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Fiber-reinforced concrete (FRC) showing strain hardening after cracking is commonly defined as High
Performance Fiber-Reinforced Cementitious Composite (HPFRCC). In the post-cracking stage, several cracks
develop before complete failure, which occurswhen tensile strains localize in one of the formed cracks. As iswell
known,multiple cracking and strain hardening can be achieved in cement-based specimens subjected to uniaxial
tension by increasing the volume fraction of steel fibers with hooked ends, or by using plastic fibers with and
without steelfibers, or bymeans of highbond steelfibers (e.g., twistedfibers or cords). Tobetter understandwhy,
in such situations, highmechanical performances are obtained, an analyticalmodel is herein proposed. It is based
on a cohesive interface analysis, which has been largely adopted to investigate themechanical response of FRC or
the snubbing effects produced by inclined fibers, but not the condition of multiple cracking and strain hardening
ofHPFRCC. Through this approach, all thephenomena that affect thepost-cracking response of FRC are evidenced,
such as the nonlinear fracture mechanics of the matrix, the bond–slip behaviour between fibers andmatrix, and
the elastic response of both materials. The model, capable of predicting the average distance between cracks as
measured in some experimental campaigns, leads to a new design criterion for HPFRCC and can eventually be
used to enhance the performances of cement-based composites.

© 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Both in tension and in compression, the stress–strain curves of
cementitious composites are similar in shape. After the first ascending
branch, strain softening characterizes the failure stage of these
materials, during which one or more cracks and localized strains
can be detected. However, in the case of uniaxial tensile tests, the state
of stress within the specimen makes the arrest of cracking impossible,
and therefore the post-peak response exhibits low fracture toughness
and the appearance of a single crack [1].

To avoid this brittle behaviour, steel reinforcing bars are generally
placed in the tensile zones of concrete structures. The new composite
structure can be exemplified by the reinforced concrete (RC) tie
depicted in Fig. 1a [2], whose mechanical responses, in terms of
applied load N vs. average steel strain εm , are illustrated in Fig. 1b–c.
Depending on steel percentage ρ, defined as the ratio between the
cross-sectional areas of rebars As and of surrounding concrete Ac

(Fig. 1a), RC ties show different N–εm curves.
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In the case of under-reinforced concrete structures (i.e., ρ lower
than the minimum percentage ρmin), when the cracking load Ncr is
reached, a single crack rapidly develops [2]. As shown in Fig. 1b, the
mechanical response is typically brittle, and the load at yielding of
rebars Ny is lower than Ncr .

In the presence of higher reinforcement percentages (ρNρmin),
moderate softening appears after the formation of the first crack and,
as the average steel strain εm increases, the applied normal force N
tends to exceed the cracking load Ncr. At N=Ncr, assuming a uniform
tensile strength fct, other cracks can develop before the yielding of
rebars. In this case (Fig. 1c), the RC tie fails in a ductile manner
(NyNNcr) and shows several cracks [2]. In other words, the presence of
an adequate amount of reinforcement, makes multiple cracking
possible and contributes to the increase of concrete fracture
toughness (Fig. 1c). Contrary to the case of ρbρmin (Fig. 1b), a strain
hardening behaviour characterizes the post-cracking stage of multi-
fractured RC ties (Fig. 1c).

A ductile response under tensile loads can be achieved in cement-
based composites reinforced with discontinuous fibers [3]. In the case
of traditional concrete without any fibers (Fig. 2a), the stress–strain
relationship σc–εc rapidly reaches the peak and shows subsequent
softening branch, because of strain localization within a single crack.
According to the fictitious crack model proposed by Hillerborg et al.
[4], the post-cracking stage of uniaxial tensile test can be reproduced
by stress–crack opening σc–w relationship (Fig. 2a).
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Fig. 1. Mechanical response of RC ties [2]: a) geometrical properties; b) N–εm diagram of under-reinforced ties (ρbρmin); c) N–εm diagram of ordinary reinforced ties (ρNρmin).
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If fibers are added to the classical components of concrete, the new
composite material can show higher fracture toughness under
uniaxial tension. With respect to the RC tie of Fig. 1, in which rebars
bridge tensile cracks with concentrate actions on cracked cross-
sections, the fibers randomly dispersed in a cementitious matrix
generate more distributed bridging stresses on crack surfaces. The
magnitude of these stresses and, in general, the mechanical response
of fiber-reinforced cementitious composites (FRC) strongly depend on
the type and volume fraction Vf of fiber.

If a low amount of fibers (Vfb1%) is added to the cement-based
matrix, thepost-peak behaviour of FRCdoes notmuchdiffer from that of
plain concrete (Fig. 2b). As the tensile strength fct and the corresponding
strain εc,cr are reached, strain localizes in a single crack and the failure
stage begins. Obviously, FRC show higher fracture toughness than
traditional concrete (i.e., a wider area is delimited by the σc–w diagram
of Fig. 2b), which gives relevant structural advantages during the
serviceability and failure stages of massive tunnel linings [5,6].

In the case of high fiber volume fraction (VfN2%), FRC specimens
subjected to uniaxial tensile loads show a strain hardening behaviour
after the formation of the first crack. As a result, the tensile strength of
the composite, fmax, is higher than that at first cracking fct. In addition,
such FRC can be distinguished by the presence of several cracks in the
post-cracking stage, when εcNεc,cr and fctbσcb fmax (Fig. 2c). Multiple
cracking has been largely observed since the introduction of the
asbestos–cement composites [7], which has been progressively
replaced, for the last two decades, by environmental-friendly high
ductile FRC. This is the case of the so-called High Performance Fiber-
Reinforced Cementitious Composites (HPFRCC) [8], whose fiber
volume fraction is generally lower than 2%. Under uniaxial tensile
loads, HPFRCC specimens show very ductile behaviour and high
fracture toughness, which are even comparable with those of
aluminium alloys [9].
Multiple cracking and strain hardening regimes characterize the
mechanical response of FRC (with VfN2%) and of HPFRCC specimens
(Fig. 2c), aswell as thepost-cracking stage of ordinaryRC ties (Fig. 1c). In
all cases, after the formation of the first crack, an increase of the axial
loads (NNNcr in the ties of Fig. 1c) and of the tensile stresses (σcN fct in
the composite of Fig. 2c) can be attained, if the pullout strength of rebars
and fibers is higher thanNcr and fct, respectively. By increasingN, andσc,
steel reinforcing bars, and fibers, transfer additional stresses to the
surrounding concrete, and to cementitious matrix, as a consequence of
bond stresses generated by slips betweenmaterials. If bond stresses are
lower than the bond strength, other cracks take place in concrete and
cementitious matrix. The process of crack formation ceases, if either
failure or complete slippage of the reinforcement occurs [3].

Bond stress diffusion is the main aspect that needs to be modelled,
both in RC ties (Fig. 1) and FRC specimens in tension (Fig. 2), if the
multiple cracking and strain hardening phenomena have to be
investigated. Depending on the way the bond–slip mechanism is taken
into consideration, the models reported in the current literature can be
classified into different groups [10]. Classical approaches assume that
perfect bond persists till energy criterion is exceeded on the interface
between rebars and concrete or between fiber and matrix. Thus, only
when the energy release rate of a discontinue fiber composite is lower
thana critical value, can theconditionof strainhardeningbe satisfied [11].
This leads to the definition of the critical fiber volume fractionVf,cr, which
is proportional to the properties of a fiber-reinforced composite [12]:

Vf ;cr∝
Gtip

gτmaxwp
Lf
df

� �2 ð1Þ

where, Gtip=crack tip critical energy release rate of the composite;
τmax=bond strength; g=snubbing coefficient which takes into



Fig. 2.Mechanical response of cement-based composites under uniaxial tension: a) σc–εc and σc–w diagrams of ordinary concretes; b) σc–ε and σc–w diagrams of FRC with low fiber
volume fractions (Vfb1%); c) σc–ε and σc–w diagrams of HPFRCC and of FRC with high fiber volume fractions (VfN2%).
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account the effects due to misaligned fibers with respect to crack
surface [13]; wp=crack opening displacement corresponding to the
maximum bridging stress; Lf=length of fiber; and df=diameter of
fiber. Thus, strain hardening behaviour of FRC takes place when:

Vf ≥ Vf ;cr: ð2Þ

Moreover, if the following condition is satisfied [14]:

fct b fmax ð3Þ

additional cracks will form after the first cracking (Fig. 2c). The tensile
strength fmax of the composite can be assumed as proportional to
[14,15]:

fmax∝
Vf Lf gτmax pf

Af
ð4Þ

where, pf=perimeter of fiber cross-section; and Af=cross-sectional
area of fiber.

Eqs. (2)–(3) express the necessary and sufficient conditions that a
fiber-reinforced cementitious composite has to satisfy if the ductile
response of Fig. 2c is attained [14]. This behaviour is mainly related to
fiber geometry, tensile strength [expressed in terms of fmax in Eq. (3),
and Gtip in Eq. (1)], bond strength, and to fiber volume fraction.

However, if the similarity with RC ties (Fig. 1c) is taken into
consideration, the bond–slip mechanism between materials plays a
fundamental role also during the post-cracking response of fiber-
reinforced cement-based composites (Fig. 2c). In accordance with the
classical approaches to the analysis of bond between reinforcement
and concrete (fib-Task Group Bond Models [16]), the cracking regime
of FRC should also be influenced by the elastic properties of its
components, and therefore by the Young's moduli of fiber Es and
matrix Ec. Although they have been taken into consideration in
models capable of defining the stress–crack width relationship of FRC
[17,18], these mechanical properties do not compare in Eqs. (1)–(4).
For the above reasons, new material design criterion for predicting
multiple cracking and strain hardening in FRC is here presented. It is
based on a cohesive interface modelling of bond diffusion, in which
bond stresses are only produced by slips between fibers and the
surrounding cement-based matrix [10]. Such an approach, generally
applied to RC structures, consists of the equilibrium and compatibility
equations of the so-called tension-stiffening problem [19]. For
instance, it has been used to define the minimum reinforcement of
RC beams [20] and to investigate the pullout behaviour of inclined
fibers [13]. In both cases, the mathematical solution of the problem is
obtained by numerical iterative procedures. Conversely, a closed form
solution is here introduced in order to obtain analytical equations for
the analysis of strain hardening and multiple cracking regimes, in
fiber-reinforced cementitious composites.
2. Modelling the post-cracking stage of FRC

The growth of more cracks in FRC members subjected to uniaxial
tension (Fig. 2c) can be investigated by drawing an analogy with the
behaviour of RC ties. Fiber is considered as the reinforcing bar
(As=Af) of an element in tension (Fig. 3a) having a single crack in the
concrete area Ac=Af/Vf (in this way Vf=ρ=Af/Ac). By increasing the
crack width w, the mechanical response of this structure, in terms of
N–w (Fig. 3c), is more or less similar to that depicted in Fig. 1b–c. It
depends on slips between fiber and matrix, whose distribution s(z) is
qualitatively drawn in Fig. 3b.

In the case of fibers symmetrically situated with respect to the crack,
themaximumslip is located in the cracked cross-section (where s=w/2),
fromwhich it progressively vanishes with the increase of the distance z



Fig. 3. The cohesive interface model for fiber–matrix interaction: a) geometrical properties of the structural element with a single crack; b) slip s(z), bond stress τ(z), concrete stress
σc(z), and fiber stress σs(z) distributions around the crack; c) mechanical response in terms of normal force vs. crack spacing vs. crack width.
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from the crack. In particular, s(z)=0 if z≥ ltr (where ltr=transmission
length). As z increases, the tensile stresses of fiber, σs(z), continuously
transfer to the cementitiousmatrix, because of bond stresses τ(z) acting
on the interface between materials. As a consequence, within the
domain 0≤z≤ ltr , tensile stresses in the matrix, σc(z), are higher far
from the crack surfaces (Fig. 3b). Beyond the transmission length,
neither slips nor bond stresses exist, and, therefore, the condition of
perfect bond is verified when zN ltr (i.e., σc=const and σs=const). In
this zone, the stress in the cementitious matrix reaches the maximum
value σc,max.

At onset of cracking, when w→0, σc,max is generally lower than fct
and the N–w diagram shows a softening branch (i.e., NbNcr in Fig. 3c).
If these conditions persist for higher crack width, the failure of the
structural element depicted in Fig. 3a occurs in the presence of a single
tensile crack. Conversely, when σc,max= fct, which corresponds to the
point B of Fig. 3c, new cracks appear and, with the increase ofw, strain
hardening characterizes the N–w diagram (i.e., N≥Ncr). According to
Fantilli et al. [19], during this stage, the average crack spacing ranges
between ltr and 2 ltr (Fig. 3c). Under the condition of symmetry
depicted in Fig. 3a–b, the multiple cracking regime is possible if the
semi-length of the fiber is higher than the average crack spacing (i.e.,
1.5 ltrbLf /2). In other words, the definition of ltr at cracking load (i.e.,
at point B of the N–w diagram depicted in Fig. 3c) is of primary
importance in the analysis of FRC elements in tension.

2.1. Equilibrium and compatibility equations for the
tension-stiffening problem

In what follows, the analytical evaluation of the transmission
length is obtained by adapting the tension-stiffening equations of RC
structures to the fiber–matrix tie illustrated in Fig. 3a. As the present
analysis is devoted to the definition of ltr, and not of the crack profile,
the hypothesis of plane cross-sections can be accepted [21]. Referring
to the tie's portion depicted in Fig. 4a, the presence of linear and
vertical strain profiles, defined by two different planes belonging to
fiber and matrix, respectively, is assumed. At a distance z from the
crack, slip is defined as the difference between the displacements of
two planes (Fig. 4a):

sðzÞ = −½ssðzÞ−scðzÞ� ð5Þ

where, ss=displacement of fiber cross-section; and sc=displacement
of matrix cross-section.

If materials behave elastically, differentiating Eq. (5) with respect
to z, one can obtain:

ds
dz

= −ðεs−εcÞ = −σs

Es
+

σc

Ec
ð6Þ

where, εs=tensile strains of fiber; and εc=tensile strain of matrix.
In a portion of length dz, the equilibrium equation of the reinforcing

bar can be written as follows (Fig. 4b):

dσs

dz
= −

pf τ
Af

ð7Þ

where, τ=bond stress on the interface between fiber and concrete,
which is a function of the slips s between materials.

In each cross-section of the considered tie (Fig. 4a), the global
equilibrium condition must be satisfied:

N = σsAf + σcAc: ð8Þ

Eqs. (6)–(8) represent the mathematical formulation of the
tension-stiffening problem applied to the structural element depicted
in Fig. 3a. Since the first studies on bond and crack formation in RC
elements [22], such a problem has been solved by reducing it to a



Fig. 4. An infinitesimal portion of fiber and matrix: a) displacements of matrix and fiber under the hypothesis of plane cross-sections; b) free-body diagram of the fiber.
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single differential equation. In fact, if Eq. (6) and Eq. (8) are derived
with respect to z, it is possible to obtain (N=const):

d2s
dz2

= − 1
Es

dσs

dz
+

1
Ec

dσc

dz
ð9Þ

dσc

dz
= − dσs

dz
Af

Ac
= − dσs

dz
Vf ð10Þ

where, Vf=Af/Ac=fiber volume fraction=ρ=geometrical percent-
age of reinforcement under the condition of Ac=Af/Vf (Fig. 3a).

The substitution of Eq. (10) into Eq. (9) yields:

d2s
dz2

= − dσs

dz
1
Es

+
Vf

Ec

� �
: ð11Þ

If Eq. (7) is substituted into Eq. (11), the whole tension-stiffening
phenomenon is represented by:

d2s
dz2

=
pfτ
Af

1
Es

+
Vf

Ec

� �
: ð12Þ

Regardless of the function τ(z) and, thus, independently of the
bond–slip relationship betweenfiber andmatrix [22], the solutionof the
above second order differential equation represents the function s(z)
within the domain 0≤z≤ ltr (Fig. 3a–b).

2.2. Stress–crack openingdisplacement relationship for cementitiousmatrix

Two boundary conditions must be introduced to solve Eq. (12).
One of them should regard the cracked cross-section (i.e., the left
border of the domain 0≤z≤ ltr), where a relationship between the slip
s and the tensile stress σc has to be defined. By considering the fiber
symmetrically situated with respect to the already formed crack, and
according to the bilinear σc–w relationship proposed by the CEB-FIP
Model Code [23] for cementitious concrete and mortar (Fig. 5a),
stresses at the crack surfaces can be evaluated as follows:

σc = fct 1−0:85
w
wc

� �
if 0 ≤ w ≤ w1 ð13aÞ

σc = 0:15fct 1− w−w1

wc−w1

� �
ifw1 b w ≤ wc ð13bÞ

σc = 0 ifw N wc ð13cÞ

where, w=crack width=2s; and w1, wc=parameters defined as a
function of compressive strength fc and of maximum aggregate size da
[23].

Since the present analysis regards the situation in which the first
crack is growing (i.e., w→0) and other cracks are going to develop
(point B in Fig. 3c), the fictitious crack model can be approximated by
the first linear branch of Fig. 5a:

σc = fct−kCw: ð14Þ

The cohesive parameters kC of Eq. (14), in accordancewith theσc–w
relationship proposed by CEB-FIP Model Code [23], becomes:

kC =
0:85fct
w1

: ð15Þ

2.3. Bond–slip between fiber and matrix

In addition to the fictitious crack model, also a bond–slip
relationship between fiber and matrix must be defined. This is a
necessity for every cohesive interface model [10], like that expressed
by Eq. (12) in the domain 0≤z≤ ltr (Fig. 3a).

For smooth steel fibers in a cementitious matrix, the τ–s
relationship proposed by Fantilli and Vallini [13] can be adopted
(Fig. 5b). It consists of an improvement and an extension of the
classical model proposed by CEB-FIPModel Code [23] for smooth steel
reinforcing bars. In particular, both for bars and fibers, a softening
regime is introduced in conjunction with the size effect caused by
fiber diameter. The ascending branch and the post-peak stage of the
proposed bond–slip relationship are defined, respectively, by the
following equations (Fig. 5b):

τ¼τmax
s
s1

� �0:5
if s ≤ s1 ð16aÞ

τ¼τfin + ðτmax−τfinÞekðs1−sÞ if s N s1 ð16bÞ

where, s1=slip at bond strength; τfin=asymptotic value of bond
stress; and k=coefficient. These parameters can be defined as
functions of bond conditions, fiber manufacture (hot rolled or cold
drawn), compressive strength of concrete fc, and fiber diameter
[13].

From a practical point of view, Eqs. (16a)–(16b) cannot be used
for some kinds of fibers (e.g., twisted fibers) which show slip
hardening. In addition, the micromechanics of crack bridging in FRC
[17,18] also requires that the snubbing effects of misaligned fibers, as
well as the cumulative effect of multiple fibers, are taken into
account. According to Naaman [15], all the efficiency effects, as well
as the bond between fiber and matrix, are in direct proportionality
with the post-cracking stress of the FRC. In the present paper, only
multiple cracking and strain hardening conditions have to be defined,
thus bond stresses are those of the first ascending branch of τ–s
(where slips are nearly zero). In other words, as the current analysis
regards the element depicted in Fig. 3a, when s→0 and other cracks
are going to develop (i.e., around the point B of Fig. 3c), bond stresses



Fig. 5. The cohesive and bond parameters: a) fictitious crack model σc–w proposed by the CEB-FIP Model Code [23]; b) bond–slip τ–s relationship of smooth steel fibers in
cementitious matrix [13].
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are assumed to be in direct proportionwith slips. Thus, to simplify the
approach, the following linear model is here considered as the
approximation of τ–s (Fig. 5b):

τ¼skB ð17Þ

where, kB=bond parameter that needs to be evaluated experimentally.
There are two main advantages of using the simplified bond–slip

relationship of Eq. (17). First of all, it is possible to consider kB as the
product of different factors, which include bond characteristics,
snubbing, statistical distribution, and group effects of fibers. All
these phenomena, which affect the mechanical response of FRC under
tension, do not have to be measured separately through specific tests.
Conversely, they are taken into account by a single bond parameter
measured with uniaxial tensile tests on FRC.

2.4. An analytical equation for transmission length

If Eq. (17) is substituted into Eq. (12), the tension-stiffening
problem of the fiber–matrix tie depicted in Fig. 3a is summarized by a
linear differential equation:

d2s
dz2

−αs = 0 ð18Þ

whose constant coefficient α depends on the following properties:

α¼pfkB
Af

1
Es

+
Vf

Ec

� �
ð19Þ

The general solution of Eq. (18) is given by:

sðzÞ = C1e
z
ffiffiffi
α

p
+ C2e

−z
ffiffiffi
α

p
ð20Þ

where the constants C1 and C2 are obtained by imposing the boundary
conditions at the two borders of the domain 0≤z≤ ltr . More precisely,
in the cracked cross-section (where z=0), slip must be equal to the
half of crack width, whereas at z= ltr slip should be equal to zero:

s = w = 2 if z = 0
s = 0 if z = ltr

:

�
ð21Þ
Under the above conditions, Eq. (20) becomes:

sðzÞ = w

2 1−e−2ltr
ffiffiffi
α

p� � −eðz−2ltrÞ ffiffiffiαp
+ e−z

ffiffiffi
α

ph i
: ð22Þ

When the function s(z) is known, stress distributions in both fiber
and matrix can be calculated. In particular, by substituting Eq. (7) and
Eq. (17) into Eq. (10), the derivative of tensile stresses σc is also
defined:

dσc

dz
=

pf kB Vf

Af
sðzÞ: ð23Þ

If Eq. (22) is substituted into Eq. (23), a first order differential
equation can be written:

dσc

dz
= +

pf kB Vf

Af

w

2 1−e−2ltr
ffiffiffi
α

p� � −eðz−2ltrÞ ffiffiffiαp
+ e−z

ffiffiffi
α

ph i
: ð24Þ

The integration of Eq. (24) yields:

σcðzÞ = C3−
pf kB Vf

Af

w

2 1−e−2ltr
ffiffiffi
α

p� � ffiffiffiffi
α

p eðz−2ltrÞ ffiffiffiαp
+ e−z

ffiffiffi
α

ph i
ð25Þ

where the constant C3 is obtained by imposing Eq. (14) on crack
surfaces (where z=0). Thus, the coefficient C3 is computed as:

C3 = fct−kCw +
pf kB Vf

Af

w

2 1−e−2ltr
ffiffiffi
α

p� � ffiffiffiffi
α

p e−2ltr
ffiffiffi
α

p
+ 1

h i
ð26Þ

and, consequently, Eq. (25) provides the distribution of tensile stresses
in the cementitious matrix within the transmission length:

σcðzÞ = fct−kCw

+
pf kB Vf

Af

w

2 1−e−2ltr
ffiffiffi
α

p� � ffiffiffiffi
α

p e−2ltr
ffiffiffi
α

p
+ 1−eðz−2ltrÞ ffiffiffiαp

−e−z
ffiffiffi
α

ph i
:

ð27Þ

At N=Ncr (point B in Fig. 3c), the condition of multiple
cracking is achieved in the element depicted in Fig. 3a, and the
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maximum tensile stress of the matrix equates the tensile strength
fct, i.e.,

σc = fct if z = ltr: ð28Þ

In the above situation, Eq. (27) becomes:

0 = −kC +
pf kB Vf

Af

e−2ltr
ffiffiffi
α

p
+ 1−2e−ltr

ffiffiffi
α

p� �
2 1−e−2ltr

ffiffiffi
α

p� � ffiffiffiffi
α

p : ð29Þ

Eq. (29) gives the transmission length ltr, which is the solution of
the problem, independently of crack width w. By introducing the
following coefficient:

β =
pf kB Vf

2Af kC
ffiffiffiffi
α

p ð30aÞ

and a new dummy variable:

x = e−ltr
ffiffiffi
α

p
ð30bÞ

Eq. (29) simply becomes an algebraic quadratic equation:

ðβ + 1Þx2−2βx + ðβ−1Þ = 0: ð31Þ

The two solutions of Eq. (31) are given by:

x1 =
β−1
β + 1

x2 = 1

8<
: ð32Þ

which respectively provide the following values of the transmission
length:

ltr = −
ln β−1

β + 1ffiffiffiffi
α

p ð33aÞ

ltr = 0: ð33bÞ

Referring to the N–w diagram of Fig. 3c, at N=Ncr there are two
possible transmission lengths. One of them (ltr=0) determines the
situation of an undeveloped crack (w=0) and corresponds to the point
A of Fig. 3c. Conversely, the transmission length given by Eq. (33a) (i.e.,
ltrN0) corresponds to a singledeveloped crack (wN0)while other cracks
are going to appear (point B in Fig. 3c). According to Fantilli and Vallini
[2] and to Fantilli et al. [19], the multiple cracking regime, which starts
from the point B of N–w, can be simply described by this value of
transmission length. To be more precise, ltr [obtained with Eq. (33a)]
and 2ltr are, respectively, the minimum and the maximum distance
between cracks in a FRC element in tension.

The proposed adaptation of a tension-stiffening problem to FRC can
be accepted if materials show linear elastic behaviours. This is always
true for the uncracked cementitious matrix, whereas it should be
checked each time for the fiber. For the sake of simplicity, at incipient
cracking, it is sufficient to verify whether or not tensile stresses in the
fiber cross-section, σs,cr, are lower than the fiber strength fu. Under the
hypothesis of uncracked matrix, this condition yields:

σs;cr = Es εc;cr = Es
fct
Ec

b fu: ð34Þ

Finally, some comments about the symmetrical position of the
fiber with respect to crack (Fig. 3a) have to bemade. This hypothesis is
admissible if the transmission length obtained with Eq. (33a) is
considerably lower than fiber length. In fact, in such case, slips and
stresses are symmetrically distributed around each cracked cross-
section (Fig. 3a). However, the conditions of multiple cracking and
strain hardening require short distances between cracks, and,
consequently, short transmission lengths. Thus, the ideal distributions
of s(z), σc(z) and σs(z), depicted in Fig. 3b, are admissible in the
present analysis, where the multiple cracking regime of FRC is
investigated.

3. Analytical results and experimental data

Cementitious composites tailored to enhance both multiple
cracking and strain hardening can be reinforced with different kinds
of fibers. For instance, in the specimens tested by Rinaldi and Grimaldi
[24] under uniaxial tension, large fiber volume fractions (Vf=5%) of
steel fibers with hooked ends (Fig. 6a) have been added to a cement-
based matrix. In other FRCs, high performances have been achieved in
presence of lower fiber volume fractions. This is the case of the
HPFRCC reinforced with 2% in volume of Torex fibers [15], which are
twisted steel fibers with triangular cross-sections (Fig. 6b).

Another high performance fiber-reinforced concrete, named ECC
(Engineered Cementitious Composite), has been introduced by Li [25].
It is made by 2% in volume of PVA (PolyVinyl Alcohol) fibers dispersed
in a cementitious matrix. In this case, the fiber aspect ratio (i.e., the
ratio between Lf and df) is even higher than that of asbestos fibers
(Fig. 6c), which were generally used to reinforce asbestos–cement
composites [7].

In the following sections, the proposed model is applied in all the
aforementioned fiber-reinforced cementitious composites in order to
predict the distances between cracks measured during multiple
cracking regime.

3.1. FRCs made with steel fibers with hooked ends

Steel fibers with hooked ends are the most commonly used to
reinforce cementitious composites. When added in high volume
fractions (VfN2%), they can guarantee multiple cracking and strain
hardening under uniaxial tension (Fig. 2c). However, such phenom-
ena are not only a function of Vf, but also of other material properties.
This is evidenced by the specimens (named H1, H2 and H3) depicted
in Fig. 7a [26,27], and by Rinaldi's and Grimaldi's [24] bone shaped
elements (named H4 and H5) reported in Fig. 7b. Table 1 summarizes
the geometrical and mechanical properties of the five specimens.

In the specimens H1, H2, and H3, which show strain hardening
response after the formation of the first crack, the average distances
between the cracks have been measured during the multiple cracking
regime. Their values can be comparedwith the analytical results of the
proposedmodel. As illustrated in Fig. 8a, for the specimens H1 and H2,
made of high strength matrix (fc=84 MPa), and in Fig. 8b for the
specimen H3, made of normal strength matrix (fc=49 MPa), the
possible evolution of crack spacing is here related to fiber volume
fraction. In this way, the range defined by the curves ltr–Vf and 2ltr–Vf

should encompass the experimental values of crack spacing, as stated
by Fantilli and Vallini [2] and by Fantilli et al. [19].

Referring to the specimens H1 and H2, the transmission length at
each Vf is calculated with Eq. (33a) and the data reported in Table 1.
The cohesive parameter kC=393 MPa/mm is computed with Eq. (15),
whereas kB=3500 MPa/mm is obtained by best-fitting numerical and
experimental values of crack spacing. The range obtained with the
proposed approach is depicted in Fig. 8a. It represents a good
estimation of the real distance between cracks during the strain
hardening regime.

It must be observed that the theoretical range does not exist when
the fiber volume fraction is larger than a critical value (Vf,cr=0.94% for
the specimens H1 and H2). In other words, if VfbVf,cr, multiple cracking
regime is no longer possible, because the transmission length
analytically calculated with Eq. (33a) becomes infinitely long. Thus, in
the specimen H1, whose Vf is slightly higher than Vf,cr, more than one



Fig. 6. Three types of fibers: a) smooth steel fibers with hooked ends; b) twisted steel fibers with triangular cross-sections —Torex [15]; c) PVA [25] or asbestos fibers [7].
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crack appears in the post-cracking stage. This ductile response is also
facilitated by the presence of a distance between cracks lower than Lf/2
(see Table 1 and Fig. 8a).

The possible range of crack spacing, delimited by the analytical
functions ltr–Vf and 2ltr–Vf, is also calculated for the specimen H3
(Fig. 8b). In this case, the bond parameter already estimated for the
specimens H1 and H2 (kB=3500 MPa/mm) is assumed. In fact, for the
same type of fiber, independently of the matrix strength, the τ–s
relationship remains unchanged in the first stage, when s→0 [13]. On
the contrary, a new cohesive parameter (kC=780 MPa/mm) is
obtained from Eq. (15) and the data reported in Table 1. The average
distance between cracks measured by Kim et al. [26] for the specimen
H3 falls within the range obtained with the proposed approach. With
respect to the case of Fig. 8a, the critical value of fiber volume fraction
is approximately doubled (Vf,cr=1.96%), and, consequently, just a
single crack appears if Vf=1% (Fig. 8b).

The possible variation of crack spacing has been also evaluated for
the specimensH4 andH5depicted in Fig. 7b. In this case, the two curves
reported in Fig. 9 (i.e., ltr–Vf and 2ltr–Vf) have been computed by
considering the bond parameter already adopted for steel fibers with
hooked ends (kB=3500 MPa/mm). Eq. (15) and the data reported in
Table 1 have been used to calculate a new cohesive parameter
(kC=326 MPa/mm). Without measuring the distance between cracks,
Rinaldi and Grimaldi [24] have observed both multiple cracking and
Fig. 7. Uniaxial tensile tests on cement-based composites: a) specimens reinforcedwith hooked
strain hardening regimes in the specimen H5. Conversely, they have
noticed a strain softening response in the post-cracking stage of the
specimenH4, which collapses in the presence of a single crack. This is in
accordancewith the results of the proposedmodel (Fig. 9), even though
the computed critical value of fiber volume fraction (Vf,crit=0.93%) is
lower than the fiber volume content (Vf=1%). In fact, the average crack
spacing estimated for the specimen H4 is higher than the half-length of
the adopted fiber (Fig. 9).

In all the five FRC specimens, the failure of fibers at first cracking is
definitely avoided. This is confirmed by the last column of Table 1,
where the reported values of σs,cr [Eq. (34)] are lower than fu.

3.2. FRCs made with twisted steel fibers

Compared to other steel fibers on the market, Torex fibers (Fig. 6b)
show higher performances and, in particular, larger pullout energies.
This is due to the presence of higher bond stresses on the interface
between materials, which can be detected even when the complete
slippage of the fiber is going to occur [15]. As a result, cementitious
composites reinforced with Torex tend to exhibit both strain hardening
and multiple cracking regimes. This is confirmed by the uniaxial tensile
tests conductedbyKimet al. [26,27] on the specimensdepicted in Fig. 7a
(and named T1, T2 and T3 in Table 2). They have the same fiber volume
fraction andmoreor less the same cementitiousmatrix of the specimens
steel fibers or Torex fibers [26,27]; b) specimens reinforcedwith hooked steel fibers [24].



Table 1
Mechanical and geometrical properties of the specimens reinforced with hooked steel fibers.

Specimen Reference Fiber Matrix Crack pattern σs,cr

(MPa)
df (mm) Lf (mm) fu (MPa) Es (GPa) Vf (%) fc (MPa) fct (MPa) Ec (GPa) da (mm) Multiple

cracking
Crack spacing
(mm)

H1 Kim et al. [27] 0.38 30.0 2300 200 1.0 84.0 4.2 43.7(⁎) 2.0(°) Yes 11.85 19.2
H2 Kim et al. [27] 0.38 30.0 2300 200 2.0 84.0 4.2 43.7(⁎) 2.0(°) Yes 6.56 19.2
H3 Kim et al. [26] 0.40 30.0 2100 200 2.0 49.0 4.9(+) 36.5(⁎) 2.0(°) Yes 11.85 26.8
H4 Rinaldi and Grimaldi [24] 0.56 30.0 – 200 1.0 25.0 2.5(+) 36.5(⁎) 2.0(°) No – 17.6
H5 Rinaldi and Grimaldi [24] 0.56 30.0 – 200 5.0 25.0 2.5(+) 36.5(⁎) 2.0(°) Yes – 17.6

(⁎)Estimated [23]; (°)estimated [1]; (+)estimated as 0.1 fc.
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H1, H2 and H3 (Table 1), respectively. However, as measured
experimentally, a reduced distance between cracks (of about 30%) can
be detected in all the specimens reinforced with Torex fiber (compare
the values of crack spacing reported in Table 1 and Table 2).

Referring to the specimens T1 and T2 [27], Fig. 10a shows the
curves ltr–Vf and 2ltr–Vf, which delimit the proposed range of crack
spacing. The evaluation of the transmission length, analytically
calculated with Eq. (33a), requires the definition of both cohesive
and bond parameters. Through Eq. (15) and the data reported in
Table 2, the value kC=580 MPa/mm has been obtained for the
specimens T1 and T2. At the same level of slip between fiber and
matrix, Torex fibers generate higher bond stresses and consequently
higher bond parameter kB. This can be estimated from the best fit
between experimental and analytical values of crack spacing. In
particular, if kB=4300 MPa/mm, the range depicted in Fig. 10a
represents a good approximation of the experimental data. Despite
different values of kC and kB, the critical fiber volume fractions
obtained for the specimens T1 and T2 (Vf,cr=0,97%) and for the
specimens H1 and H2 (Vf,cr=0.94%) are more or less the same.
However, the ranges of crack spacing are remarkably different, as
illustrated by Fig. 8a and Fig. 10a. The narrower range reported in
Fig. 10a, further confirms the tendency of Torex fibers, when used as
reinforcement of cementitious matrix, to favour the trigger of more
cracks and to reduce their spacing.

Fig. 10b shows the possible distances between cracks analytically
calculated for the specimens T3 (Table 2) at different fiber volume
fraction Vf. In this case, the curves ltr–Vf and 2ltr–Vf have been obtained
byassuming the samecohesiveparameter (kC=780 MPa/mm)adopted
for the specimen H3 (T3 and H3 have the same cementitious matrix),
and the same bond parameter (kB=4300 MPa/mm) estimated for the
specimens T1 and T2 (they are reinforced with the same type of fibers).
The average crack spacing, experimentally measured for the specimen
T3 by Kim et al. [26], falls within the range evaluated by the proposed
Fig. 8. Comparison between the results of the proposed model and the experimental data m
fiber volume fraction Vf for the specimens H1 and H2 (Table 1); b) crack spacing vs. volum
model. In addition, with respect to the specimen H3 (Fig. 8b), Fig. 10b
shows a narrower range and a lower value of critical fiber volume
fraction (Vf,cr=1.33%). Thus, also in this case, the best performances of
the specimens reinforced with Torex fibers are evidenced.

Finally, as confirmed by the last column of Table 2, in all the
cement-based specimens reinforcedwith Torex, the condition σs,crb fu
is always satisfied.

3.3. FRCs made with PVA fibers and asbestos fibers

To favour the presence of multiple cracking in FRC elements
subjected to uniaxial tension, straight PVA fibers (Fig. 6c) can be used
as reinforcement. These cement-based composites, called with the
acronym PVA-ECC (PolyVinyl Alcohol-Engineered Cementitious Com-
posites), are reinforced with 2% in volume of PVA fibers, coated by 1%
in volume of oiling agent [28,29].

Three PVA-ECC specimens (named E1, E2 and E3), reported in
Table 3 and tested in accordance with the test arrangement depicted in
Fig. 11a [28,29], are here used to validate the model. Their mechanical
and geometrical properties are reported in Table 3,whereas the range of
possible crack spacing is depicted in Fig. 11b. As in the previous cases,
transmission lengths are analytically calculated with Eq. (33a), by
assuming suitable values for kC and kB, and by varying the fiber volume
fraction. Specifically, the cohesive parameter (kC=510 MPa/mm) has
been computed from Eq. (15) and the data reported in Table 3, whereas
the bond parameter (kB=900 MPa/mm) has been estimated by best-
fitting analytical and experimental values of crack spacing (specimen E3
in Table 3). The curves ltr–Vf and 2ltr–Vf, depicted in Fig. 11b, limit a very
narrow range and define Vf,cr=1.7%. As remarked in the previous
sections, if VfbVf,cr, there is not any possibility of multiple cracking. This
is confirmed by the tests conducted by Yang et al. [29] on the specimens
E1 (Vf=0.1%) and E2 (Vf=0.5%), whose brittle failure is produced by
growing of a single crack.
easured on specimens reinforced with hooked steel fibers [26,27]: a) crack spacing vs.
e fraction Vf for the specimen H3 (Table 1).



Fig. 9. The analytical range of crack spacing for the specimens H4 and H5 tested by Rinaldi and Grimaldi [24].
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The range of crack spacing reported in Fig. 11b is analytically
evaluated also in the case of high fiber volume fractions (VfN10%) in
order to compare the uniaxial tensile response of PVA-ECC with that of
asbestos–cement composites. To this end, the specimen A1 tested by
Akers and Garrett [7], and reinforced with asbestos fibers, is taken into
consideration. The few known characteristics of this FRC are reported in
Table 3, where they can be compared directly with the mechanical and
geometrical properties of the specimens E1, E2 and E3 tested by Li et al.
[28] and Yang et al. [29]. As PVA and asbestos fibers have the same
diameter, the cohesive and bond parameters already estimated for PVA-
ECC (i.e., kC=510 MPa/mm and kB=900 MPa/mm) are here consid-
ered valid also for asbestos–cement composites. Under these hypoth-
eses, the analytical curves ltr–Vf and 2ltr–Vf range the very narrow crack
spacing of the specimen A1, which was experimentally measured by
means of a scanning electronic microscope [7].

The average length of asbestos fibers (Lf=3 mm) is generally
shorter than the common fiber. Therefore, only in case of high fiber
Table 2
Mechanical and geometrical properties of the specimens reinforced with Torex fibers.

Specimen Reference Fiber Matrix

df (mm) Lf (mm) fu (MPa) Es (GPa) Vf (%) fc (MPa)

T1 Kim et al. [27] 0.3(–) 30.0 2760 200 1.0 84.0
T2 Kim et al. [27] 0.3(–) 30.0 2760 200 2.0 84.0
T3 Kim et al. [26] 0.3(–) 30.0 2760 200 2.0 49.0

(–)Equivalent diameter [15]; (⁎)estimated [23]; (°)estimated [1]; (+)estimated as 0.1 fc.

Fig. 10. Comparison between the results of the proposed model and the experimental data
volume fraction Vf for the specimens T1 and T2 (Table 2); b) crack spacing vs. fiber volume
volume fraction (VfN∼6%) can the multiple cracking regime of
asbestos cement composites originate. On the contrary, with the
PVA fibers adopted by Li and co-workers, having the same diameter as
asbestos fiber but with a greater length (Lf=12 mm), the volume
Vf=2% is sufficient to obtain a very ductile behaviour under uniaxial
tensile loads [28,29].

Finally, both the PVA-ECC and the asbestos–cement specimens
reported in Table 3 satisfy Eq. (34) (see the last column of Table 3).
Consequently, the fiber failures during the growth of the first tensile
cracks are definitely avoided in both composites.

4. A new criteria for multiple cracking

For the fibers previously considered, the coefficient kB of the
simplified bond–slip model [Eq. (17)] is assumed to be constant for all
the specimens reinforcedwith hooked end fibers (kB=3500 MPa/mm),
with Torex fibers (kB=4300MPa/mm), and with PVA and asbestos
Crack pattern σs,cr

(MPa)
fct (MPa) Ec (GPa) da (mm) Multiple cracking Crack spacing (mm)

5.1 43.7(⁎) 2.0(°) Yes 7.74 23.3
5.1 43.7(⁎) 2.0(°) Yes 4.56 23.3
4.9(+) 36.5(⁎) 2.0(°) Yes 2.96 26.8

measured on specimens reinforced with Torex fibers [26,27]: a) crack spacing vs. fiber
fraction Vf for the specimen T3 (Table 2).



Table 3
Mechanical and geometrical properties of the specimens made of PVA-ECC and asbestos–cement composites.

Specimen Reference Fiber Matrix Crack pattern σs,cr

(MPa)
df (mm) Lf (mm) fu (MPa) Es (GPa) Vf (%) fc (MPa) fct (MPa) Ec (GPa) da (mm) Multiple

cracking
Crack spacing
(mm)

E1 Yang et al.[29] 0.039 12.0 1600 40 0.1 29.0(+) 2.9 30(⁎) 0.15 No – 3.78
E2 Yang et al. [29] 0.039 12.0 1600 40 0.5 29.0(+) 2.9 30(⁎) 0.15 No – 3.78
E3 Li et al. [28] 0.039 12.0 1600 40 2 29.0(+) 2.9 30(⁎) 0.15 Yes 2.8 3.78
A1 Akers and Garrett [7] 0.04 3.0 – – 10 – – – – Yes 0.45 3.78

(⁎)Estimated [23]; (+)estimated as 10 fct.
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fibers (kB=900 MPa/mm). In all the cases, kB has been easily measured
by means of uniaxial tensile tests on FRC, without considering pullout
tests. The good agreement between numerical results and experimental
data not only validates the proposed model, but also confirms the
possibility of taking into account some of the micromechanics phe-
nomena (snubbing effects, cumulative effects of multiple fibers, etc.)
within the single bond parameter kB. Moreover, the results of the
proposed approach, which agree with the data measured in different
HPFRCCs, showthe importanceoffiber volume fraction, and inparticular
its critical value Vf,cr. According to Li and Leung [11], if VfbVf,cr the strain
hardening behaviour of FRC in the post-cracking stage is practically
impossible. However, recalling Eq. (1), Vf,cr is here computed by
following the cohesive interface approach introduced for the evaluation
of transmission length. More specifically, independently of fiber length,
the critical fiber volume fraction must produce ltr→∞ at the onset of
cracking. If Eq. (33a) is used to compute the transmission length, the
above condition is satisfied when:

β =
pf kB Vf ;cr

2AfkC
ffiffiffiffi
α

p =
pf kB Vf ;cr

2AfkC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pf kB
Af

1
Es

+ Vf ;cr
Ec

� �r = 1: ð35Þ

Eq. (35) can be transformed into the following algebraic quadratic
equation:

ðVf ;crÞ2
pf kB

Af 4ðkCÞ2
−

ðVf ;crÞ
Ec

− 1
Es

= 0 ð36Þ

whose positive solution gives the critical value of fiber volume fraction:

Vf ;cr =
Af 2ðkCÞ2
Ec pf kB

1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

ðEcÞ2pf kB
Af EsðkCÞ2

s !
: ð37Þ

With respect to the energetic approach [Eq. (1)], this new formula
furnishes a different critical fiber volume fraction. As a matter of fact,
Fig. 11. Comparison between the results of the proposed model and the experimental da
specimens under uniaxial tension; b) crack spacing vs. fiber volume fraction Vf for the five
the elastic properties of materials (i.e. the Young's moduli Es and Ec of
fiber and matrix, respectively) are included in Eq. (37).

Based on the proposed approach, new conditions from multiple
cracking and strain hardening regimes can also be introduced:

Vf N Vf ;cr ð38aÞ

Sr;m = 1:5ltr b
Lf
2

ð38bÞ

where sr,m=average crack spacing at cracking load Ncr.
In a given FRC, Eqs. (38a)–(38b) are both satisfied when:

ltr → 0 and Vf ;cr → 0 ð39aÞ

or, according to Eq. (33a) and Eq. (35), when

β≫1 ð39bÞ

In other words, the post-cracking response of cement-based speci-
men subjected to uniaxial tension only depends on the properties that
define the coefficient β [Eq. (30a)]. As the value of βmust be far greater
than 1 in very ductile fiber-reinforced concrete, the conditions stated by
Eqs. (38a)–(38b) are both satisfied when:

Vf

kC

ffiffiffiffiffiffiffiffiffiffiffi
pf
Af

kB

r
≫2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Es

+
1
Ec

Vf

s
: ð40Þ

Eq. (40) represents a new criterion to optimize the cost and the
performances of fiber-reinforced composites. For instance, to increase
the fracture toughness with the same fiber volume fraction (VfNVf,cr),
fibers with a higher pf/Af ratio can be introduced. This is the case of
Torex fibers [15] with triangular cross-sections (Fig. 6b). Similarly, it is
possible to increase the fiber aspect ratio Lf/df, as done in the older
asbestos cement composites [7] and in the more environmental-
friendly PVA-ECC [25].
ta measured by Li et al., [28], Yang et al. [29], and Akers and Garrett [7]: a) PVA-ECC
specimens reported in Table 3.
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Regarding the bond properties, concrete fracture toughness can be
augmented by using fibers with higher bond parameter kB. This is
evidenced by the cementitious composites reinforced with twisted
fibers [15].

Moreover, Eq. (40) suggests low cohesive parameters kC (i.e. the
cementitious matrix should be the least brittle as possible). If Eq. (15)
is used to calculate kC, tensile strength fct and, consequently,
compressive strength fc need to be reduced. However, such reductions
produce very brittle cementitious composites and shorter w1 (see
Fig. 5a) [23]. Finally, with respect to classical approaches, Eq. (40) also
recommends the increment of the Young's moduli Es and Ec.

5. Conclusions

New criteria for the definition of multiple cracking and strain
hardening regimes in fiber-reinforced cementitious composites can
be derived from the analysis of bond–slip between fibers and matrix.
Bymeans of the proposed cohesive interface approach, it is possible to
predict the crack spacing observed in very ductile specimens in
tension. Based on the results presented in the previous sections, the
main aspects of modelling the post-cracking stage of FRC can be
summarized by the following points:

• According to several tests, the average distance between cracks is
ranged by once and twice the transmission length analytically
evaluated with Eq. (33a).

• At cracking load, the value of the transmission length, and the
consequent presence of multiple cracking regime, is independent of
crack width.

• A new formula [Eq. (37)] for the critical value of fiber volume
fraction is here introduced to define the lower bound amount of
fiber. If VfbVf,cr, strain softening and a single crack characterize the
post-cracking stage of FRC, because transmission length [Eq. (33a)]
becomes infinitely long.

• If VfNVf,cr, a strain hardening behaviour can be attained in
cementitious composites reinforced with long fibers. In particular,
their half-lengthmust be longer than the average crack spacing (i.e.,
Lf /2N1.5ltr).

• Only when the coefficient β, calculated with Eq. (30a), is far greater
than 1, will all the mentioned conditions for achieving multiple
cracking and strain hardening regimes be satisfied. Thus, the
cohesive interface model previously described provides a single
equation [Eq. (40)], which summarizes both the necessary and
sufficient conditions that a fiber-reinforced composite has to satisfy
in order to be classified as HPFRCC.

Eq. (40) represents a relevant outcome of the proposed model, as
the existence of multiple cracking and strain hardening is the main
peculiarity of HPFRCC. Although further research is needed to predict
the extent of strain hardening, Eq. (40) can be effectively used to
optimize the cost and the performances of FRC and to tailor more
sustainable cement-based composites.
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Glossary

The following symbols are used in this paper:

Ac: Cross-sectional area of concrete (Fig. 1) or cement-based matrix (Fig. 3)
Af: Cross-sectional area of fiber
As: Cross-sectional area of steel reinforcing bar
C1, C2: Constants of Eq. (20)
C3: Constant of Eq. (25)
da: Maximum aggregate size of concrete (Fig. 1) or cement-based matrix (Fig. 3)
df: Diameter of fiber cross-section
Ec: Young's modulus of concrete (Fig. 1) or cement-based matrix (Fig. 3)
Es: Young's modulus of steel reinforcing bar (Fig. 1) or fiber (Fig. 3)
fc: Compressive strength of concrete (Fig. 1) or cement-based matrix (Fig. 3)
fct: Tensile strength of concrete (Fig. 1) or cement-based matrix (Fig. 3) with a strain-

softening behaviour
fmax: Tensile strength of cementitious composite with a strain-hardening behaviour
fu: Tensile strength of fiber
g: Snubbing coefficient produced by misaligned fiber [Eq. (1)]
Gtip: Crack tip critical energy release rate of cementitious composite [Eq. (1)]
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k: Coefficient of Eq. (16b)
kB: Bond parameter [Eq. (17)]
kC: Cohesive parameter [Eqs. (14)–(15)]
ltr: Transmission length
L: Length of RC tie
Lf: Length of fiber
N: Normal force (Fig. 1 and Fig. 3)
Ncr: Normal force at first cracking (Fig. 1 and Fig. 3)
Ny: Normal force at yielding of reinforcement (Fig. 1 and Fig. 3)
pf: Perimeter of fiber cross-section
s: Slip between steel and concrete (Fig. 1) or between fiber and matrix (Fig. 3)
s1: Slip at bond strength [Eqs. (16a)–(16b)]
sc: Displacement of matrix cross-section (Fig. 4a)
sr,m: Average crack spacing
ss: Displacement of fiber cross-section (Fig. 4a)
Vf: Fiber volume fraction
Vf,cr: Critical value of fiber volume fraction
w: Crack opening displacement of concrete (Fig. 1) or cement-based matrix (Fig. 3)
w1, wc: Parameters of fictitious crack model (Fig. 5a) [23]
wp: Crack opening displacement corresponding to the maximum bridging stress [Eq. (1)]
x, x1, x2: Dummy variables of Eqs. (29)–(31)
z: Longitudinal coordinate
εc: Tensile strain of concrete (Fig. 1) or cement-based matrix (Fig. 3)
εc,cr: Tensile strain at first cracking of concrete (Fig. 1) or cement-based matrix (Fig. 3)
εm: Average tensile strain of RC tie (Fig. 1)
εs: Tensile strain of steel reinforcing bar (Fig. 1) or fiber (Fig. 3)
ΔL: Elongation of RC tie (Fig. 1)
α: Coefficient [Eq. (19)]
β: Coefficient [Eq. (30a)]
ρ: As/Ac reinforcement ratio
ρmin: Minimum value of reinforcement ratio
σc: Tensile stress of concrete (Fig. 1) or cement-based matrix (Fig. 3)
σc,max: Maximum tensile stress of matrix
σs: Tensile stress of steel reinforcing bar (Fig. 1) or fiber (Fig. 3)
σs,cr: Tensile stress of fiber at first cracking
τ: Bond stress
τfin: Asymptotic value of bond stress [Eqs. (16a)–(16b)]
τmax: Bond strength
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