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1. Introduction

The significance of the bleeding of cement pastes, cement mortars,
and concretes, which has a major impact on plastic cracking, and the
importance of understanding it have long been recognised [1,2].
Bleeding has consequently been the subject of considerable research
efforts spanning many years and remains so today [3–5]. In particular,
analyses of bleeding as a process of self-weight consolidation have been
presented by a number of researchers [1,4–7] over a very long period.

The earliest such analysis is that of Powers [1], who concluded that
bleeding was attributable to a process of subsidence that eventually
halted either becausemechanical consolidationwas complete or because
of the beginning of set. Powers presented a small-strain consolidation
theory that accounts for hydration but gave a numerical solution only.

Considerably later, Tan et al. [6] derived a small-strain analytical
solution of the bleeding of cement pastes that neglects hydration and
can be shown to be identical to an earlier solution for the
consolidation of soil [8]. Their comparison of the solution with
laboratory data [6] indicated that it would be necessary to account for
hydration to obtain satisfactory fits. Kwak and Ha [4] subsequently
validated the small-strain model using earlier data for cement pastes
and concretes, and Tan et al. [7] presented a finite-strain model of the
bleeding of cement pastes and mortars that considered the effect of
set. The latter was solved numerically and validated by comparison
with data for cement pastes and mortars [7].

Most recently, Kwak and Ha [4] presented a small-strain numerical
model of bleeding that accounts for the temperature variation caused by
theheat of hydration, but not for set,while Josserandet al. [5] presenteda
finite-strain numerical model that incorporates the effects of hydration.

In this paper, linearfinite-strain and small-strain analytical solutions
for the bleeding of fresh cement pastes, cement mortars, and concretes
due to one-dimensional self-weight consolidation are presented that
account for set. The effects of temperature changes, including those due
to the heat of hydration, are ignored. The solutions are validated by
comparisonwith laboratory data for cement pastes and concretes taken
from the literature, and their potential applications and limitations are
discussed. A potential method of determining the time of set, an
important parameter in the analytical solutions, is also discussed briefly.
2. Analytical solutions of self-weight consolidation

The presence of entrained air, which typically occupies about 1% to 5% of the volume of plastic concrete, is neglected in earlier self-weight
consolidationmodels for the bleeding of cement paste, cement mortar, and concrete [5–7] and in comparable models of the consolidation of soils
[8,9]. It is also neglected in the models presented here.

In the following derivations, the material as a whole and the liquid in the pores, are, for convenience, referred to as concrete and water,
respectively, regardless of their composition. The term, concrete, thus includes cement pastes and cement mortars.
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2.1. Governing equations

The governing equation in material co-ordinates for one-dimensional primary consolidation (neglecting creep) of a saturated, thick concrete
layer is [10]
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where γs is the unit weight of the solids, γw the unit weight of water, e the void ratio, k the vertical permeability, z the vertical material co-
ordinate measured downwards from the top of the concrete, t the time measured from the end of placing, and σ′ the vertical effective stress.

Natural and material co-ordinates are related by [8,10,11]

z = ∫x
0

1
1 + ei xð Þð Þ dx ð2Þ

where x is the natural vertical co-ordinate measured downwards from the top of the concrete and ei(x) is the e at zero t.
Eq. (1) was introduced by Gibson et al. [10] to overcome the shortcomings of the small-strain Terzaghi solution [9]. The small-strain governing

equation, expressed in material co-ordinates, is [12]

∂2e
∂z2

=
1
g
∂e
∂t ð3Þ

where g is the finite-strain coefficient of consolidation.
The parameter g is related to the classical Terzaghi small-strain coefficient of consolidation cv by [12,13]

g =
cv

ð1 + eÞ2 ð4Þ

Gibson et al. [13] reduced Eq. (1) to the linear form
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where λ is denoted the linearization constant.
For application to the consolidation of soils, Gibson et al. [13] attempted to preserve the essential non-linearity of the permeability and

compressibility by assuming that both g and λ are constants. However, concrete remains a frictional particulate material comparable to soil only
until the degree of hydration reaches a threshold value at which a solid structure is formed [14]. As long as a water film separates the hydration
products, fresh concrete has no intrinsic strength, but when the hydrated cement gel bridges the gaps between the hydrating cement particles,
the development of the material strength and stiffness is initiated. The degree of hydration at which this occurs ranges from 6% to 30% [15,16],
increasing with the water/cement ratio W/C [17].

To account for hydration in concrete, it is necessary to treat g as a function of t. In the absence of suitable data to enable an appropriate function
to be determined, it is assumed here that

g = g0 1− t
ts

� �m� �
ð8Þ

where g0 is the finite-strain coefficient of consolidation at zero t, ts is the time at set, which is defined here as the point at which sufficient
hydration has occurred to stop self-weight consolidation, and m is a dimensionless exponent. In contrast, Tan et al. [7] and Josserand et al. [5]
selected linear and exponential functions to account for the effects of hydration and set in their analyses.

Eq. (8) is plotted in Fig. 1 form values ranging from unity to infinity. Best-fitm values ranging from 1.91 to 15.75were obtained for the cement
mortars and concretes analysed in the present study.

The parameter g0 is given by

g0 = − k eð Þ
γw 1 + eð Þ

∂σ′
∂e

� �
ð9Þ



Fig. 1. Variation of finite-strain coefficient of consolidation with time.
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where k, e, and σ′ refer to zero t. The assumption that λ and g0 are constant is valid only over limited ranges of σ′ and e [18,19], and the same
limitation applies to the analytical solutions based on Eqs. (3) and (5). However, this assumption has been shown to be satisfactory for soils, and
hence is applicable to ordinary cement pastes, mortars, and concretes, which are much less variable materials. This will be confirmed by the
results of the analyses of laboratory data presented subsequently.

The finite-strain e–σ′ relationship corresponding to constant λ, which can be obtained by integrating Eq. (7) and is thus implicit in Eq. (5), is
[12,13]

e = e0−e∞ð Þ exp −λσ′ð Þ + e∞ ð10Þ

where e0 is the e corresponding to zero σ′ for finite-strain consolidation, and e∞ is the e corresponding to infinite σ′.
Equating λ to zero in Eq. (5) reduces it to the small-strain equation, Eq. (3). The corresponding linear e–σ′ relationship, which can be obtained

by integrating Eq. (7) with λ set to zero, is

e = e0−avσ′ ð11Þ

where av is the classical Terzaghi coefficient of compressibility [9].
The validity for concrete and similar materials of Eqs. (10) and (11), which were originally applied to soils, is demonstrated initially by Fig. 2

and ultimately by the subsequent validation of the equations for cumulative bleed derived using them. The representative finite-strain curve and
small-strain line shown in Fig. 2 are based on consolidation test data for twenty-one specimens of retarded but otherwise ordinary Portland
cement concrete [20]. The small-strain line is tangential to the finite-strain curve at zero σ′. The corresponding values of e0, e∞, λ, and av are 0.212,
0.182, 0.0163 kPa−1, and 4.89×10−4 kPa−1, respectively. These are the means of the values derived by least-squares analyses of the
consolidation data from all 21 tests. Very good fits were obtained in all cases, with the values of the correlation coefficient R and the F statistic
ranging from 0.9949 to 0.9999 and from 56 to 6847, respectively. (The F statistic is the ratio of the variation in the data explained by the model to
Fig. 2. Representative void ratio–effective stress relationships for finite- and small-strain consolidation.
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the variation that remains unexplained. Hence an F value of 19 implies that the model fails to explain only 5% of the total variation in the data.
Clearly, the higher the F value, the better the fit. Also, the F statistic enables the direct comparison of fits obtained for data sets of unequal sizes,
while R does not.)

2.2. Normalised dimensionless governing equations

To obtain solutions of Eqs. (3) and (5), it is convenient to convert them into normalised dimensionless forms. This can be done by defining the
parameters [13]

E Z; Tð Þ = e z; tð Þ
e 0;0ð Þ ð12Þ

Z =
z
l

ð13Þ

T =
g0t
l2

ð14Þ

and

N = λl γs−γwð Þ ð15Þ

where E is the normalised e, Z is the dimensionless z, T is the dimensionless time factor,N is the dimensionless governing equation parameter, and
l is the depth of the concrete layer in material co-ordinates.

The substitution of Eqs. (12)–(15) in Eqs. (3) and (5), respectively, gives the normalised, dimensionless forms

∂2E
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Eq. (16) can obviously be obtained by equating N to zero in Eq. (17). Eq. (15) shows that this implies either that λ equals zero, the
consequences of which have been discussed above; that γc equals γw, i.e. that the buoyant weight of the solids in the concrete is zero; or that
l equals or closely approaches zero, i.e. the thickness of the concrete layer is small. The last two conditions both imply zero consolidation [12,19],
and hence no bleeding.

2.3. Finite-strain analytical solutions for bleeding

The governing equation is Eq. (17). It is assumed that e is initially constant over the whole depth of the concrete layer, which can drain freely
at its upper surface but rests on impermeable material at its base. The initial, final, upper, and lower boundary conditions to be applied to Eq. (17)
are, respectively.

E Z;0ð Þ = 1;0≤Z≤1 ð18Þ

∂E Z; Tsð Þ
∂T = 0;0≤Z≤1 ð19Þ

E 0; Tð Þ = 1;0≤T≤Ts ð20Þ

and

∂E 1; Tð Þ
∂Z + N E ð1; Tð Þ−Bð Þ = 0;0≤T≤Ts ð21Þ

where Ts is the dimensionless time factor at ts, and B, the E corresponding to infinite σ′, via Eq. (10), is given by

B =
e∞

e 0;0ð Þ ð22Þ

Eq. (17) can be further simplified by transforming T using the following relationship [21],

∂τ = 1− T
Ts

� �m� �
∂T ð23Þ

where τ is the transformed dimensionless time factor.



1535P.H. Morris, P.F. Dux / Cement and Concrete Research 40 (2010) 1531–1540
Integrating Eq. (23) gives

τ = T 1− 1
m + 1

� �
T
Ts

� �m� �
ð24Þ

Substituting Eq. (24) into Eqs. (17), (19), (20), and (21) gives

∂2E
∂Z2 + N

∂E
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∂E
∂τ ð25Þ

∂E Z; τsð Þ
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and

∂E 1; τð Þ
∂Z + N E ð1; τð Þ−Bð Þ = 0;0≤τ≤τs ð28Þ

where τs is the transformed dimensionless time factor at ts.
The problem posed by the governing equation, Eq. (25), and the boundary conditions, Eqs. (18) and (26)–(28), has been solved previously for

τs equal to infinity [12]. The existing solution for E, which remains valid if the upper limit for τ is reduced to τs, is

E = 1−Bð Þ exp −NZð Þ + B + exp
−NZ
2
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exp
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where αn is the nth positive root of

tan αð Þ = −2α
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ð30Þ
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Substituting Eq. (24) in Eq. (29) gives the solution,

E = 1−Bð Þ exp −NZð Þ + B + exp
−NZ
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which is valid for 0≤T≤Ts, where Ts≤∞.
In the absence of set, Ts=∞, τ=T, and Eq. (32) is reduced to the earlier solution for finite-strain self-weight consolidation [12].
The total depth of bleed at any time is obtained by subtracting the corresponding reduction in E from the initial E value of unity [Eq. (18)], and

multiplying the result by the initial height of the pore water. This gives

bt = lei 1−∫1

0
E Z; Tð ÞdZ

� �
ð33Þ

where bt is the total depth of bleed at time t.
Combining Eqs. (32) and (33) gives
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which is valid for 0≤T≤Ts, where Ts≤∞.
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The solution for bt for the case where set does not occur before consolidation is complete can be obtained by equating Ts to infinity in Eq. (34).
This reduces it to

bt = lei 1− 1− exp −Nð Þ
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which is valid for 0≤T≤∞.

2.4. Small-strain analytical solutions for bleeding

The problem is identical to that considered in Section 2.3, except that Eq. (16) is the governing equation, and the associated small-strain e–σ′
relationship, Eq. (11) (Fig. 2), applies.

The initial, final, and upper boundary conditions are given by Eqs. (18)–(20), respectively, and the lower boundary condition is given by

∂E 1; Tð Þ
∂Z = −A; 0≤ T ≤ Ts ð36Þ

where A is the slope of the E–Z line, which is given by

A =
γs−γwð Þlav
e 0;0ð Þ ð37Þ

Combining Eq. (16) and the boundary conditions with Eq. (23) again transforms the problem to one that has been solved previously for τs
equal to infinity [12]. After τs is eliminated using Eq. (23), the existing solution for E, which again remains valid if the upper limit for τ is reduced
to τs, becomes

E = 1−AZ +
8A
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2
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Eq. (38) can also be obtained by equating N and NB to zero and −A, respectively, in Eqs. (30)–(32), the corresponding finite-strain solution
[19]. The product NB and A remain finite in this case, because, although N equals zero, B [Eq. (22)] equals negative infinity (Fig. 2).

The total bleed is determined by substituting Eq. (38) in Eq. (33), giving

bt = Alei
1
2
−16
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which is valid for 0≤T≤Ts, where Ts≤∞.
The solution for bt for the case where set does not occur can be obtained by equating Ts to infinity in Eq. (39). This gives

bt = Alei
1
2
−16

π3 × ∑
∞

n=1;3;5

1
n3 sin

nπ
2

� �
exp

−n2π2T
4

 ! ! !
ð40Þ

which is valid for 0≤T≤∞.
3. Validation of analytical solutions

The finite- and small-strain analytical solutions for bt, Eqs. (34),
(35), (39) and (40), were validated by comparison with bleed test
data for cement pastes [22] and concretes [23–25].
Table 1
Best-fit analytical equations, fitting parameters, and statistics for bleeding of cement
pastes.

W/C ts
(min)

Best-fit
equations

m A N g0
(mm2/s)

R F

0.35 120 (34) 3.40 – 0.524 0.0033 0.9994 2185
120 (39) 3.35 0.504 – 0.0034 0.9994 2162

0.45 180 (35) – – 0.236 0.0196 0.9962 1048
180 (40) – 0.218 – 0.0214 0.9960 1005

0.55 180 (35) – – 0.417 0.0137 0.9990 3889
180 (40) – 0.365 – 0.0159 0.9988 3451
3.1. Comparison for cement pastes

Guo [22] conducted non-standard bleed tests in which ordinary
Portland cement and water were combined at the W/C listed in
Table 1. The initial height of the specimens was approximately 25 mm
and the bleed was measured at 15 min intervals for the first 90 min
and at 30 min intervals thereafter byweighing the specimens after the
removal of all surface moisture. Evaporation of the bleed water thus
had no effect on the results obtained. The total bleed ranged from
0.8 mm to 2.9 mm. A typical test result is shown in Fig. 3.
Eqs. (34), (35), (39) and (40)were fitted to the data using ordinary
least-squares methods. The fitted finite- and small-strain curves were
virtually indistinguishable in all cases (Fig. 3). The estimated ts, the
best-fitting equations, and the corresponding values of the fitting



Fig. 3. Cumulative bleed versus time for cement paste with W/C of 0.55. Fig. 4. Cumulative bleed versus time for mix A6.

Table 3
Best-fit analytical equations, fitting parameters, and statistics for bleed tests of
Almusallam et al. [23].

Mix ts
(min)

Best-fit equations m A N g0
(mm2/s)

R F

A1 40 (34) 1.93 – 0.562 0.39 0.9982 274
40 (39) 1.93 0.535 – 0.41 0.9982 274

1537P.H. Morris, P.F. Dux / Cement and Concrete Research 40 (2010) 1531–1540
parameters m, A, N, and g0, and the R and F statistics obtained are
listed in Table 1.

3.2. Comparison for concretes of Almusallam et al.

Almusallam et al. [23] conducted bleed tests in accordance with
ASTMC 232 [26]. The bleedwater was collected at 10 min intervals for
the first 40 min and at 30 min intervals thereafter. The concrete
specimens were made using Portland cement, crushed limestone
coarse aggregate, and dune sand. The mix proportions are listed in
Table 2. The slumps of the concrete mixes varied from 50 mm to
75 mm, and a high-range water reducer was used to obtain the
desired workability. The initial height of the specimens was
approximately 200 mm and the total bleed ranged from 0.2 mm to
8.0 mm. A typical test result is shown in Fig. 4. The least-squares
fitting procedures used for the cement pastes were also used for the
Almusallam et al. [23] bleed test data. The fitted finite- and small-
strain curves were again virtually indistinguishable in all cases
(Fig. 4). The results of the analyses are listed in Table 3.

3.3. Comparison for concretes of Zhan and Jia

Zhan and Jia [24] conducted bleed tests in accordance with AS
1012.6–1999 [27]. Ordinary Portland cement, fly ash, sand, gravel
(Table 4), water reducer and retarder were used in all mixes, but
shrinkage inhibitor was used in mixes Z2, Z4, and Z7 only. The desired
slump of from 65 mm to 95 mm was obtained by adding water to the
mix. Bleed water was collected at 10 min intervals for the first 30 min
and at 30 min intervals thereafter. The initial height of the specimens
was approximately 250 mm and the total bleed ranged from 0.4 mm
Table 2
Concrete mix proportions used by Almusallam et al. [23].

Mix Cement
(kg/m3)

W/C Cement:sand:gravel
(by mass)

A1 300 0.40 1:2.2:4.4
A2 300 0.50 1:2.1:4.2
A3 300 0.65 1:2.0:4.0
A4 350 0.40 1:1.8:3.6
A5 350 0.50 1:1.7:3.2
A6 350 0.65 1:1.6:3.2
A7 400 0.40 1:1.5:3.0
A8 400 0.50 1:1.4:2.8
A9 400 0.65 1:1.3:2.6
to 1.4 mm. Typical test results are shown in Figs. 5 and 6. Repeat
testing by Chan et al. [25] gave closely comparable results.

The same least-squares fitting procedures as before were used.
However, because of initial reverse curvature in all of the cumulative
bleed curves (Figs. 5 and 6) [24,25], it was necessary to use a false zero
for the beginning of consolidation in order to fit the analytical
solutions satisfactorily. The results of the analyses, including the
values of the time shift dt adopted to establish the false zero, are listed
in Table 5. The fitted finite- and small-strain curves were again
virtually indistinguishable (Figs. 5 and 6).

The cause of the initial reverse curvature of the cumulative bleed
curves (Figs. 5 and 6) is uncertain, but it is probably attributable to a
combination of initial elastic settlement [9], compression of entrained
air [9], and an initial high rate of evaporation due to the initially low
relative humidity of the air held in the containers used for the tests.
The absence of similar reverse curvature in the cumulative bleed
curves obtained by Almusallam et al. [23] for similar depths of
concrete but often with considerably greater total depths of bleed
(Fig. 4) suggests that the latter was the dominant effect. The dt values
listed in Table 5 can be accounted for completely by depths of
evaporation ranging from 0.05 mm to 0.13 mm. Comparable results
were obtained from the repeat tests [25].
A2 60 (35) – – 0.104 9.77 0.9983 1192
60 (40) – 0.101 – 10.13 0.9984 1226

A3 210 (35) – – 0.194 4.29 0.9963 1222
210 (40) – 0.182 – 4.60 0.9962 1190

A4 90 (35) – – 0.264 0.23 0.9547 51
90 (40) – 0.275 – 0.22 0.9547 51

A5 180 (35) – – 0.174 3.53 0.9978 1798
180 (40) – 0.165 – 3.74 0.9978 1805

A6 270 (35) – – 0.315 3.55 0.9961 1411
270 (40) – 0.285 – 3.96 0.9963 1491

A7 120 (35) – – 0.079 7.97 0.9992 3933
120 (40) – 0.077 – 8.20 0.9993 4043

A8 270 (35) – – 0.181 1.76 0.9965 1542
270 (40) – 0.172 – 1.87 0.9964 1533

A9 270 (35) – – 0.302 2.73 0.9982 3071
270 (40) – 0.274 – 3.03 0.9984 3339

image of Fig.�3
image of Fig.�4


Table 4
Target strengths and concrete mix proportions used by Zhan and Jia [24].

Mix Target strength
(MPa)

Cement
(kg/m3)

W/C Cement:fly ash:sand:gravel
(by mass)

Z1 and Z2 32 250 0.66 1:0.26:3.5:4.0
Z3 and Z4 40 300 0.55 1:0.33:3.0:3.3
Z5 40 305 0.54 1:0.33:2.4:3.9
Z6 and Z7 50 380 0.43 1:0.32:1.6:2.7

Fig. 6. Cumulative bleed versus time for mix Z7, specimen 1.
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In addition, initial setting times (i.e. the time elapsed sincemixing)
of 240 min and 370 min were determined for mixes Z1 and Z6,
respectively [25], by penetration resistance in accordance with AS
1012.18–1996 [28] (Fig. 7). The initial set conventionally corresponds
to a penetration resistance of 3.5 MPa.

3.4. Discussion of results of comparisons

Tables 1, 3, and 5 show that very high R and F values and hence
very good fits were obtained in all cases for both the finite- and small-
strain solutions. Eqs. (34) and (39), which account for hydration and
set, gave the best fits in fourteen of the twenty-six cases analysed,
while Eqs. (35) and (40), which do not, gave the best fits in the
remainder. This is consistent with the views of Powers [1], Tan et al.
[6], Tan et al. [7], and Josserand et al. [5] that theoretical models of
bleeding must be able to account for set.

The fits obtained also justify the neglect in the present solutions of
the effect on bleeding of temperature changes, including those caused
by the heat of hydration [4]. This outcome is unsurprising, because the
primary effect of increasing temperature is to reduce the viscosity of
the water in the pores in the concrete and hence increase both its
permeability and the bleed rate. Over the normal temperature range
for fresh cement pastes, cement mortars, and concretes, however, the
effect is comparatively small. Almost all other models of bleeding also
neglect the effect of temperature changes [1,5–7].

Furthermore, there was very little to choose between the small-
and finite-strain solutions in all cases; as noted above they are
virtually indistinguishable (Figs. 3–6). This appears to contradict the
assertion of Josserand et al. [5] that theoretical models of bleeding
must be able to accommodate relatively large strains. However,
concrete with maximum depths of only about 250 mm was analysed.
The corresponding maximum σ′ is about 4.2 kPa, well within the
range of effective stress where the finite-strain curve and the small-
strain lines for concrete shown in Fig. 2 are essentially indistinguish-
Fig. 5. Cumulative bleed versus time for mix Z1, specimen 1.
able. Although Fig. 2 represents only a single group of test results, this
suggests strongly that the very similar results obtained for the finite-
and small-strain solutions were only to be expected.

Moreover, cement pastes [6,7,22], cement mortars [7], and
concretes [23–25] are all characterised by relatively low initial void
ratios. This alone might be sufficient to ensure that small-stain
solutions are adequate to describe the bleeding of comparatively deep
sections. Further research is required to verify this.

4. Application of analytical solutions to prediction

The input data required to predict bleed rates and total bleed using
the small-strain solution comprise values of l, ei, ts, g0, m, and A. The
input data required for the finite-strain solution are identical except
that N replaces A. Both l and ei can be readily determined in any given
case and need not be considered further here.

The need to evaluate ts has been noted by Josserand et al. [5]. The
times of initial set for mixes Z1 and Z6 (approximately 240 min and
270 min, respectively) determined by penetration resistance tests
(Fig. 7) are roughly comparable to the corresponding ts values
(270 min and 240 min) determined by bleed tests (Table 5 and Fig. 5).
The initial set times and ts are measured from different starting points,
namely from the addition of water to the mix and from the end of
placement, respectively, but, for the experiments described, the
difference, although not known precisely, was relatively small. This
suggests that, with appropriate adjustment for the delay between the
addition of mix water and the end of placement, the time of initial set
could be used to estimate ts for the application of the new analytical
solutions to the prediction of the bleeding of full-scale concrete pours.

To enable the application of the new solutions to the prediction of
bleeding, it will also be necessary to determine predictive relation-
ships for g0,m, A, and N based on mix parameters such as theW/C and
ei [5]. The results of the analyses presented in Tables 1, 3, and 5, and
Eq. (8) (Fig. 1) suggest strongly that to evaluate g0, m, A, and N, it is
necessary to model the kinetics of hydration, which are material
specific. For any given mix, the four parameters are most readily
evaluated by conducting a bleed test and fitting the new solutions to
the resulting data. Alternatively, they can be evaluated with
significantly greater effort but independently of the new solutions
from the results of a series of five or six fast oedometer (consolida-
tion) tests with staggered starting times and hence different initial
degrees of hydration [7]. The required predictive relationships can be
based on the results of both types of test [5,7] for representative
ranges of cement pastes, cement mortars, and concretes. This is the
subject of ongoing research.

image of Fig.�5
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Table 5
Best-fit analytical equations, fitting parameters, and statistics for bleed tests of Zhan and Jia [24].

Mix. specimen ts
(min)

Best-fit equations dt
(min)

m A N g0
(mm2/s)

R F

Z1.1 270 (34) 18 4.38 – 0.136 0.576 0.9998 7080
270 (39) 18 4.34 0.134 – 0.583 0.9998 7049

Z1.2 270 (34) 23 2.96 – 0.151 0.565 0.9990 1281
270 (39) 23 2.95 0.149 – 0.572 0.9990 1277

Z2.1 270 (35) 21 – – 0.121 0.871 0.9988 2555
270 (40) 21 – 0.117 – 0.898 0.9988 2501

Z2.2 270 (35) 15 – – 0.186 0.535 0.9962 794
270 (40) 15 – 0.180 – 0.554 0.9962 787

Z3.1 240 (34) 30 15.55 – 0.643 0.075 0.9987 749
240 (39) 30 15.55 0.767 – 0.063 0.9987 749

Z3.2 240 (34) 17 16.82 – 0.595 0.089 0.9987 776
240 (39) 17 16.83 0.869 – 0.061 0.9987 776

Z4.1 300 (34) 25 10.59 – 0.545 0.100 0.9997 5621
300 (39) 25 10.59 0.635 – 0.102 0.9997 5621

Z4.2 300 (34) 28 12.17 – 0.635 0.102 0.9999 11,281
300 (39) 28 12.13 0.154 – 0.416 0.9999 11,337

Z5.1 270 (34) 37 5.54 – 0.089 0.414 0.9990 1260
270 (39) 37 5.52 0.089 – 0.415 0.9990 1260

Z5.2 270 (34) 33 5.11 – 0.125 0.299 0.9979 585
270 (39) 33 5.10 0.125 – 0.300 0.9979 585

Z6.1 240 (34) 28 4.86 – 0.150 0.307 0.9987 792
240 (39) 28 4.85 0.149 – 0.309 0.9987 792

Z6.2 240 (34) 27 3.05 – 0.087 0.581 0.9990 957
240 (39) 27 3.04 0.086 – 0.585 0.9990 955

Z7.1 300 (34) 15 7.58 – 0.519 0.114 0.9999 16,693
300 (39) 15 7.58 0.537 – 0.110 0.9999 16,692

Z7.2 300 (34) 22 6.71 – 0.650 0.094 0.9999 35,613
300 (39) 22 6.72 0.493 – 0.124 0.9999 35,587
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5. Summary and conclusions

New analytical finite- and small-strain solutions for the bleeding of
cement pastes, cement mortars, and concrete modelled as self-weight
consolidation have been presented that account for the effects of
hydration and set. The solutions have been validated by comparison
with laboratory data for cement pastes and concretes taken from
three different sources. They are more comprehensive than the earlier
analytical solution of Tan et al. [6] and numerical solution of Kwak and
Ha [4], which are restricted to small stains and ignore the effects of
hydration, and are simpler to implement than the comparable
numerical solutions of Tan et al. [7] and Josserand et al. [5].

It has been shown that the finite- and small-strain solutions
represent the data equally well, and hence that the small-strain
model was adequate to represent all of the cases investigated. This
Fig. 7. Variation with time of penetration resistances of mixes Z1 and Z2.
is consistent with the relatively shallow depths of the specimens
analysed, but is also consistent with the relatively low initial void
ratios characteristic of cement pastes, cement mortars, and
concretes. Further research is required to establish whether the
small-strain solutions can model adequately the bleeding of
comparatively thick concrete.

To enable the new analytical solutions to be applied to the
prediction of bleeding in both small and large structures, it will also be
necessary to develop quick tests or correlations for several mix- and
pour-specific parameters that are required as input data. As a first step
towards this, it has been shown here that it might be possible to use
the time of initial set obtained from a standard small-scale
penetration resistance test to estimate the time of set and hence the
end of consolidation bleeding in a full-scale concrete pour. However,
further research is required to confirm this.

Nomenclature

Greek
αn nth positive root of Eq. (30)
γs unit weight of solids (N/m3)
γw unit weight of water (N/m3)
λ linearization constant (Pa−1)
σ′ vertical effective stress (Pa)
τ transformed dimensionless time factor
τs transformed dimensionless time factor at set

Latin
W/C water/cement ratio
av Terzaghi coefficient of compressibility (Pa−1)
A slope of normalised void ratio–dimensionless vertical

material co-ordinate line
bt total depth of bleed at time t (m)
B normalised void ratio at infinite vertical effective stress
cv Terzaghi small-strain coefficient of consolidation (m2/s)
Dn nth coefficient in Eq. (29)

image of Fig.�7
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dt time shift to establish false zero for consolidation model (s)
e void ratio
ei void ratio at zero time
e0 void ratio at zero vertical effective stress
e∞ void ratio at infinite vertical effective stress
E normalised void ratio
g finite-strain coefficient of consolidation (m2/s)
g0 finite-strain coefficient of consolidation at zero time (m2/s)
k vertical permeability (m/s)
l depth of concrete layer in material co-ordinates (m)
m dimensionless exponent in Eq. (8)
N dimensionless governing equation parameter
t time (s)
ts time at set (s)
T dimensionless time factor
Ts dimensionless time factor at set
x vertical natural co-ordinate measured downwards from top

of concrete (m)
z vertical material co-ordinate measured downwards from

top of concrete (m)
Z dimensionless vertical material co-ordinate
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