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In this paper, the thermal degradation of modulus of elasticity of concrete is modeled by composite
mechanics at three scales of observation: (a) at the level of concrete, (b) at the level of mortar, and (c) the
cement paste level. At the latter, the change of volume fractions of the constituents are evaluated based on
phase transformations which take place in different temperature ranges. Stoichiometric models are used to
determine the volume changes of the constituents. At the mortar and concrete levels, the temperature
dependence of fine and coarse aggregates is considered based on available test data. The multiscale chemo-
mechanical model can be used to predict the temperature dependence and thermal degradation of the elastic
concrete modulus. The model predictions are compared with test data in the literature as well as in-house
test data.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Stiffness of concrete decreases with increasing temperatures. The
degradation results mainly from two mechanisms. The first one is
related to the temperature sensitivity of the mechanical properties of
the constituents in concrete. Stiffness of each constituent decreases
with increasing temperature, which leads to the degradation of the
composite. The secondmechanism is related to phase transformations
of constituents at different temperatures. The initial constituents of
concrete transform to other phases due to elevated temperature. The
new phases tend to have lower stiffness than the original phases.
Therefore, the degradation of concrete under high temperatures must
be studied from both mechanical and chemical points of view. Since
the size of the concrete constituents range from centimeters to
micrometers, and since the phase transformations in the cement paste
take place at a broad range of scales, a comprehensive mathematical
model for characterizing the degradation of concrete stiffness at
elevated temperaturesmust be amultiscalemodel which incorporates
the chemo-mechanical characteristics of the constituents under high
temperatures.

Extensive experimental studies have been performed previously
for concrete under high temperatures. Piasta [1] conducted experi-
ments to investigate the thermal deformation of constituents in
hardened cement paste and to determine temperatures which initiate
the destruction of the microstructure of cement paste in the range of
20–800 °C. Schneider and Herbst [2] and Piasta et al. [3] examined
chemical reactions and the behaviors of Ca(OH)2, CaCO3 (calcite), C-S-
+1 303 492 7317.
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H, non-evaporable water and micropores under various temperatures.
In a study conducted by Lin et al. [4] the microstructure of concrete
was exposed to elevated temperatures in both actual fire and
laboratory conditions and evaluated with the use of Scanning-
Electron-Microscopy (SEM) and stereo microscopy. Wang et al. [5]
used SEM to examine the cracking of high performance concrete
(HPC) exposed to high temperatures and at the same time under axial
compressive loading.

Despite the experimental studies, a prediction model has not yet
been developed for the degradation of stiffness of concrete in which
both temperature dependency and phase transformation of the
constituent phases in concrete are taken into account. This study is
an innovative attempt to predict the thermal degradation of elastic
modulus of concrete considering phase transformations in different
temperature ranges. Stoichiometric models are used to characterize
the volume changes of the constituents under different temperatures,
then composite models are used to obtain effective elastic moduli of
the concrete based on the volume changes calculated using the
stoichiometric models.

Aggregate plays an important role in the degradation process of
concrete under high temperature. Although the study is focused on
phase transformations in the cement paste, the effect of different
aggregates is included in the model by using appropriate thermal
degradation factors.

The internal structure of concrete was divided into the following
four scale levels by Constantinides and Ulm [6]:

(a) Level 1 (10−8–10−6 m, the C-S-H level): A characteristic length
scale of 10−8–10−6 m is the smallest material length scale. At
this scale, C-S-H exists in at least two forms with different
volume fractions (inner and outer C-S-H).
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Table 1
Parameters for the determination of the volume fractions.

Parameters Reactants Products

C3S C2S C3A C4AF w c C3.4-S2-H8 CH

ρi⁎ [g/cm3] ρC3S⁎ ρC2S⁎ ρC3A⁎ ρC3AF⁎ 1.00 3.15 2.04 2.24
mi 0.543 0.187 0.076 0.073 – – – –

µi [g/mol] 228.32 172.24 270.20 430.12 18 – 227.2 74
NC-S-H

i 1.0 1.0 – – – – – –

NCH
i 1.3 0.3 – – – – – –

Nw
i 5.3 4.3 10.0 10.75 – – – –
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(b) Level 2 (10−6–10−4 m, the cement paste level): Homogeneous
C-S-H with large CH crystals, aluminates, cement clinker
inclusions, and water.

(c) Level 3 (10−3–10−2 m, the mortar level): Sand particles
embedded in a homogeneous cement paste matrix.

(d) Level 4 (10−2–10−1 m, the concrete level): Concrete is a
composite material. Coarse aggregates are embedded in a
homogeneous mortar matrix.

In this study, the lowest scale is the cement paste level (or Level 2)
at the micron scale. The decomposition of C-S-H under high
temperatures will be included in stoichiometric models.

2. Initial volume fractions of constituents

In order to evaluate the phase transformations in cement paste
under high temperatures, wemust know the initial volume fractions of
the constituents in the cement paste when a high temperature is
applied to the concrete. These initial values are related to the degree of
hydration of cement particles at the timewhen the concrete is exposed
to the high temperature. Methods to characterize the degree of
hydration of cement particles are described in Appendix A. The initial
volume fractions of the constituent phases are calculated at two
different scale levels:first at the cement paste level byconsidering only
the water-to-cement ratio, and then at the mortar and concrete level
by considering the volume fractions of fine and coarse aggregates.

2.1. Initial volume fractions of the constituent phases at the cement paste
level

The initial volume fraction of the constituents of cement paste is
calculated on the basis of parameters and expressions developed by
Bernard et al. [7]. At the cement paste level, the total volume is com-
posed of reactants (remainingwater and cement grains) andproducts of
the hydration reactions (such as C-S-H, CH, products by aluminates, and
capillary voids). The total volume is expressed by Eq. (1).

V total
level c:p: = Vw tð Þ +

X
i

Vck
i tð Þ + VC‐S‐H tð Þ + VCH tð Þ + VAL tð Þ + Vcapillary voids tð Þ

ð1Þ

The volume of remaining water in the reactant phases is obtained
by subtraction of the water consumed during hydration from the
initial water content.

Vw tð Þ = Vo
w −

X
i

V i
w × αi tð Þz0 ð2Þ

Vw is the volume of the remaining water, Vw
o is the initial volume of

water in the matrix, and Vw
i is the volume of the consumed water for

complete hydration of clinker i. Vw
i is calculated by Eq. (3).

Vi
w

Vo
c

= Ni
w ×

ρ⁎
i = μ i

ρw = μw
; ρ⁎

i =
Mi

Vo
c

= ρc
miP
i mi

ð3Þ

Vc
o is the initial cement volume, mi (mC3S, mC2S, mC3A, and mC4AF) is the

mass fraction of clinker phases in the cement, and µi is molar mass of
phase i. Thereby Nw

i =nw/ni denotes the number, nw, of moles of the
consumed water during the hydration of ni=1 mol of the clinker
phase i of mass density ρi⁎. For example, the hydration reactions of
C3S and C2S compound are expressed by Eqs. (4) and (5).

2C3S þ 10:6H→C3:4 � S2 �H8 þ 2:6CH ð4Þ

2C2S þ 8:6H→C3:4 � S2 �H8 þ 0:6CH ð5Þ

In Eq. (4), the ratio of consumed water to the hydration of C3S is
5.3. Among them, 1.1 mol are chemically bound, 2.9 mol are absorbed
in the C-S-H pores, and 1.3 mol are consumed to form CH. In Eq. (5),
the ratio of consumed water to the hydration of C2S is 4.3. Thus, Nw

C 3S

and Nw
C 2S are 5.3 and 4.3 respectively. Eqs. (4) and (5) also show that

the hydration of C3S and C2S leads to the formation of 1.3 mol of CH
and 0.3 mol of CH respectively.

The volume of the hydrated clinker phases in the cement is
calculated according to Eq. (6) in which Vi

ck_o is the initial volume of
the clinker phases in the cement.

Vck
i tð Þ = Vcko

i 1− αi tð Þ½ � ð6Þ

C-S-H and CH are produced by the hydration of C3S and C2S. The
volume of C-S-H is calculated by Eq. (7).

VC‐S‐H tð Þ = VC3S
C‐S‐H × αC3S

tð Þ + VC2S
C‐S‐H × αC2S

tð Þ ð7Þ

VC-S-H
C3S and VC-S-H

C2S are asymptotic volumes produced by the hydration of
C3S and C2S, which are determined by Eqs. (8) and (9) respectively.

VC3S
C‐S‐H

Vo
c

= NC3S
C‐S‐H ×

ρ⁎
C3S

= μC3S

ρC‐S‐H = μC‐S‐H
; ρ⁎

C3S
=

MC3S

Vo
c

= ρc
mC3SP

i mi
ð8Þ

VC2S
C‐S‐H

Vo
c

= NC2S
C‐S‐H ×

ρ⁎
C2S

= μC2S

ρC‐S‐H = μC‐S‐H
; ρ⁎

C2S
=

MC2S

Vo
c

= ρc
mC2SP

i mi
ð9Þ

The volume of CH is calculated using Eqs. (10)–(12) in analogy to
Eqs. (7)–(9).

VCH tð Þ = VC3S
CH × αC3S

tð Þ + VC2S
CH × αC2S

tð Þ ð10Þ

VC3S
CH

Vo
c

= NC3S
CH ×

ρ⁎
C3S

= μC3S

ρCH = μCH
ð11Þ

VC2S
CH

Vo
c

= NC2S
CH ×

ρ⁎
C2S

= μC2S

ρCH = μCH
ð12Þ

The parameters used in these equations are taken from Bernard
et al. [7] and are summarized in Table 1. The capillary voids produced
by the chemical shrinkage of the hydrates which occur during the
hydration can be approximated by Eq. (13) (see, Bentz [8]).

Vcapillary voids = Cs · ρc · Vo
c · α tð Þ ð13Þ

Cs is the chemical shrinkage per gram of cement for which the
value of 0.07 ml/g is used as suggested by Bentz [8]. All volume
fractions are determined with the aid of Eq. (14). Vlevel_c.p.

total is the initial
volume of the cement and water in the mixture because the value
remains constant with time. The fraction of the volume occupied by
aluminates is determined using Eqs. (14) and (15).

fi =
Vi

V total
level c:p:

=
Vi

Vo
c + Vo

w
= Vi = V

o
c · 1 +

ρc

ρw
·
w
c

� �
ð14Þ



Table 3
Processes of decomposition depending on the temperature regime.

Temperature Decomposition

20–120 °C Evaporation of free water, dehydration of C-S-H and ettringite
120–400 °C Dehydration of C-S-H
400–530 °C Dehydration of C-S-H, dehydration of CH
530–640 °C Dehydration of C-S-H, decomposition of poorly crystallized CaCO3

640–800 °C Dehydration of C-S-H, decomposition of CaCO3

756 J. Lee et al. / Cement and Concrete Research 39 (2009) 754–762
fAL = 1− fC‐S‐H +
X
i

f cki + fCH + fw + fcapillary voids

 !
ð15Þ

Under the condition of complete hydration (α=1), the volume
fractions of the cement paste, with w/c ratios of 0.5 and 0.67, are
summarized in Table 2. In the cement paste with w/c ratio of 0.5, the
remaining water and capillary void form a macroporosity of 14.84%
(fcapillary void+ fw=14.84%). These values agree with the results from
Taylor [9] and Hansen [10] quite well. Note the w/c ratio of 0.67 is
being used for residual compression tests which were performed in-
house in the present study.

2.2. Initial volume fractions of the constituent phases at the mortar and
concrete levels

The volume fractions of the constituent phases at the mortar and
concrete levels are related to themass proportions of the concrete mix
design. At the mortar level, the volume fractions of the cement paste
and sand can be calculated from Eq. (16).

fs =
f os

f oc + f ow + f os
=

us = ρs

uc = ρc + uw = ρw + us = ρs
; fcp = 1− fs ð16Þ

uc, uw, and us are the different masses per unit volume of cement,
water, and sand respectively. ρc, ρw, and ρs are the mass densities of
cement, water, and sand respectively. fcp and fs are the volume
fractions of cement paste and sand in mortar respectively. The volume
fractions at the concrete level are obtained by considering the coarse
aggregate (gravel) in Eq. (17).

fg =
f og

f oc + f ow + f os + f oa
=

ug = ρg

uc = ρc + uw = ρw + us = ρs + ug = ρg
; fm = 1− fg

ð17Þ

where ug is the mass of coarse aggregate per unit volume and ρg is the
mass density of coarse aggregate. fm and fg are the volume fractions of
mortar and coarse aggregate in concrete respectively.

3. A multiscale stoichiometric model for phase transformations in
concrete exposed to high temperatures

3.1. Phase transformations at the cement paste level

The initial volume fractions of constituents in concrete will change
when the concrete is exposed to high temperature. The changes of the
volume fractions can be characterized by considering the phase
transformation in the concrete under different ranges of high
temperature. However, it is difficult to calculate each phase transfor-
mation exactly with temperature increase because, with respect to
temperature increase, some of the stoichiometric reactions have not
yet been completely established based on experimental data. There-
fore, some hypotheses need to be made to predict the phase
transformations involved in concrete under high temperature. In the
present model, the following assumptions are used.

The first assumption is that the total volume of hardened cement
paste is considered as a constant, that is, the total volume of the
Table 2
Volume fractions of constituents at cement paste level (w/c=0.5 and 0.67).

Volume fractions % (w/c=0.5) % (w/c=0.67)

fC-S-H 53.69 44.45
fCH 15.71 13.01
fAL 15.76 13.04
fcapllary void 8.56 7.09
fw 6.28 22.41
components before phase transformations take place is the same as
the total volume of the components after the phase transformation. In
fact, the total volume varies under different temperatures (Bazant and
Kaplan [11]), which will be discussed in detail later.

The second assumption is that volume fractions of the constituents
in cement paste are assumed as linear functions of temperature
during the phase transformations, and they vary linearly between the
beginning and ending temperature. For instance, C-S-H is decomposed
continuously and proportionally from room temperature up to 800 °C.
The free water is evaporated at about 100–120 °C and bound water is
gradually released up to 800 °C. The loss of the bound water is
assumed to be a linear function between 100 °C and 800 °C.

The third assumption is that the loss of carbonation between
600 °C and 900 °C and the decrease of calcite (CaCO3) between 600 °C
and 800 °C are neglected in the present model because their effects on
concrete stiffness are relatively small.

The last assumption is that the aluminum hydrates are regarded as
non-reactive substances regardless of temperature increase.

The capillary void, the remaining water, and the water in gel pores
are regarded as the initial total void at the cement paste level.

fvoid cement = fw + fcapillary void + fwater in gel pores ð18Þ

According to Copeland and Bragg [12], the volume of water in gel
pores is about 28% of the total volume of the gel. Therefore, the volume
of the water in gel pores is considered as 28% of C-S-H volume.

Since the water in the gel pores is assumed as the initial void, it
should be noted that Eqs. (4) and (5) are balanced assuming all of the
hydration products are saturated. After evaporation of freewater in gel
pores, the chemical formula of C-S-H is regarded as C3.4-S2-H3 (Tennis
and Jennings [13]). This means that 5 mol of H2O (free water in gel
pores) per 1mol of C-S-H is evaporated between 100 and 120 °C. Thus,
after evaporation of free water in gel pores, the decomposition of C-S-
H is described by Eq. (19). Between 400 °C and 530 °C, the decom-
position of calcium hydroxide (CH) is expressed using Eq. (20).

3:4CaO·2SiO2·3H2O→3:4CaO·2SiO2 þ 3H2O↑ ð19Þ

CaðOHÞ2→CaO þ H2O ð20Þ

The volume of water decomposed from C-S-H and CH is regarded
as additional void. It is assumed that CH and C-S-H are completely
decomposed at 530 °C and 800 °C, respectively. Under this assumption
the volume fraction of the decomposed total water from C-S-H
(between 120 and 800 °C) and CH (between 400 and 530 °C) is
calculated using Eq. (21).

fwi = fi × Ni
w ×

ρi = μ i

ρw = μw
ð21Þ

fi
w is the volume fraction ofwater decomposed fromphase i [i=C3.4S2H3

and CH] in the cement paste. fi is the initial volume fraction of phase i.
Particularly, it should be noted that fC-S-H is the volume fraction after
evaporation of the freewater in C-S-H gel pores.Nw

i =nw/ni denotes the
value nw as a number of moles of water decomposed from Ni=1mol of
phase i (Nw

C -S-H=3.0 and Nw
CH=1.0). The density and molar mass of



Table 4
Theoretical formulas for volume fraction change of each phase (w/c=0.67).

Temperature Formulas (%)

120 °C≤T≤800 °C fC3.4S2H3
=−4.70612010 10−2T+37.648961

fC3.4S2=3.4876827 10−2T−4.185224
fC3.4S2H3

w =1.21843383−2T−1.462121
400 °C≤T≤530 °C fCH=−1.00053064 10−1T+53.028124

fCaO=4.55376650 10−2T−18.215066
fCH
w =5.45153994 10−2T−21.806160

Table 5
Mass fractions of clinker phases in the cement.

Clinker phases mC3S mC2S mC3A mC4AF Others

Piasta et al. [1] 0.632 0.154 0.099 0.080 0.035
Harmathy [14] 0.470 0.270 0.116 0.090 0.054
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C3.4S2H3 are 1.75g/cm3and365g/mol respectively (Tennis and Jennings
[13]). The parameters for CH and water are listed in Table 1.

Finally, the volume of calcium oxide (CaO) produced from the
decomposition of CH is obtained by deducting the decomposed water
volume from initial volume of CH. From the same methodology, the
volume of C3.4S2 produced from the decomposition of C3.4S2H3 is
obtained by deducting the decomposed water volume from the initial
volume of C3.4S2H3.

Different processes of decomposition obtained from literature are
summarized in Table 3 with respect to different temperature ranges
(from 20 °C to 800 °C). The theoretical formulas for the change of
volume fraction of each phase considering temperature ranges andw/
c ratio are obtained from schemes described above. Table 4 shows the
theoretical formulas of each phase in cement paste with aw/c ratio of
0.67 for the given temperature ranges. Fig. 1 shows the result for the
change of volume fraction with the transformations of each phase up
to 800 °C using the formulas presented in Table 4.

3.2. Validation of the present model at cement paste level

There has been no systematic quantitative measurements con-
sidering changes of all the phases (C-S-H, CH, CaO, solid grains, and so
on) in cement paste with respect to temperature increase. Thus, the
validation of the present model is done by (i) using the variation of
pore volume under elevated temperatures measured experimentally
by Piasta et al. [3], and (ii) comparing the theoretical calculation for
the porosity change by Harmathy [14].

Piasta et al. [3] performed various experimental studies related to
the thermal properties of concrete with w/c of 0.4 at elevated
temperatures. Harmathy [14] calculated the porosity, the true density,
and the bulk density of an idealized cement paste with w/c of 0.5 at
elevated temperature using formulas based on the work of Powers
[15]. Table 5 shows the mass fractions of clinker phases for the
cements used in the experiments of Piasta et al. [3] and the theoretical
calculation of Harmathy [14]. Table 6 shows the result of porosity tests
between 20 °C and 800 °C by Piasta et al. [3].
Fig. 1. Change of phase composition with increasing temperature (w/c=0.67).
To compute the volume fraction of the voids in cement paste from
the test data of Piasta et al. [3], the density of cement paste is
approximated using Eq. (22).

ρcp =
mcp

Vcp
=

mw + mc

Vw + Vc
=

ρc · 1 + w= cð Þ
1 + ρc = ρwð Þ · w= cð Þ ð22Þ

The volume fraction of the voids from the test data is calculated as
the product of the density of cement paste using Eq. (22) and the
value of total porosity. In Eq. (2), Vw(t) has a positive value beyond the
w/c ratio of 0.45 for the cement used in their test. Forw/c ratio of 0.4,
the volume fraction of completely hydrated cement compounds is
0.89. The remaining 11% of cement compounds exists as solid grains
(non-reactive substances) in the cement paste. To reflect this volume
fraction of completely hydrated grains in Eqs. (2), (7), (10), and (13),
αi(t), the degree of hydration, is multiplied by the factor of 0.89 for
these equations. The remaining procedures are the same as discussed
above.

The comparison for pore volume fractions between the present
model and the test data by Piasta et al. [3] is shown in Fig. 2. It can be
seen clearly that the present model predicts the test results by Piasta
et al. [3] very well. The comparison between the present model and
the theoretical calculation by Harmathy [14] is shown in Fig. 3. It is
evidenced that the difference between the present model and the
model by Harmathy [14] is quite large. This is because the model of
Harmathy [14] assumed that cement was only composed of C3S (0.653
as the weight fraction) and C2S (0.365 as the weight fraction). In other
words, for the prediction of voids in a cement paste, Harmathy's
model only considered two phases (C-S-H and CH), which are formed
from the C3S and C2S components, as the total volume of cement
paste. This assumption might cause a larger error than the present
model because the model overestimates the volume of voids with
respect to temperature increase.

3.3. The volume fractions of the phases at the mortar and concrete levels

At an elevated temperature, aggregates expand. However, the
expansion is small compared to the initial volume. Therefore, the total
Table 6
Porosity and pore size distribution (w/c=0.4, Piasta et al. [3]).

Property Temperature (°C)

20 100 20 300 400 500 600 700 800

Total porosity
(cm3/g)

0.101 0.116 0.115 0.122 0.135 0.147 0.211 0.245 0.223

Mercury porosity
(cm3/g)

0.083 0.098 0.089 0.105 0.109 0.107 0.153 0.189 0.159

Percentage of pores
in radius intervals
5–10 (nm) 10 6.7 4 5.1 4.6 3.6 2.4 4.1 1.6
10–15 6.4 6.7 5.4 6.5 5.4 3.8 3.7 3.7 3.3
15–25 10.4 11.3 11.7 9.9 13.4 10.3 10.6 7.8 7
25–50 17.7 25.1 242 16 21.3 20.4 20.4 17.6 16.1
50–75 10.2 19.5 20.2 12.5 14.1 17.5 15.4 12.7 12.9
75–100 5 6.6 7.7 5.3 5.8 7.4 6.4 5.9 7
100–150 7.2 6.6 7.9 6.3 7.5 8.2 8 6.5 7.7
150–250 18.9 12.9 12.5 14.4 15.3 14.4 12.5 10.4 11.7
250–500 11.2 3.8 5.8 20.1 10.3 11 16.7 26.1 21.3
500–1000 2 0.2 1.8 2.3 1.6 2.2 2.9 4.3 10.5
1000–7500 0.8 0.1 0.9 1.1 0.7 1.2 1.1 1 0.9



Fig. 2. Comparison between the current model and test data by Piasta et al. [3].

Table 7
Volume fraction of phases at mortar level (w/c=0.67).

Volume (%) Temperature (°C)

20 °C≤T≤120 °C 200 °C 400 °C 600 °C 800 °C

C3.4S2H3 16.87 14.88 9.92 4.96 0.00
C3.4S2 0.00 1.47 5.15 8.82 12.50
CH 6.86 6.86 6.86 0.00 0.00
CaO 0.00 0.00 0.00 3.12 3.12
AL 6.88 6.88 6.88 6.88 6.88
void_cement 22.11 22.62 23.91 28.93 30.21
Sand 47.29
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volume of aggregates is assumed to be constant in the calculation for
the volume fractions of sand and gravels.

The volume fractions of each phase with respect to temperature
increase at the mortar and concrete levels are calculated with Eqs.
(23) and (24).

fiVmortar = fi · fcp mortar; fs mortar = fs; atmortar level ð23Þ

fiV con = fi · fcp · fm; fs con = fs · fm; fg con = fg; at concrete level ð24Þ

In which, fi is the volume fraction for C3.4S2H3, CH, AL, C3.4S2, CaO,
and void_cement which changed with temperature increase at the
cement paste level. Tables 7 and 8 show volume fractions of each
phase at the mortar level and concrete levels respectively (for w/
c=0.67).

4. Thermal degradation of the modulus of elasticity of concrete

A recently developed theory of composite damage mechanics (Xi
[16]; Xi and Nakhi [17]; Xi et al. [18]) is used in this study for handling
the effect of phase transformations on stiffness of concrete. The
changes in volume fractions of the constituents in concrete result in
variation of stiffness of the concrete, which can be modeled by the
following equation as an effective modulus, Eeff, of a two-phase
composite

Eeff = fj c2ð ÞE1 ð25Þ

in which E1 is the modulus of phase 1 (may be considered as the
matrix) and c2 is the volume fraction of phase 2 (may be considered as
the inclusion). The total volume, V, contains volume V1 for phase 1
and volume V2 for phase 2, in such a manner that V1+V2=V.
Fig. 3. Comparison between the current model and model of Harmathy [14].
Depending on the volume fraction and distribution of phase 2 in
phase 1, fj(c2) represents the variation of the effective modulus due to
the appearance of phase 2. Subscript j represents different distribu-
tions of phase 2 in the two-phase composite. If phase 2 is distributed
in the form of spherical shapes of different sizes and distributed
randomly within phase 1, fj(c2) can be expressed by Eq. (26).

fspherical c2ð Þ = 1 +
c2

1− c2ð Þ= 3 + 1 = E2 = E1ð Þ− 1½ � ð26Þ

Eq. (26) is called the spherical composite model or the generalized
self-consistent model for the effective modulus of a two-phase
composite.

When phase transformations take place in concrete under high
temperatures some phases with high moduli convert to other phases
with lower moduli or with zero moduli (such as voids). Nucleation of
voids in this case, is due to evaporation of water at high temperature.
Water includes the initially remaining water in the concrete as well as
the water generated by phase transformations. To describe the effect
of phase transformations taken place under high temperatures, we
assume that the transformed phases in the concrete are generated
randomly in spherical shapes of different sizes within the original
phases. So, Eqs. (25) and (26) can be used to calculate the effective
modulus of concrete under various temperatures.

4.1. Thermal degradation at the cement paste level

Considering the phase transformations as independent processes
(they may take place simultaneously but without coupling), the
expression for the effective modulus in Eq. (27) can be developed
based on the composite damagemechanics (Xi and Nakhi [17]; Xi et al.
[18]) Eq. (25).

ETeff = f T;isphericalEcon ref = f T;C3:4S2H3
spherical · f T;CHspherical::::

� �
· Econ ref

=
YN

i=C3:4S2H3

f T;ispherical

0
@

1
A · Econ ref

ð27Þ

in which the function fspherical
T, i denotes the thermal degradation factor

of the elastic modulus from each original phase to their respective
decomposed state. Eq. (27) is a result of recursive applications
Table 8
Volume fraction of phases at concrete level (w/c=0.67).

Volume (%) Temperature (°C)

20 °C≤T≤120 °C 200 °C 400 °C 600 °C 800 °C

C3.4S2H3 10.71 9.45 6.30 3.15 0.00
C3.4S2 0.00 0.93 3.27 5.60 7.93
CH 4.35 4.35 4.35 0.00 0.00
CaO 0.00 0.00 0.00 1.98 1.98
AL 4.36 4.36 4.36 4.36 4.36
void_cement 14.03 14.36 15.17 18.36 19.18
Sand 30.02
Gravel 36.53



Table 9
Elastic properties of constituent phases.

Phases E (Gpa) ν (–) References

CSH 31±4 – Acker [19]
29.4±2.4 0.24 Constantinides and Ulm [6]

C3S 135±7 0.3 Acker [19]
147±5 0.3 Velez et al. [20]

C2S 140±10 0.3 Acker [19]
130±20 0.3 Velez et al. [20]

CH 35.24 – Beaudoin [21]
48 – Wittmann [22]
39.77–44.22 0.305–0.3 Monteiro and Chang [23]
36±3 Acker [19]
38±5 – Constantinides and Ulm [6]

CaO 194.54±0.5 0.207 Oda et al. [24]
C3A 160±10 – Acker [19]

145±10 – Velez et al. [20]
C3AF 125±25 – Velez et al. [20]
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of Eq. (25), with each transformation described by its own function
fspherical
T,i. For example, C3.4S2H3 decomposes into C3.4S2 and H2O
(considered as new void) with increasing temperature as shown in
Eq. (19); c2 is the volume fraction of the decomposed phase C3.4S2
with respect to the original phase C3.4S2H3, and E2/E1 is the ratio for
the elastic modulus of the decomposed phase C3.4S2 (E2) to the
original phase C3.4S2H3 (E1). The effective stiffness is obtained by
inserting Eq. (26) into Eq. (25) considering the original phase C3.4-
S2H3 and the decomposed phase C3.4S2.

To obtain the finalized thermal degradation factor for the original
phase C3.4S2H3, Eq. (26) is applied again for the second decomposed
phase H2O. In Eq. (26), the stiffness of the original phase, E1, is the
effective stiffness Eeff

C3.4S2_C3.4S2H3, which is obtained from C3.4S2H3 and
the previous transformation C3.4S2. The volume fraction and stiffness
of H2O (new void) phase are c2 and E2 (where the new phase is a void
with E2=0). Eq. (28) is the function for the thermal degradation
factor of the elastic modulus transformed from C3.4S2H3 (the original
phase) to C3.4S2 and H2O (the respective decomposed phases).

f T;C3:4S2H3
spherical = 1 +

cH2O

1− cH2O

� �
= 3 + 1 = EH2O

= EC3:4S2C3:4S2H3
eff

� �
− 1

h i ð28Þ

In the application of the composite damagemechanics, it is noticed
that Eeff obtained from the first decomposed phase should be higher
than the elastic modulus of the second decomposed phase because the
thermal degradation factor should always be less than or atmost equal
to 1. In summary, the modulus ratios in fspherical

T,i are not simply the
stiffness ratios of the product and the reactant, but the stiffness ratios
of the product and the effective media.

4.2. Thermal degradation at the mortar and concrete levels

It is important to point out that Eq. (27) does not include the
effects of aggregates on stiffness of concrete, such as thermal
degradation of aggregate and debonding between aggregate and
cement paste. The aggregates themselves may experience various
phase changes during different heating and cooling rates. Moreover,
concrete expands during heating up to about 150 °C; the maximum
expansion is 0.2%. No further expansion occurs between 150 and
300 °C. Between 300 °C and 800 °C the hardened cement paste
shrinks, and the shrinkage is between 1.6 and 2.2% at 800 °C. The
expansion and shrinkage of cement paste have three different impacts
on properties of concrete. First, they do not match with the expansion
of aggregate in concrete under elevated temperature, and thus
generate cracks and debonding in concrete, which lower the stiffness
of concrete. This type of impact will be considered in this section.
Second, the expansion and shrinkage of cement paste affect the
coefficient of thermal expansion of the concrete, which will be
addressed by another paper by the authors. The third impact is that.
they change the volume of the concrete to a certain extent, but the
variation is quite small comparedwith the total volume. Therefore, the
total volume of the cement paste can be assumed as a constant in
Section 3.1.

To take into account the effects of the mismatch between the
deformations of cement paste and aggregate, another function, fagg_deg
is introduced in the model. Eqs. (29) and (30) define the final thermal
degradation function for the elastic modulus of concrete. Eq. (30)
represents the total thermal degradation factor of concrete.

ETeff =
YN

i=C3:4S2H3

f T;ispherical

0
@

1
A · fagg deg · Econ ref = F Tð ÞEcon ref ð29Þ

F Tð Þ =
YN

i=C3:4S2H3

f T ;ispherical

0
@

1
A · fagg deg ð30Þ

fagg_deg includes the combined effect of aggregate on stiffness of
concrete. Because of the lack of detailed experimental data, fagg_deg is
obtained from a regression curve from test data shown in Bazant and
Kaplan [11]. As the first approximation, the fagg_deg as shown Eq. (31)
incorporates the effects of interface cracks and debonding between
aggregates and hardened cement paste and the thermal degradation
of aggregates themselves.

fagg deg = 0:03921 + e−0:002T ð31Þ

The effect of Eq. (31) on the prediction model will be shown in the
next section together with the comparisons for experimental results.
5. Comparison between the present model and experimental results

To calculate the thermal degradation of elastic modulus of concrete using the present model, the stiffness of each phase must be evaluated.
Table 9 summarizes the elastic properties of the constituent phases obtained from literature.

It is noticed that the elastic moduli of CS decomposed from C-S-H and CaO decomposed from CH vary depending on the porosity of the phases.
The porosities of CaO and C3.4S2 are therefore calculated using the volume fractions of the phases decomposed from CH and C3.4S2H3. The
functions are shown in Eq. (32).

pCaO =
fH2O CH

fCaO CH + fH2O CH
; pC3:4S2 =

fH2O C3:4S2H3

fC3:4S2 C3:4S2H3
+ fH2O C3:4S2H3

ð32Þ

Table 10 is a summary for the elastic modulus of each phase used in the present model. The functions for the elastic moduli of CaO and C3.4S2
with respect to porosity are based on empirical expressions by Velez et al. [20]. The fixed variable (n) in the function, see Table 10, for the elastic
modulus of CaO is assumed as 4, which is an average value for variables used in the functions for C2S and C2A by Velez et al. [20]. fsphericalT,AL for



Table 10
Elastic moduli of each phase used in the present model.

Phases pi (porosity) E (Gpa)

C3.4S2H3 – 32.0
C3.4S2 0.26 29.79 [from E=120 (1−pC3.4S2)

n, n=4.65]
CH – 40.2
CaO 0.54 8.35 [from E=194.54 (1−pCaO)n, n=4]
Void – 0
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aluminumhydrates is 1 because they were assumed to be a non-reactive substance. Thus, the elastic moduli of aluminumhydrates are not used in
the calculation of the thermal degradation.

Finally, the prediction model for the thermal degradation of elastic modulus of concrete can be expressed in terms of temperature, combining
the relevant equations in previous sections. The thermal degradation factor of concrete for 20–120 °C is the same as the thermal degradation
(fagg_deg) for the elastic modulus of the aggregates because the capillary void, remaining water, and water in gel pores of C-S-H are assumed as the
initial total void from 20 °C to 120 °C in themodel, whichmeans no phase transformation (no damage) up to 120 °C (see Fig.1). Eqs. (33)–(35) are
the thermal degradation factors of concrete for three temperature ranges.

For 120–400 °C,

F Tð Þ =
39:21 · 10−3 + e−0:002T
� �

· 697:126 · 10−3 − 253:828 · 10−6T
� �

651:437 · 10−3 + 126:914 · 10−6T
� � : ð33Þ

For 400–530 °C,

F Tð Þ =
563:948 · 104 · 3:921 · 10−2 + e−0:002T

� �
· 178:434 · 10−2 − 279:418 · 10−5T
� �

· 697:126 · 10−3 − 253:828 · 10−6T
� �h i

77:1825 + Tð Þ · 5132:91 + Tð Þ :

ð34Þ

For 530–800 °C,

F Tð Þ =
357:689 · 10−3 · 3:921 · 10−2 + e−0:002T

� �
· 697:126 · 10−3 − 253:828 · 10−6T
� �

651:437 · 10−3 + 126:914 · 10−6T
� � : ð35Þ

The above three equations are functions of temperature only, but they are developed taking into account phase transformations and stiffness
degradations in concrete. They represent normalized ratios of the moduli of distressed concrete to the moduli of original concrete in different
temperature ranges. The concrete mix design parameters, such as w/c, are included in the parameter Econ_ref in Eq. (29).

The prediction model is compared with test data from previous researches including our own study (Lee et al. [25]). Fig. 4 shows the
comparison between the present model and the test data. In Fig. 4, the vertical axis is for the relative elastic modulus, which is the ratio, EeffT /
Econ_ref. The ratio is used to normalize the test data of different concrete mix design parameters. As one can see from Fig. 4 that the present model
satisfactorily predicts the trend of the test results in spite of the fact that the experimental conditions used in previous researches differ from each
other, such asw/c ratios, curing ages, heating rates, holding times at each target temperature, and loading time (unstressed test and residual test).
In short the model reproduces test results with relatively good accuracy.

As a comparison, Fig. 5 shows the effect of aggregate, which is the curve for Eq. (31); and the effects of phase transformations in cement paste
without the effect of aggregate, which are the curves for Eqs. (33)–(35) without combining with Eq. (31).
Fig. 4. Comparison between the current model and test data.
 Fig. 5. Comparison of cement, aggregate, and concrete.
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6. Conclusions

A multiscale model was established to predict the thermal
degradation of the modulus of elasticity of concrete at elevated
temperature ranges. The internal structure of concrete was con-
sidered at three scale levels: cement paste, mortar, and concrete.
Thereby the cement paste is a multi-phase composite with cement
particles and the principal hydration products; mortar is a mixture
of cement paste and sand; and concrete is a mixture of mortar and
gravel.

At the cement paste level, the phase transformations under
high temperature were modeled by stoichiometric relations,
which furnish the volume fractions of the products of the phase
changes. The effective elastic modulus of cement paste under a
certain temperature was determined based on composite mechanics
models and using the volume fractions of the constituents at the
given temperature. The water released during the heating process is
considered as part of the pore distribution with zero modulus of
elasticity.

The variation of pore volume with increasing temperature
was predicted by the present model, and compared with the test
data by Piasta et al. [3]. The present model predicted the test results
very well.

At the mortar and concrete levels, the effective elastic moduli of
mortar and concrete for a given temperature was determined based
on composite models using the volume fractions and moduli of
cement paste, sand, and gravel. The elastic modulus of cement paste
came from the effectivemodulus obtained from the lower level model,
and the variations of elastic moduli of various sand and gravels were
established based on available test data in the literature.

The present model for the thermal degradation of elastic modulus
of concrete closely reproduced the basic trend of available test results
which included various concrete mix design parameters as well as
heating and cooling conditions.

The multiscale chemo-mechanical model provided a general
framework that can be used to predict for thermal degradations
of the elastic modulus as well as other properties of concrete, such
as thermal expansion and diffusivity of concrete under high
temperatures.
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Appendix A. Hydration kinetics model

Typically in Portland cement four clinkers (C3S, C2S, C3A, and
C3AF) participate in the hydration reaction of cement. The hydration
Fig. A1. Hydration proce
process takes place in five periods, namely the initial reaction period
(Period 1), the induction period (Period 2), the acceleration period
(Period 3), the deceleration period (Period 4), and the slow period
(Period 5). Periods 1 and 2 correspond to the early stage of
hydration reaction, Periods 3 and 4 to the middle stage, and Period 5
to the late stage (Taylor [9]). The hydration reactions of cement are
classified as two processes: The first one is the reaction process of
nucleation and growth of the clinker phases, which takes place over
0–20 h. The second is a diffusion controlled process where the
kinetics of the hydration reaction is controlled by the rate of
diffusion of dissolved ions through the layers of hydrates, which are
formed around the clinker. This process develops at ages of 1 day
and beyond. The rate of hydration of the second process depends
strongly on the water-to-cement (w/c) ratio (Berliner et al. [26]).
Fig. A1 is a schematic for the hydration process of cement paste. Eq.
(A1) is commonly employed to model the nucleation and growth
reaction kinetics in cement chemistry which amounts to the first
20–30% of the reaction:

− ln 1− αi − αoið Þ½ � = k t−toð Þm� 	 ðA1Þ

αi is the hydration degree of reaction of clinker i at the time t.
αoi is the hydration degree of reaction of clinker i at the time to,
when the nucleation and growth process dominate the hydration. k
is a rate constant that considers the effects of nucleation, multi-
dimensional growth, geometric shape factors, and the diffusion
process. m is the exponent defining the reaction order. Taylor [27]
proposed Eq. (A2), which is a simplification of Eq. (A1)

αi = 1− exp −ai t−bið Þci� 	 ðA2Þ

αi, bi, and ci are coefficients, which were determined empirically
for the specific Portland cement. The coefficients are shown in Table
A1. Also, Eq. (A2) is used as an approximation for long-term hydration
reactions of cement paste.

For tN1 day, the hydration reactions are controlled by the rate of
diffusion, which has been addressed by Berliner et al. [26], and Fuji
and Kondo [28]. According to Fuji and Kondo [28], the rate of
hydration reaction is

1−αið Þ1=3 = − 2Dið Þ1=2 t−t⁎
� �1=2

= R + 1−α⁎
i

� �1=3 ðA3Þ

where αi⁎ is the degree of reaction of clinker i at the time t⁎. The
hydration reactions of the cement particles are governed by the rate of
diffusion of dissolved ions. Di is the diffusion constant (cm2/h) of
clinker i, and R is the initial radius of the clinker grains. An average
particle size 2×10−6 in. (5×10−4 cm) can be used as the initial radius
of the clinker grains (R).

The parameter Di and coefficients taken from Berliner et al. [26]
and Bernard [7] are summarized in Table A2. The hydration reaction
of the cement paste based on the diffusion theory is very fast as
compared with that from the empirical equation, Eq. (A2). The overall
degree of hydration, α, of the cement-based material systems is
ss of cement paste.
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related to the individual degree of hydration of clinkers. The overall
degree of hydration may be expressed by Eq. (A4).

α tð Þ =
P

i miαi tð ÞP
i mi

ðA4Þ

mi=mC3S,mC2S,mC2A andmC4AF are the mass fractions of the clinker
phases in the cement.

Table A1
Coefficients of αi, bi, and ci.
Compound
 αi
 bi
 ci
C3S
 0.25
 0.9
 0.7

C2S
 0.46
 0.0
 0.12

C3A
 0.28
 0.9
 0.77

C3AF
 0.26
 0.9
 0.55
Table A2
Diffusion constant and coefficients in the diffusion model.
Clinkers
 w/c
 Diffusion model
Di (cm2/h)
 t⁎ (h)
 αi⁎
C3S
 0.3
 0.42×10−10
 20 or 30
 0.60

0.5
 2.64×10−10
0.7
 15.6×10−10
C2S
 0.3
 6.64×10−10
0.5
0.7
C3A
 0.3
 2.64×10−10
0.5
0.7
C3AF
 0.3
 0.42×10−10
0.5
 2.64×10−10
0.7
 15.6×10−10
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