improvement over the MHI-theory and this is the main objective of
the current work.

4. Types of particle interactions during the flowof cement particles

The PFI-theory (Mark I) is based on several ideas proposed by
Hattori and Izumi [18] and by Tattersall and Banfill [1]. More precisely,
coagulation, dispersion and re-coagulation of the cement particles in
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combination with the breaking of certain chemically formed linkages
between the particles are assumed to play an important role in
generating the overall time-dependent behavior of the cement paste.
What now follows are explanations of the two basic concepts, the new
proposed supplements and how all these ideas are combined and
implemented by mathematical means.

4.1. Reversible and permanent junctions

In [16,17], the thixotropic behavior of cement paste is related to
coagulation, dispersion and re-coagulation of the cement particles.
This is in accordance with the original idea presented by Hattori and
Izumi [18]. Here, the term “coagulation” appears frequently and it
describes the occurrence when two (or more) cement particles come
into a contact with each other for some duration of time; i.e. when the
cement particles become “glued” to each other andwork is required to
separate them. The particles become glued together as a result of the
total potential energy interaction that exists between them. It
originates from combined forces of van der Waals attraction,
electrostatic repulsion and steric hindrance [1,17,28]. The polymers
mentioned in Section 2.2 will generally adsorb on the surface of the
cement particles. Their function is to change the above mentioned
total potential energy in such manner that coagulation is more
difficultly obtained and dispersion more easily achieved.

In addition to the original theory [18], it is proposed in [16,17] that
there are basically two kinds of coagulation. The first type is the
reversible coagulation, where two coagulated cement particles can be
separated (i.e. dispersed) again by the given rate of work available to
the suspension (the rate of work is provided by the engine of the
viscometer). The second type of coagulation is the permanent
coagulation, where the two cement particles cannot be separated by
the given rate of work (i.e. power) available. The simultaneous
presence of both permanently- and reversibly coagulated cement
particles in the cement paste, could for example be attributed to
damaged (and therefore non-functional) polymers between some
cement particles, and to still very functional polymers between other
cement particles, respectively.

The connections (or contacts) between the cement particles,
formed by the total potential energy interaction, are named junc-
tions. The number of reversible junctions (from the process of
reversible coagulation) is represented with the term J3 (previously
designated as Jt in [16,17]). Likewise, the number of permanent
junctions (from permanent coagulation) is designated with J3

p

(previously designated as Jt
p in [16,17]). The superscript “p” is an

acronym for “permanent”, or more precisely “permanent coagulation”
(and “permanent linking”, as explained below).

4.2. Breakable and permanent linkages

Within a few seconds of the initial contact between cement and
water, the surfaces of the cement particles are covered by amembrane
of gelatinous calcium silicate/sulphoaluminate hydrate [1]. Hence in
[1,8], it is suggested that when a pair or more, of cement particles
come into contact with water, this hydrate membrane forms around
both of them. As soon as the cement paste is agitated, the linkages
between the cement particles may be broken [1]. That is, the bridging
membrane ruptures and the cement particles separate. As no recovery
of structure was measured for such cases (i.e. is an irreversible
process), the term “structural breakdown” was preferred over
“thixotropic behavior” [1,8,15,29,30]. The notion of linkages between
cement particles was first proposed by Tattersall [30].

In this work, it is assumed that there are basically two kinds of
bridgingmembranes. The first type is the breakablemembrane, where
two linked cement particles can be broken apart (i.e. dispersed) by the
given rate of work available to the suspension. The second type of
bridging membrane is the permanent membrane, where the two
linked cement particles cannot be broken apart with the given power
available. The strength of the link between two (or more) cement
particles depends on the thickness of the membrane around them and
contact geometry [1]. Hence, with different conditions between
different cement particles, it is not hard to imagine a simultaneous
presence of both permanently- and breakable linked cement particles
in the cement paste.

As indicated above, the connections (or contacts) between the
cement particles, formed by the hydrate membrane, are named lin-
kages. The number of breakable linkages (by the formation of breakable
weak/thin hydrate membrane) is represented with the term J3

s (the
superscript “s” is an acronym for “structural breakdown”). Likewise,
the number of permanent linkages (by the formation of permanent
strong/thick hydrate membrane) is designated with J3

p.
Regardless if the cement particles are permanently coagulated (by

the total potential energy) or permanently linked (by the hydrate
membrane), these two contributions are represented with the same
symbol, namely with J3

p. For example, if two cement particles are
permanently coagulated (giving J3

p,c=1 m−3), and another pair of
cement particles are permanently linked (giving J3

p,s=1 m−3), the total
value of J3p is J3

p,c+ J3p,s=2 m−3. That is, to simplify the presentation, no
distinction is made between coagulated- and linked cement particles
when they are permanently connected.

From the above text and from Section 4.1, the total number of
connections between coagulated- and linked cement particles of size
3 is J3+ J3s + J3p.

4.3. Particle size numbers 3 and 4

Cement particles are poly-dispersed in size. Some 7–9% of the
material (by weight) is typically finer than 2 μm in diameter and 0–4%
coarser than 90 μm [31]. Traditionally, the particles that are influenced
by the total potential energy effects (see Section 4.1) are considered to
be colloid particles. General definition of such particle is that at least
one dimension is in the size range from 1 nm to 1 μm [28,32].
However, there is no clear distinction between the behavior of
particles with somewhat larger dimensions than those of the
traditional colloidal particle [28]. In [17] (Section 2.5.2), it is
demonstrated that cement particles as large as 40 μm in diameter
seem to be able to “behave”, at least to some degree, as a colloid
particle, somewhat controlled by the action of the total potential
energy. All cement particles (i.e. the domain of particle sizes) that can
significantly be influenced by the total potential energy effects are
classified in this work as “particle size number 3” (meaning that the
diameter of these particles is less than the above mentioned 40 μm).

When considering a pair of cement particles larger than of “particle
size number 3”, their kinetic energy (or inertia) starts to be sufficiently
large to overcome their mutual energy barrier against coagulation and
dispersion. When this condition applies, coagulation does not occur
and the cement particles rather interact with each other by a pure
hard sphere collision factor. Such cement particles that are not (or only
slightly) influenced by the total potential energy effects, are classified
here as “particle size number 4”. As cement particles of this size
domain do not coagulate, the corresponding (reversible) junction
number is always zero, meaning J4=0 m−3. However, as it is fair to
assume that the cement particles of size 4 are covered by a hydrate
membrane, just as for size 3, the values of J4s (breakable linkages) and
J4
p (permanent linkages) do not have to be zero.

In [18], the subscripts “1” and “2” (giving J1 and J2) are reserved for
water molecules and water adsorption. It is therefore for historical
reason that it is started here with the subscript “3” for the smaller
cement particles, and thereafter with “4” for the larger cement
particles.

From the above text and from Sections 4.1 and 4.2, the total
number of connections between coagulated and linked cement
particles of size 3 and 4 is Jtot= J3+ J3s + J3p+ J4s + J4p. The variables Jtot, J3,
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J3
s , J3p, J4s and J4

p are so-called direct microstructural parameters, with the
physical unit of [m−3]; i.e. these terms represent the number of
connections per unit volume. In either case of reversible coagulation/
linking or of permanent coagulation/linking, the effect to the apparent
viscosity η is basically the same, namely to increase its value. In [17]
(Section 2.4.1), the apparent viscosity η is roughly calculated by using
Bagnold's original theory [33] about particle–particle interaction (i.e.
rate of momentum transfer between particles). There, it is clearly
demonstrated how increased Jtot value increases the apparent
viscosity η.

For size 3 cement particles, two types of primary particles (i.e.
cement particles) are defined. One is primary particles that will
undergo a reversible coagulation and linking and is designated with
n3. The other type is primary particles that will undergo a permanent
coagulation and linking and is represented with n3

p. The physical unit
of n3 and n3

p is in [m−3], meaning number of primary particles per unit
volume. As discussed in [16] (Section 3.4.2), when considering cement
based materials, the number of primary particles is slowly changing
with time. However, relative to a single experiment of 50 s (see
Section 2.5) n3 and n3

p (as well as n4 and n4
p for size 4) can safely be

considered as constants.
Fig. 2 gives a summary of the different types of connections that

are assumed to be present in the cement paste. In Fig. 2a, is a realistic
presentation of cement paste, and in Fig. 2b is a magnification of some
part of it (an idealized representation). For this last mentioned
illustration, there is also shown the number of corresponding
connections J (units not shown). In Fig. 2c is shown a reversible
linkage between two size 4 cement particles.

When examining Fig. 2b, it should be clear that in the current
version of the PFI-theory, no explicit assumption is made about the
shape of the cement particles. For example, going from spherically
shaped cement particles in one batch, to cubically shaped cement
particles in another batch, will only reflect in larger values in some of
the material parameters of the model. Hence, the shape of the
particles is only reflected in changed values for some of the material
parameters used in the PFI-theory. The same consideration applies for
the surface roughness of the cement particles.

From the above text, an indirect microstructural parameter can be
defined as U3= J3/n3, U3

s = J3s /n3 and U3
p= J3p/n3p. In the same fashion, for

size 4 cement particles, then U4
s = J4s /n4 and U4

p= J4p/n4p. As explained in
[16] (Section 3.2), the indirect microstructural parameter can
generally have values ranging from 0 to 1. There is however now a
specific restriction to this as explained later in Section 4.5.1. The term
U3 will be referred to as the (reversible) coagulated state. Likewise,
the two terms U3

s and U4
s will be referred to as (reversible) linked

state.
Fig. 2. A summary of the different types of connections that are assumed to be present i
The issue of cement particles, of different size domain, connecting
to each other, i.e. U34 U34

s and U34
p is not implemented in the current

version of the PFI-theory, but is briefly discussed in Section 7.2.

4.4. Implementation of thixotropic behavior

4.4.1. Particle size number 3
In [18], the perikinetic coagulation rate theory established by

Verwey and Overbeek [34] is employed (perikinetic means without
stirring γ̇=0, while orthokinetic means with stirring γ̇N0). This
theory is used here for the cement particles of size 3, which can
coagulate and disperse as explained in Section 4.1. Hence, the decrease
in number of particles n3[t] in the suspension is expressed with Eq. (1)
(the concept of number of particles n3[t] versus the number of primary
particles n3 is for example explained with Fig. 2 in [16])

−
dn3 t½ �
dt

=
H3n2

3 t½ �
n3

: ð1Þ

In the above equation, the term H3 is the coagulation rate for
cement particles of size 3, and has the physical unit of [1/s] (previously
designated as H in [16,17]). In [16,17,18], the following relationship is
shown to apply

n3 t½ � = n3−J3: ð2Þ

Using the above equation with J3=n3U3 and n3=constant (see
Section 4.3) in Eq. (1), the following is obtained

−
dn3 t½ �
dt

= −
d n3−J3ð Þ

dt
=
dJ3
dt

= n3
dU3

dt
ð3Þ

H3n2
3 t½ �

n3
=H3

n3−J3ð Þ2
n3

=H3
n2
3 1−U3ð Þ2

n3
: ð4Þ

Combining the two above equations (c.f. Eq. (1)), with the inclusion
of a dispersion function f= f(I3, J3,n3) and thereafter dividing by n3,
gives

dU3

dt
=H3 1−U3ð Þ2− f I3; J3;n3ð Þ

n3
: ð5Þ

The function f in the above must be included to allow the
coagulated state U3 to decrease, which then would correspond to
dispersion of the cement particles. The best computational result was
obtained by using f(I3,J3,n3)/n3= I3(γ̇)U3

2. The term I3 is the dispersion
rate for cement particles of size 3, and has the physical unit of [1/s]
n the cement paste (permanent linkages of size 4 cement particles are not shown).
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(previously designated as I in [16,17]). With this, Eq. (5) is transformed
into

dU3

dt
=H3 1−U3ð Þ2−I3U2

3 : ð6Þ

It is interesting to note that in its current state, the above
equation starts to resemble a specific balance equation discussed by
Mujumdar et al. [6]. However, since both linked- and coagulated
cement particles share the same set of primary particles n3, the above
equation is not complete. Its final form is shown with Eq. (13) (see also
Eq. (12)).

In the original Hattori–Izumi theory [18], it is assumed that the total
number of junctions J3 increases by a naturally occurring perikinetic
coagulation process only. In other words, it is assumed that the
coagulation rate H3 exists only because of the Brownian motion of the
cement particles. However, as discussed in [28], the coagulation rate H3

is greatly influencedby the stirringof the suspension. The stirring causes
the particles to be thrown together at a larger rate than the normal
diffusion rate and hence the orthokinetic processes increase coagula-
tion. An explanation of the problem is given by Smoluchowski and is
reproduced in [28]. There it is shown that the orthokinetic process
becomes increasingly important with increasing particle size. With
larger particles, such as in emulsions (droplet diameter ∝10−7 m),
orthokinetic coagulation can occur up to as much as 104 times the
perikinetic rate [32].With particles at the lower end of the colloidal size
range (diameter∝10−9m), stirringhas relatively little effecton their rate
of coagulation [32]. Since non-hydrated cement particles can be up to
and larger than 90∙10−6m in diameter [31], the orthokinetic coagulation
process plays an important role in determining the correct coagulation
rate H3 and hence in determining the correct coagulated state U3.

According to the above paragraph, the stirring causes the cement
particles to be thrown together at a larger rate than the normal
diffusion rate. Hence, it is to be expected that the condition dH3/dγ̇≥0
applies for all γ̇≥0. However, it can be argued that with continuously
increasing shear rate γ̇, the mutual kinetic energy of two cement
particles that are about to collide, will also increase in the process.
There will come a condition (designated with γ̇cr) where this kinetic
energy is sufficient to overcome the potential energy barrier that can
hold them together in a coagulated state. The rate of collisions
between the cement particles will always increase with increasing
shear rate γ̇. However, beyond the point of γ̇cr fewer and fewer of
these collisions will result in actual coagulation. This means that the
coagulation rate will start to decrease with further increase in shear
rate, meaning dH3/dγ ̇≤0 for all γ̇≥ γ̇cr. The coagulation rate equation
used in this work holds the overall above mentioned properties and is
given by

H3 =
K

:γ2 + l
ð7Þ

where

K = α :γ0:01 + β :γ0:1� �
e�f A

:
γ=Atð Þ2 + K0: ð8Þ

The terms l, ζ and K0 are empirical constants, kept equal to l=10 s−2,
ζ=4∙10−4 s4 and K0=10−4 s−3 at all times (previously in [16,17], the value
l=1 s−2 was used). In [16,17], the function K was a step function that
increased and decreased parallel to dωo/dt. As shown above, this is no
longer the case as K now only depends on intrinsic variables, namely
on the shear rate γ̇ and its time derivative ∂γ̇/∂t. At γ̇=0, then H3=K0/l=
10−5 s−1, which is the coagulation rate induced by the Brownianmotion
of the cement particles (i.e. coagulation induced only by the naturally
occurring perikinetic processes).

The best computational result was obtained by using the following
dispersion rate function

I3 = κ
:
γa

: ð9Þ
Although determined by empirical means, thematerial parameters
in Eqs. (7)–(9) depend, among other factors, on the total potential
energy interaction between the cement particles.

4.5. Implementation of structural breakdown

4.5.1. Particle size number 3
When forming an equation for the linked state U3

s of size 3 cement
particles (see Section 4.2), the basis is taken from Eq. (6). Hence at first
consideration, it could be written as dU3

s/dt=H3
s(1−U3

s )2− I3s[U3
s]2. As

the reformation of linkages is very slow (or perhaps not occurring at
all) relative to the experiment of 50 s, the value of H3

s can be set as
zero. Furthermore, the best computational result was obtained by
dropping the exponent of “2” in the “− I3s[U3

s]2” part. With this, the
equation describing the structural breakdown for size 3 cement
particles becomes

dUs
3

dt
= −Is3U

s
3: ð10Þ

In the above equation, the term I3
s is the rate of “break-apart”

function. That is, it describes the rate at which the linkages between
the size 3 cement particles are broken apart (see Section 4.2) and has
the physical unit of [1/s]. To simplify, it will also be designated as
dispersion rate (i.e. it will have the same designation as I3 in Eq. (6)).
The best outcome was obtained by using the following function

Is3 = λ
:
γb

: ð11Þ

The term b is set equal to 0.4 at all times, while λ is generally
changing from one experiment to the next.

4.5.2. Constraints of structural breakdown and thixotropic behavior
As explained in [16] (Section 3.2), the value of coagulated state U3

for size 3 cement particles generally range from 0 to 1. With U3=0, no
cement particles are coagulated and the number of particles n3[t] is
equal to the number of primary particles n3 (shown with Fig. 2a in
[16]). With U3=1, all the primary particles are coagulated and the
number of particles is n3[t]=1 m−3 (shown with Fig. 2c in [16]).
However, when adding the concept of linked cement particles (and
hence, linked state U3

s) into the physical infrastructure, the maximum
coagulated state U3 can no longer be as large as 1. This is because some
of the size 3 cement particles can already be occupied in a linked state
(i.e. are connected by the hydrate membrane and not by the total
potential energy). More precisely, as all size 3 cement particles that
can either be reversibly linked or reversibly coagulated, together
define the number of primary particles n3, it is only the value of U3+
U3
s that can reach 1. With this, the maximumvalue for U3 is now 1−U3

s .
Of course, the same condition must apply for the initial condition of
U3 and U3

s . That is, themaximumvalue of the sumU3|t=0+U3
s|t=0=U3[0]+

U3[0]
s is 1, while the minimum value is 0.
Fig. 3 gives an additional explanation to the above paragraph. In this

example are two illustrations (a) and (b) of the same set of cement
particles. Hence, the number of primary particles is n3=21 m−3 in both
cases. Also, in both illustrations, the number of linkages is the same or
J3
s =5m−3,meaningU3

s = J3s/n3=5/21=0.238. In illustration (a) the number
of junctions is J3=0 m−3. Because some of the cement particles are
already occupied in a linked state (J3s =5 m−3), the coagulated state U3

cannot reach 1 in illustration (b), but only U3=J3/n3=15/21=0.714.
Since all cement particles are connected in Fig. 3b, the value ofU3+U3

s

should ideally be equal to 1. It is however 20/21=0.952 and is just a
consequence of the very few cement particles treated in this simple
example.

From a strict mathematical point of view, the role that the “(1−U3)2”
part plays in Eq. (6) is to stop coagulation when the value of U3 has
reached 1. For such case, the term “H3(1−U3)2” becomes zero, and U3

can at that moment only decrease through the “−I3U3
2” part in Eq. (6).



Fig. 3. Illustration of why the maximum value of U3 cannot reach 1 when U3
s ≠0. For both

illustrations: n3=21 m−3; J3s =5 m−3. For illustration (a): J3=0 m−3, while for (b): J3=15 m−3.
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From the above text, it is clear that the “H3(1−U3)2” part must be
transformed to “H3([1−U3

s]−U3)2”, inhibiting U3 to grow beyond 1−U3
s

(that is, inhibitingU3+U3
s to grow beyond 1). With this change, Eq. (6) is

transformed to

dU3

dt
=H3 1−Us

3

� �
−U3

� �2−I3U2
3 : ð12Þ

As U3
s decreases (by Eq. (10)), the term 1−U3

s increases, which again
results in that the potential maximum value of U3 is increased (by
Eq. (12)). For example, if U3

s decreases from 0.748 down to 0.358,
then 1−U3

s is increased from 0.252 up to 0.642, meaning that the term
H3([1−U3

s]−U3)2=H3(0.642−U3)2, won't become zero until U3 has
reached 0.642. More precisely, the maximum value for U3 is increased
up to 0.642 (from the previous value of 0.252). To summarize: A
reduction in U3

s (then always by Eq. (10)), corresponds to that linked
cement particles are broken apart. This reduction also results in a
larger potential maximum value for U3 (by Eq. (12)), which must
correspond to an increased number of cement particles available to
participate in coagulation. That is, when linked cement particles are
broken apart, then according to Eq. (12), they become available to
participate in coagulation.

In the spirit of the original theory [1,8,29] about “no recovery of
structure” (see the first paragraph in Section 4.2), it will be assumed
that linked cement particles that are broken apart will not coagulate, at
least not during the short time interval of 50 s, while an experiment is
occurring. More precisely, cement particles with broken linkages are
not allowed to participate in the process of coagulation, dispersion and
re-coagulation (i.e. participate in thixotropic behavior) during the time
interval of 50 s. To accommodate this concept, the variableU3

s in Eq. (12)
is frozen to its initial value U3

s|t=0=U3[0]
s , giving the following equation

dU3

dt
=H3 1−Us

3 0½ �
h i

−U3

� �2
−I3U2

3 : ð13Þ

With 1−U3[0]
s as a constant, the maximum value for U3 becomes

also a constant, meaning that the number of cement particles available
to participate in coagulation is always the same (i.e. no new particles
become available during a single rheological test lasting 50 s).
Allowing the cement particles with broken linkages to participate in
the process of coagulation, dispersion and re-coagulation (i.e. using
Eq. (12) without changes), is considered for future work (then
designated as the PFI-theory, Mark II).

4.5.3. Particle size number 4
When forming the equation for the linked state U4

s of size 4
cement particles (i.e. of the larger cement particles, c.f. Section 4.3),
the basis is taken from Eq. (10), giving

dUs
4

dt
= −Is4U

s
4: ð14Þ

The rate of “break-apart” function for the size 4 cement particles
(also designated as dispersion rate) is based on Eq. (11) and is given by

Is4 =χ
:
γc

: ð15Þ
The term c is set equal to 0.1 at all times, while χ is generally
changing from one experiment to the next.

As the primary particles n4 are only associated with linked cement
particles and not with coagulated particles (since coagulation cannot
occur for this size domain, c.f. Section 4.3), the value of U4

s ranges from
0 to 1. That is, the restriction that applies for U3 and U3

s , does not apply
for U4

s .

4.6. Viscoplastic material behavior

As applies in [16], the material behavior of the cement paste is of
viscoplastic character, here described with

η = μ t½ � +
τ0 t½ �
:
γ
; τzτ0 t½ � ð16Þ

:
γ = 0; τbτ0 t½ � ð17Þ

where τ is the shear stress. The computational implementation of
Eqs. (16) and (17) is done through the regularization approach [35–38].
The terms μ[t] and τ0[t] are the “total” plastic viscosity and the “total”
yield stress, and are defined by the two following equations

μ t½ � = μ +
~
μ + μ̂ ð18Þ

τ0 t½ � = τ0 +
~
τ0 + τ̂0: ð19Þ

The value of τ0[t] at t=0 can be designated as static yield stress and
its significance is for example explained in [17] (Section 3.2.2), as well
as in [2] (“Paper 5”).

According to [16] (Section 3.4.2), the existence of plastic viscosity μ
and yield stressτ0 are related to twoprocesses (see alsopp. 26–28 in [17]
about the following issue). The first process is a certain basic minimum
particle–particle interaction betweenunconnected cement particles (i.e.
rate of momentum transfer between “free” cement particles). The
second process is the increased interaction between all cement particles
as a result of permanent coagulation J3

p,c. Here, it will be assumed that
permanently linked cement particles of size 3 and 4 (that is, J3p,s and J4

p)
play also a role in μ and τ0, just as permanent coagulation J3

p,c does. With
U3
p=(J3p,c+ J3p,s)/n3p and U4

p= J4p/n4p (see Sections 4.2 and 4.3), this means

μ = μ Up
3 ;U

p
4 ; N

� � ð20Þ

τ0 = τ0 Up
3 ;U

p
4 ; N

� �
: ð21Þ

Most certainly, the above depends also on other factors like the
surface roughness of the cement particles, solid concentrationΦ, particle
shape and hydrodynamic effects (if present at relevant magnitude).

The thixotropic plastic viscosity and yield stress have the same
form as presented in [16],

~
μ = nI U3½ �q ð22Þ

~
τ0 = nII U3½ �r: ð23Þ

The plastic viscosity and yield stress of structural breakdown are
based on a similar relationship as shown above, given by

μ̂ = nIII Us
3

� �q + nVUs
4 ð24Þ

τ̂0 = nIV Us
3

� �r + nVIUs
4: ð25Þ

Although determined by empirical means, the six terms ξI to ξVI
are material parameters depending, among other factors, on the
surface roughness of the cement particles, particle shape and solid
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concentration Φ. The term r is equal to 2/3 at all times and is in
accordance with the original theory [18]. For most cases, the same
applies for the term q. The exception is the HMWNa-case in Section 6.3,
where q is set equal to 1/2 at tm=42, 72 and 102min, as this gave a better
outcome.

Here, it is assumed that the reformation of hydrate membrane can
occur for the same batch at later time. The reason for this reformation
could be related to the particular cement- and admixture type used
here in combination with sufficiently long resting time of 29 min
between two measurements (see Section 2). More precisely, half an
hour might be long enough for allowing subsequent reformation of
new hydrate membrane around then already connected cement
particles, which then ruptures in the next experiment and hence is
registered as new/additional structural breakdown in the measure-
ment. This means that the values μ̂ and τ̂0 are generally non-zero at
later experiments tm=42, 72 and 102 min. Suffice to say, it was
necessary to allow for this to gain a successful computational
outcome.

4.7. The simultaneous presence of junctions and linkages

From Sections 4.1–4.3, it is clear that the PFI-theory works
simultaneously with two different types of connections, namely
junctions and linkages. Since the formation of linkages depends on
chemical reactions, it is not as spontaneous process as the formation
of junctions. Also, to make the formation of linkages possible, the
size 3 cement particles must be coagulated together during the
reactions. For the larger cement particles (i.e. of size 4) the same
type of condition must apply. That is, they must be connected
together during the reactions, then not by coagulation but rather by
some sort of inertial based process (for example by the combination
of lack of space in the paste (Φ≥0.52, c.f. Section 2) and a slight
settlement induced by gravity). Hence, during the resting time of
29 min, two (or more) connected cement particles will try to form a
(reversible or permanent) link. Whether the hydrate membrane will
result in a particular link formation or not, will most likely depend
on conditions like what mineral types are adjoined to each other for
two connected cement particles (i.e. alite, belite, aluminate or
ferrite), thickness of the adsorbed polymer in between, contact
angle and surface roughness of the mineral in question and of its
already developed hydrate. For example, in the case when the layer
of polymers is sufficiently thick between two size 3 cement
particles, it should prevent a link formation, allowing them to
remain in a coagulated state during the resting time of 29 min. In the
neighboring pair (of size 3), such thickness could be too small,
meaning a successful link formation would occur for that case. The
idea here is that it is the severe heterogeneity of the cement
particles (and of the polymer (see [17], Section 4.4.2), including its
different degree of affinity to the particular mineral type (see [17],
Section 6.4.1)) that actually allow for a simultaneous presence of
both junctions and linkages in the cement paste. Regardless whether
the above idea is valid or not, then it should be clear that it is
imperative to allow for the simultaneous presence of junctions and
linkages (by Eqs. (26)–(28)) to make the overall computational result
successful.

5. System of equations

Before going into the main results in Section 6, it is prudent to
summarize the system of equations that is used in the PFI-theory.

With d/dt=∂/∂t+v ·∇ (see for example [17], Section 2.2), then Eqs.
(10), (13) and (14) becomes

AUs
3

At
+ vdjUs

3 = −I
s
3U

s
3 ð26Þ
AU3

At
+ vdjU3 =H3 1−Us

3 0½ �
h i

−U3

� �2
−I3U2

3 ð27Þ

AUs
4

At
+ vdjUs

4 = −I
s
4U

s
4 ð28Þ

ρ
Av
At

+ vdjv
� 	

=jdσ + ρg: ð29Þ

In the above list, the equation of motion is also included to take
into account the effects of inertia. Also, in order to calculate the shear
rate γ̇ in correct manner, Eq. (29) has to be solved simultaneously with
Eqs. (26)–(28). The term σ=−pI+2ηε ̇ is the constitutive equation,
where the terms p, I, v and ε ̇=(∇v+(∇v)T)/2 are the pressure, the unit
dyadic, velocity and the rate-of-deformation tensor, respectively
[39,40]. The shear rate is calculated as :γ =

ffiffiffiffiffiffiffiffiffiffiffiffi
2 :e : :e

p
[41–43] (see also

[44,45]) and the torque as Tc=2πRi2hηγ̇ [16,17]. The terms ρ and g are
the density of the cement paste and gravity, respectively.

Eqs. (26)–(29) are interlinked by the apparent viscosity η=η(U3,U3
s ,

U4
s,γ̇,…) (see Eqs. (16)–(25)), by the rate equations H3=H3(γ̇,∂γ̇/∂t), I3= I3

(γ̇), I3s = I3s(γ̇) and I4s = I4s(γ̇) (see Eqs. (7)–(9), (11) and (15)), and by the shear
rate :γ =

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 :e : :e:

p
For eachcomputed time step, all these equationshave to

be (and are) solved simultaneously together. Since U3
p and U4

p are
constants during a single rheological test, no evolution equations are
present for those parameters.

The numerical software used in solving the above set of equations
is named Viscometric–ViscoPlastic-Flow 2.0 (see Appendix A.1).

6. Experimental and numerical results

As explained in Section 2, each cement paste ismixedwith different
type of superplasticizer, i.e. either with VHMW Na, SNF or HMW Na.
The purpose of this is to create different rheological response and to
test the model equations of the PFI-theory (Section 5) against this
response. In this context, the effect of each superplasticizer type is of
great relevance. The experimental results T given by the viscometer
(solid lines) and the computed results Tc given by the software (double
lines) are shown in Figs. 4, 5 and 7. The software VVPF 2.0 (see
Appendix A.1) uses the theory presented in Sections 4 and 5, while the
viscometer uses the experimental setup presented in Section 2. In the
numerical simulations, the values shown in Tables 1, 2 and 3 are used.
Four illustrations are presented in Figs. 4, 5 and 7, marked with
“tm=12 min”, “tm=42 min”, “tm=72 min” and “tm=102 min” (also
markedwith (a), (b), (c) and (d)) and represent the time from the initial
water addition as explained in Section 2.

In the following three sections, the experimental and numerical
results for the three different polymer cases VHMWNa, SNF and HMW
Na are presented. In addition, the results of the PFI-theory (Mark I) are
compared to the outcome of the MHI-theory presented in [16].

6.1. Cement paste mixed with VHMW Na

The solid lines in Fig. 4 represent the measured time-dependent
behavior of the cement pastewhenmixedwith the VHMWNa polymer.
As explained in [16], each such line is theaverage result of three repeated
batches and is considered to give a good representation of the true
material behavior for the cementpaste,whenmixedwith theVHMWNa
polymer. The same setup and condition apply for Sections 6.2 and 6.3.

The viscometric values used in the numerical simulation (the
double lines) are shown in Table 1. As shown in Fig. 4, there is a good
correspondence between the measured torque T and its computed
counterpart Tc. This applies for all four illustrations. The computa-
tional result presented here is only slightly better than of the MHI-
theory presented in [16]. Hence, the benefits of the PFI-theory are not
so apparent and will not be so until the cases of SNF and HMWNa are



Fig. 4. Measured- and computed torque (VHMW Na-case).
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addressed (Sections 6.2 and 6.3). In Table 1 (and in Tables 2 and 3), all
values are extracted by the means of “trial and error”. That is, all the
values are systematically changed by a computer operator until the
computed torque can completely overlap the measured torque. For
further discussion about this issue, see [16] (Section 4.1).
Fig. 5. Measured- and comp
As shown in Table 1, in reproducing the measured torque in the
best fashion, the values of α and β are kept very small for all cases.
According to Eqs. (7) and (8), this means that the rate H3 in which
particles collide and stick together (at least for a short while) is very
low during a single experiment of 50 s (see Sections 4.1 and 4.4). That
uted torque (SNF-case).



Table 1
Viscometric parameters used in the numerical simulations shown in Fig. 4 (VHMW Na-case)

tm μ τ0 ξI ξII ξIII ξIV ξV ξVI α β κ a λ χ U3[0] U3[0]
s U4[0]

s

[min] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [s−2.99] [s−2.9] [sa−1] [–] [s−0.6] [s−0.9] [–] [–] [–]

Eq.→ (20) (21) (22) (23) (24) (25) (24) (25) (8) (8) (9) (9) (11) (15) (13) (10) (14)

12 0.28 0.0 18.0 0.0 – – – – 0.001 0.001 0.15 1.0 – – 0.005 0.00 0.00
42 0.75 0.0 26.0 10.0 4.0 2.0 135.0 40.0 0.001 0.001 0.95 1.0 0.090 3.50 0.900 0.10 1.00
72 0.85 0.0 26.0 10.0 4.0 2.0 175.0 50.0 0.001 0.001 0.95 1.0 0.055 3.50 0.900 0.10 1.00
102 0.85 0.0 26.0 10.0 4.0 2.0 135.0 40.0 0.001 0.006 0.95 1.0 0.055 3.50 0.900 0.10 1.00

Table 2
Viscometric parameters used in the numerical simulations shown in Fig. 5 (SNF-case)

tm μ τ0 ξI ξII ξIII ξIV ξV ξVI α β κ a λ χ U3[0] U3[0]
s U4[0]

s

[min] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [s−2.99] [s−2.9] [sa −1] [–] [s−0.6] [s−0.9] [–] [–] [–]

Eq.→ (20) (21) (22) (23) (24) (25) (24) (25) (8) (8) (9) (9) (11) (15) (13) (10) (14)

12 0.55 33.5 30+ 20+ – – – – 0.000 0.200 0.90 2.3 – – 0.010 0.00 0.00
42 0.75 78.0 33.0 40.0 1.5 1.0 2.0 0.5 0.400 0.150 0.35 2.3 0.033 1.30 0.800 0.20 1.00
72 0.75 115.0 33.0 40.0 2.5 60.0 6.0 50.0 0.400 0.150 0.35 2.3 0.034 0.95 0.550 0.45 1.00
102 0.75 160.5 33.0 40.0 4.0 70.0 10.0 70.0 0.400 0.150 0.35 2.3 0.033 0.50 0.500 0.50 1.00
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is, the contribution from the coagulation rate H3 is very low when
calculating U3 by Eq. (27). Hence, an increase in the coagulated state
U3 is almost not noticeable in the calculation, which again results in
almost no rebuild (or recovery) in the computed torque.

With the very effective dispersing mechanism of the VHMW Na
polymer and with the very recent agitation from the initial mixing
inside the Hobart mixer (see Section 2), the cement particles are very
well dispersed at the start of the rheological experiment at tm=12min.
Therefore, the initial coagulated state U3[0] is set to 5∙10−3 in Table 1.
This value is not determined by theoretical means, but rather is
determined (in the samemanner as all other viscometric values) in the
process of reproducing measured torque in the best fashion. The same
initial value was used in [16].

In Table 1, it is interesting to note how little evolution there is in the
viscometric values as a function of time from water addition. The
difference is greatest between the measurement conducted at tm=
12 min and the rest of the measurements, conducted at tm=42, 72 and
102 min. The yield stress τ0 is always equal to zero and the plastic
viscosity μ is approximately a constant, equal to about 0.8 Pa∙s (excluding
thefirstmeasurement). In Section 4.6, theplastic viscosity μ and theyield
stress τ0 are considered to be dependent on the permanent coagulated-
and linked states U3

p and U4
p. Hence, with τ0=0 one could suggest that

neither the size 3 nor the size 4 cement particles are permanently
connected. A similar conclusion was made in [16].

6.2. Cement paste mixed with SNF

The time-dependent behavior of cement paste when mixed with
the SNF polymer is shown in Fig. 5 (the black solid line). As always, the
computed result is shownwith the double line. The viscometric values
used in calculating the computed torque are shown in Table 2.

As shown in Fig. 5, a rebuild in torque is measured. In the process of
reproducing such behavior by numerical means, the values of α and β
Table 3
Viscometric parameters used in the numerical simulations shown in Fig. 7 (HMW Na-case)

tm μ τ0 ξI ξII ξIII ξIV ξV ξVI α

[min] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [Pa∙s] [Pa] [s

Eq.→ (20) (21) (22) (23) (24) (25) (24) (25) (

12 0.80 62.0 65.0 25.0 – – – – 0
42 0.53 103.5 50.0 20.0 2.0 1.0 70.0 30.0 0
72 0.53 123.0 50.0 20.0 4.0 3.0 80.0 60.0 0
102 0.48 134.0 50.0 20.0 4.0 3.0 75.0 50.0 0
are increased by about two orders ofmagnitude, relative to the VHMW
Na-case (see Tables 1 and 2). Although α and β are fitted parameters
(see the second paragraph in Section 6.1), they do correspond to a
certain physical process. That is, with such an increase in α and β, then
by Eqs. (7) and (8), the value of H3 is roughly increased by two orders
of magnitude. This means that the rate in which particles collide and
thereafter stick together (at least for a short while) is increased about
100 times (see Sections 4.1 and 4.4). By Eq. (27), such an increase in H3

results in a significant increase in U3 during the experiment of 50 s,
which again corresponds to the above mentioned rebuild in torque
(see Eqs. (22) and (23)).

As shown in Fig. 5, there is a very good correspondence between
the measured torque T and its computed counterpart Tc for all the four
cases tm=12, 42, 72 and 102 min. Such (almost) perfect result was not
obtained in [16], as is clear when examining the small incorporated
illustration in each figure. This clearly demonstrates the improve-
ments of the PFI-theory (Mark I) over the MHI-theory.

For the case of tm=12 min (Fig. 5a), the measured recovery in
torque is extraordinary: When comparing the torque T between 0 and
5 s with the torque between 40 and 45 s, the latter case is higher than
the former. Both cases are pointedwith arrows in the left illustration of
Fig. 6. In either case, the angular velocity ωo is the same or 0.63 rad/s.
Hence, both torque values should approach the same equilibrium line,
for example the horizontal line marked with the capital letter A in
Fig. 6. That is, the same microstructural equilibrium state should be
approached for the same angular velocity ωo. One way of simulating
this extraordinary recovery in torque, is by allowing the coagulated
state U3 to exceed its initial value U3[0]. In [16], such approach was
considered unphysical and thus never attempted. With the current
model, no such restriction is made; i.e. according to Section 4.5.2, the
value of U3 can now reach 1−U3

s . More precisely, the physics of the
model is now allowed to determine freely the value of U3 in the range
from0 to 1−U3

s . However, regardless of this newapproach, then next to
β κ a λ χ U3[0] U3[0]
s U4[0]

s

−2.99] [s−2.9] [sa −1] [–] [s−0.6] [s−0.9] [–] [–] [–]

8) (8) (9) (9) (11) (15) (13) (10) (14)

.250 0.200 0.35 2.5 – – 0.080 0.00 0.00

.300 0.600 0.35 2.5 0.050 1.50 0.850 0.15 1.00

.300 0.400 0.35 2.5 0.040 1.10 0.850 0.15 1.00

.300 0.400 0.35 2.5 0.045 1.30 0.850 0.15 1.00



Fig. 6. Two computed results for the SNF-case at tm=12 min. To the left, both terms ξI and ξII are kept constant, while to the right, these are set as a function of time t (used in Fig. 5a).
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the inner cylinder, where largest shear rate γ̇ prevails (and torque is
calculated), the value of U3 never exceeds its initial condition of U3[0]=
0.01. Hence, regardless of this new step, the model cannot (without
further modification) reproduce the extraordinary recovery in torque.
The current attempt is shown in the left illustration of Fig. 6.

Another approach considered in [16] to simulate the large rebuild in
measured torque, is by allowing a gradual increase in the two values ξI
and ξII (c.f. Eqs. (22) and (23)). As mentioned before, these terms are
material parameters depending, among other factors, on the phase
volumeΦ and surface roughness of the cement particles. The necessity
in allowing ξI and ξII to increase could suggest that the apparent phase
volumeΦ is increasing during the short time interval of 50 s (the surface
roughness can safely be considered to be unchanged during the same
time interval because of relatively slow cement hydration). The basic
idea is that there is a difference between the types of structure for the
flocks of cement particles in the beginning between 0 and 5 s, and in the
end between 40 and 45 s. An example of such difference is shownwith
Fig. 8 in [16]. Increasing ξI and ξII as a function of time, gives the result
Fig. 7. Measured- and compute
shown in the right illustrationof Fig. 6. This approach gives a goodmatch
between the measured data and the computed result. This result is also
shown in Fig. 5a.

Allowing the material parameters to depend directly on time as
done above is unfortunate. The aim has always been to keep them as a
constant, or in the worst case, only dependent on other variables used
like the shear rate γ̇ or the coagulated state U3. It is only here (i.e. for
SNF at 12 min) that ξI and ξII are set as non-constants, directly
dependent on time t. For this particular case, it was also attempted to
let ξI and ξII depend indirectly on time and then through the
coagulated state (that is, using ξI =ξI(U3) and ξII =ξII(U3)). Several
such functions were tested without any real success.

6.3. Cement paste mixed with HMW Na

When using the HMW Na polymer in the cement paste, a
somewhat larger rebuild in torque is measured relative to the SNF-
case. This is apparent when comparing Fig. 7 with Fig. 5. The MHI-
d torque (HMW Na-case).
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theory [16] could not simulate this recovery in torque, while the PFI-
theory can. Here, the benefits of the theory are most clear. To calculate
the larger recovery, the values of α and β are slightly increased
relative to the SNF-case (see Table 3), meaning a somewhat larger
coagulation rate H3 during the calculations.

As is shown with the two arrows in the small incorporated
illustration of Fig. 7c, the measured torque T between 40 and 45 s
(ωo=0.63 rad/s) gains almost the same equilibrium value as between
35 and 40 s (ωo=1.51 rad/s). Such tendency is actually measured for
all cases in Fig. 7. This behavior was considered peculiar in [16]
because in the former case, the angular velocity ωo is less than half of
the latter case. Nonetheless, as is clear in each of the four main
illustrations of Fig. 7, then with the PFI-theory such rebuild in torque
is reproduced.

Fig. 8a and b shows the computed shear rate γ̇ as a function of
radius R and time t at 12 and 72 min after water addition, respectively.
The white line on the “γ̇=0”-plane, shows the boundary between the
solid state (rigid body motion) and the viscoplastic state (fluid
motion). In these two illustrations, the shear rate γ̇ is at its lowest
Fig. 8. γ̇, U3, U3
s and U4

s at tm=12 min (left)
value near the outer cylinder, while at its highest value next to the
inner cylinder (of the viscometer). The combination of low shear rate
γ̇ and large α and β values, gives large coagulation rate H3 values (see
Eqs. (7) and (8)). Through Eq. (27), this means large U3 values as
shown in Fig. 8c and d. For further information about the calculation of
shear rate, see Appendix A.2.

Shown in Fig. 8e–h are time evolution of the linked states U3
s and U3

s ,
which are calculated by Eqs. (26) and (28). Comparing Fig. 8f with h, it is
clear thatU4

s decreasesmuch faster relative toU3
s . This indicates that the

linkages of the larger cement particles (size 4) are more easily broken
relative to the linkages of the smaller cement particles (size 3).
In relation to this, it should be clear that the initial values U3[0]

s =0.15
and U4[0]

s =1 do not necessarily represent a larger number of linkages J
between the size 4 cement particles, relative to the size 3 cement
particles. The actual number of linkages depends on howmany primary
particles n are present for each size domain, c.f. J3s =n3U3

s and J4
s =n4U4

s

(see Section 4.3). For example, if n3=1012 m−3 and n4=109 m−3, then
the initial value of J3s is 1.5∙1011 m−3, while the initial value of J4s is two
orders of magnitude less or 109 m−3.
and at 72 min (right); HMW Na-case.
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7. Discussions

7.1. Summary of the PFI-theory

In this work a somewhat comprehensive theory (PFI) is presented
to simulate the rheological behavior of cement paste. Fig. 9 is a concise
visual summary of the main features of this complex theory and
should be viewed alongside Fig. 2 and the corresponding text. J3, J3s

and J3
p differ for the three states shown in Fig. 9a–c, which represent

cement paste at different stages before setting, and are simplified
versions of the paste shown in Fig. 9d. For simplicity, connections
between size 4 cement particles are not treated in Fig. 9 and thus
neither is J4s nor J4p (see rather Fig. 2).

Fig. 9a represents the cement paste after some resting (say 10 min,
or so). There the connections between the cement particles are of both
reversible and permanent nature. Also, some cement particles are still
free. With agitation, the cement particles with reversible connections
become free, while the cement particles with permanent connections
remain connected together. This is shown in Fig. 9b. Allowing the
material to rest for another relatively short time period, would allow it
to return (more or less) back to the state shown in Fig. 9a. However,
with still longer resting time, more and more cement particles would
become permanently connected. In the PFI-theory, this last mentioned
behavior contributes to theworkability loss (see Eqs. (20) and (21) and
the adjoining text). In Fig. 9c, most of the cement particles have been
permanently connected and thus the cement paste cannot flow, not
even with the attempt of re-agitation. For this case, one could say that
the material has similar consistency as (somewhat wetted) clay. The
cement pastes shown in Fig. 9a and c have a similar consistency. Their
difference consists in that the former can be re-agitated to make it
flowable, while the latter not. In Fig. 9e, setting has finally occurred
with the development of strength. This last mentioned state is outside
the scope of the PFI-theory.
Fig. 9. Visual summary of the most im
7.2. Additional subdivisions of particle sizes

As mentioned in Section 4.3, the system of particles is divided into
two particle size domains, designated as size 3 and size 4. It is possible
to increase this resolution by further subdividing these two sizes into
finer particle domains. Equations for both the coagulated- and linked
states of each particle size domain can be based on the results from
Section 5. That is, with Eqs. (26)–(28) (including Eq. (12)), the
following can be suggested

AUs
ij

At
+ vdjUs

ij = −I
s
ijU

s
ij ð30Þ

AUij

At
+ vdjUij =Hij 1−Us

ij

h i
−Uij

� �2
−IijU2

ij ð31Þ

for i and j equal to 1, 2, 3, 4, 5,… N, where each number represents a
specific cement particle size domain. As mentioned in Section 4.3,
then for historical reason, the numbers “1” and “2” were reserved for
water molecules and water adsorption. However, with the above
presentation, it is more convenient to ignore this and let i and j equal
to 1 represent the smallest cement particle size domain. The
maximum value of i and j, namely N, depends on how many particle
size domains are defined. The term Uij can be designated with Uiwhen
i= j and represents the coagulated state of cement particles of the
same size domain. When i≠ j, then Uij represents the coagulated state
of cement particles of different size domains. The same applies for the
linked state Uij

s .
The problem with the above framework, is that the number

of parameters introduced (through Hij, Iij and Iij
s ) is rapidly increasing,

rendering Eqs. (30) and (31) difficult to use. To complicate the model
even further, it is possible to add equations for the permanent
portant aspects of the PFI-theory.
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coagulated state Uij
p,c and for the permanent linked state Uij

p,s then
with a similar form as the above set of equations (see Section 4.2
about the superscripts “p,c” and “p,s”). This would be done to be able
to describe cement based materials behavior when submitted to
longer resting times. Although this would give a more complete
picture of the overall rheological behavior, the number of parameters
would increase still further and make the material model even more
difficult to use.

8. Conclusions

A rheological material model is presented to describe time-
dependent behavior of the cement paste with different types of
admixtures. It is named the Particle Flow Interaction Theory, or the PFI-
theory. Its current version is designated as “Mark I”. The model is an
extension of the previous MHI-theory presented in [16] and can better
explain transient effects commonly observed in cement pastes. The
predictions are compared with experimental data collected during
complicated shear flow. A good agreement is observed for all the
experiments.

The results highlight the following: Time-dependent behavior of
cement paste appears to be mostly governed by combination of
coagulation, dispersion and re-coagulation of the cement particles
(giving a thixotropic behavior) in combination with breaking of
chemically formed linkages between the particles (giving a structural
breakdown behavior). This is assumed in the current model, which
can successfully reproduce the measured data.

As in [16], it was necessary to introduce different yield stresses into
the current model. Three types of yield stresses are introduced,
namely τ0, τ

~
0 and τ̂0. The yield stress τ0 is related to the number of

permanent junctions J3
p,c and to chemically formed permanent

linkages J3
p,s and J4

p. Furthermore, the thixotropic yield stress τ~0 is
related to the number of reversible junctions J3, while the yield stress
of structural breakdown τ̂0 is related to chemically formed breakable
linkages J3

s and J4
s . The same relationship applies for the plastic

viscosity variables, μ, μ~ and μ̂.
The coagulation rate function H3 used in the simulation could not be

represented with a constant as was done in the original Hattori–Izumi
theory [18]. In both theoriesMHI and PFI, the functionH3=K/(γ̇2+ l) gives
good results. In the MHI-theory, the function Kwas a step-function that
increased and decreased parallel to dωo/dt [16]. However, with the cur-
rent model, this is no longer the case as K now only depends on intrinsic
variables, namely on the shear rate γ̇ and its time derivative ∂γ̇/∂t
(see Eq. (8)).

A physical interpretation of the model results is similar to what
was concluded in [16] and may be as follows: Of the three polymer
types VHMW Na, SNF and HMW Na, the first one is the most effective
in dispersing the cement particles. This is apparent by two facts. First,
with zero yield stress τ0 at all times, the number of permanent
junctions and linkages (J3p and J4

p) can be considered to be zero.
Secondly, with very small α and β values (see Eqs. (7) and (8)), a very
slow rate of coagulation H3 is occurring during a rheological
experiment, meaning that the number of reversible junctions J3
generally decreases during the 50 s. For the other two cases SNF and
HMW Na, the situation is not so simple. With α and β values much
larger, the reversible junction number J3 also increases in some areas
(inside the viscometer) during an experiment of 50 s. In addition to
this, with non-zero yield stress τ0, the number of permanent
connections (junctions and/or linkages; J3p and J4

p) can be considered
larger than for the VHMW Na-case.

In all cases of VHMW Na, SNF and HMW Na, the polymers adsorb
on the surface of the cement particles. Their function is to change the
total potential energy (see Section 4.1) in such manner that
coagulation is more difficultly obtained and dispersion more easily
achieved, giving a reduced junction number. Also, with sufficient
polymer thickness between the cement particles (i.e. giving enough
steric hindrance), the probability for a successful link formation is
reduced (see Section 4.7). Hence, with a different type of polymer
used, the time evolution of the junction- and link numbers J3, J3s , J3p, J4s

and J4
p become different, which again results in the different

rheological behavior observed.
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Appendix A. Few computational issues

A.1. The simulation software

The simulation software used in solving Eqs. (26)–(29) is named
Viscometric–ViscoPlastic-Flow 2.0, or VVPF 2.0. The source code (which
is GNU GPL licensed) is available at www.vvpf.net. It is based on the
finite difference method (FDM) and is designed for time-dependent
(transient) and time-independent (steady state) viscoplastic materials.
In the software, Eqs. (26)–(29) are interlinked by the variables η,H, I3, I3s ,
I4
s and γ̇. Thus, for each computed time step, all these variables, aswell as
Eqs. (26)–(29), are calculated simultaneously together. That is, each
variable is dependent on the outcome of all the others, either directly
and/or indirectly (the presence of an indirect dependency is mostly
through the equation of motion, Eq. (29)). Such interdependency causes
a certain computational problem,which is solved byamethod called the
successive substitutions, also known as the Picard iteration [42].

SinceU3
p andU4

p are constants during a single rheological test (of 50 s),
no evolution equations are present for those parameters in the software.
If the duration of a single rheological test is longer than say 5 min, such
evolution equations will however start to become important.

By comparing known analytical results with computed results
given by the software VVPF 2.0, its quality is verified for steady state
cases only. In verifying accuracy for time dependent cases (where
analytical results are generally unknown) the outcome of the new
version (VVPF 2.0) has been compared to the outcome of the older
version (VVPF 1.0). The accuracy of the latter version has been verified
by testing consistency, convergence, numerical convergence and
stability [16,17]. In the comparison of VVPF 2.0 and VVPF 1.0, the
“total” plastic viscosity μ[t] and the “total” yield stress τ0[t] are given by

μ t½ � = μ0 θ1 + θ2 exp −θ3
:γ + θ4ð Þt½ �ð Þ ð32Þ

τ0 t½ � = τ0 θ5 + θ6 exp −θ7
:γ + θ8ð Þt½ �ð Þ ð33Þ

where the apparent viscosity η is given by Eq. (16). The terms θ1 to θ8
are arbitrary constants.

A.2. Calculation of shear rate

As explained in Section 5, the numerical calculation done by VVPF
2.0 consists (among other things) of calculating the flow (i.e. the
velocity profile v) inside the viscometer, using Eq. (29). In doing this, it
becomes apparent that the velocity v depends on the material
parameters used in the simulation (shown in Tables 1–3). Since the
shear rate

:
γ =

ffiffiffiffiffiffiffiffiffiffiffi
2 :e : :e

p
is calculated from the velocity v (c.f. ε ̇=(∇v+

(∇v)T /2)), it becomes dependent on the material parameters as well
(see [41,42,43]). This is demonstrated in Fig. 8a and b, which shows the
computed shear rate γ̇ as a function of radius R and time t: Although
the same angular velocityωo is always applied in each rheological test
(see Fig. 7a), the shear rate evolution can become quite different from
one rheological test to the next. This is because of how the material
parameters are changing from one such experiment to the next. For

http://www.vvpf.net
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the MHI-theory, the same type of plot is shown with Fig. 11 in [16],
however from a different point of view. Although this last mentioned
figure applies for the same case as in Fig. 8a and b, they are
nevertheless different. This is simply because of the different material
model (and material parameters) used and hence different computed
response attained.

The white line on the “γ ̇=0”-plane, shown in Fig. 8a and b,
demonstrates the boundary between the solid state (rigid body
motion) and the viscoplastic state (fluid motion). It is located by
plotting the function − IIs=Cy where IIs is the second deviator stress
invariant and Cy is the yield condition equal to τ0[t]2 in this study (see
the von Mises yield theory [40]). Such a boundary will make an
additional influence on the shear rate γ̇. This is because of how the
thickness of the flow is dynamically increasing and decreasing; i.e. the
effective outer radius of the viscometer is changing (with a maximum
value of Ro=101 mm).
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