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Some aspects of the constitutive behavior of fiber reinforced concrete (FRC) are investigated within a
micromechanical framework. Special emphasis is put on the prediction of creep of such materials. The linear
elastic behavior is first examined by implementation of a Mori-Tanaka homogenization scheme. The
micromechanical predictions for the overall stiffness prove to be very close to finite element solutions
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The validation of the micromechanical concepts based on comparison with a set of experiments, shows
remarkable predictive capabilities of the micromechanical representation.

The second part of the paper is devoted to non-ageing viscoelasticity of FRC. Adopting a Zener model for the
behavior of the concrete matrix and making use of the correspondence principle, the homogenized
relaxation moduli are derived analytically. The validity of the model is established by mean of comparison
with available experiment measurements of creep strain of steel fiber reinforced concrete under compressive
load. Finally, the model predictions are compared to those derived from analytical models formulated within

Micromechanics (C)

a one-dimensional setting.
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1. Introduction

Assessment of the macroscopic properties of composite materials is
one of the major concerns in material and structural engineering. As far
as the elastic properties of composites are concerned, the micro-
mechanical techniques are nowadays widely applied and have proves
successful. This is particularly the case for composites with periodic
microstructure.

Nevertheless, the application of micromechanical tools to the
modeling of non-linear behavior of composites, and more specifically
for composites with randomly distributed phases, is relatively recent
and several issues are still open [1]. In particular, the determination of
viscoelastic or strength properties of randomly heterogeneous
material remains an important task.

In this context, fiber reinforced concrete (FRC) represents a typical
example of disordered material. FRC is a cement-based composite with
improved mechanical properties in terms of tensile strength or fracture
toughness. Such a material results from the association of a cement
matrix and embedded fibers. Fibers used in the reinforcement of the
concrete generally fall within one of the following four categories [2]:
natural (sisal, coconut, bamboo, and jute), synthetic (acrylic, aramid,
carbon, nylon, polyester, polyethylene, and polypropylene), glass and
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steel fiber. The main role of fiber addition is to minimize the emergence
and propagation of cracks [3]. In addition, steel fibers are increasingly
used as full or partial replacement of conventional web reinforcement
in some structural concrete applications [4-6], since their inclusion in
concrete mix has been shown to enhance shear resistance and ductility.
Owing to the well-established performance of FRC, major efforts
have been dedicated during the last decade to the modeling of its
behavior. A traditional way to formulate the behavior of FRC is the
phenomenological approach which consists in identifying the
constitutive laws by means of laboratory tests [7-9]. The advantage
of this approach lies on the direct access to material information at the
relevant scale for the analysis of the structure. On the other hand, the
main limitation of such phenomenological reasoning is connected
with the extensive and costly experimental programs, which a
complete characterization of the constitutive behavior would require.
An attractive alternative to handling this kind of problem is provided
by the framework of micromechanics. The scale adopted for the
description of the composite components (i.e., phase properties and
morphological information) is referred to as the microscopic scale, while
the macroscopic scale is the engineer scale, i.e., that is considered for the
analysis of the structure response under prescribed loading. Taking
advantage of the condition of scale separation [1], FRC can therefore be
regarded from a macroscopic viewpoint as a homogenized medium.
Implementing the homogenization techniques (see for instance, [10-15]),
the properties of the latter are evaluated from those of its constituents as
well as from the knowledge of the shape and volume fraction of fibers.
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In the case of disordered materials such FRC, the basic approach of
the micromechanical approach is to consider the traditional represen-
tative elementary volume (REV) as a heterogeneous structure. Its
response to a mechanical loading is then analyzed in the framework of a
boundary value problem [16]. The effective behavior of the composite is
obtained from the solution to this boundary value problem.

The purpose of the present paper is to investigate in the context of
homogenization, some aspects related to elastic and viscoelastic
behaviors of FRC. The ideas developed herein assume a matrix/
inclusion morphology for FRC. The fibers are modeled as flat prolate
spheroids, and a Mori-Tanaka homogenization scheme [17-19] is then
used to obtain estimates for the overall elastic properties.

This paper is organized as follows. Section 2 deals with the elastic
behavior of FRC. After a brief recall of the principle of elastic
homogenization, estimates of the effective elastic properties are
derived. The accuracy of the analytical approach is assessed by
comparison with finite element solutions as well as with available
experimental results. Section 3 is devoted to the formulation of the
non-ageing viscoelastic behavior of FRC. Invoking the principle of
elastic-viscoelastic correspondence, the approach takes advantage of
the results previously obtained in elasticity.

Notations: throughout the paper, the following notations are adopted
scalar;

vector;

second-order tensor;

fourth-order tensor.

il e

In addition, small characters refer to microscopic quantities,
whereas capital characters refer to macroscopic quantities. For
instance, g and > denote respectively the microscopic and macro-
SCOPiC stress tensors.

2. Macroscopic properties of fiber reinforced concrete

This section deals with the evaluation of the elastic properties of
FRC. First, a very brief introduction to micromechanics and homog-
enization in linear elasticity is provided. The approach is then applied
in Subsection 2.3 to the specific case of FRC by the implementation of a
Mori-Tanaka homogenization scheme.

2.1. Principle of elastic homogenization

The homogenization approach basically aims at estimating the
effective behavior of a composite material. The main interest of the
approach lies on the possibility to use the obtained effective behavior
to perform computations at the scale of the structure, considering the
homogenized structure instead of the initial heterogeneous one
(Fig. 1). A central concept of the homogenization procedure is the
existence of a representative elementary volume (REV) of character-
istic size [ which must comply with the two conditions:

- | is small enough compared to the characteristic size L of the
structure, expressing that the RVE is an infinitesimal (elementary)
part of the structure;

- lis large enough compared to the dimension d of heterogeneities
within the REV, expressing that the latter contains a sufficient
number of heterogeneities to be representative of the heteroge-
neous medium.

The conjunction of the above restrictions is referred to as the scale
separation condition d <</ < L. It expresses in mathematical terms a
necessary condition for the validity of the REV concept.

In the case of a FRC having fibers with a characteristic length of
few centimeters d ~cm, the size of the REV should be of the order of
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Fig. 1. Schematic description of the homogenization process.

magnitude of few decimeters [~cm, and the dimension of the
structural element must be at least of few meters L~m.

Once the geometry of the REV is completely defined (volume V of
the REV and its boundary dV), the micromechanical point of view
consists of defining a mechanical boundary value problem on the
whole REV by imposing homogeneous strain boundary conditions.
This is achieved by means of a prescribed displacement u along the
boundary 0V of the REV (Fig. 2):

u(x)=Ex Vxsov (1)
where the given strain tensor E represents in fact the macroscopic
strain since it can readily be shown that

(u®n +n®u)dS =E (2)

n denoting the outer normal to 0V. The above relation indicates that E
is the volume average of the macroscopic strain field £ over the whole
REV.

On the other hand, the macroscopic stress tensor is taken by
definition as the volume average over the whole REV of the local
(microscopic) stress field o:

=0 =y])o@adv (3)

In the framework of linear elastic homogenization of random
heterogeneous material, the macroscopic constitutive equation reads

= C"MiE 4)

I

Fig. 2. Loading of the REV: uniform strain boundary conditions.
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where C'™ denotes the overall homogenized (macroscopic) elastic-
ity tensor

I SN (5)

= = ~

in which n is the number of different phases of the REV, f, the volume
fraction of phase r and ¢" the stiffness tensor of phase r. The fourth-
order tensor Ais the so-called strain concentration tensor and <A>;,
is the corresponding volume average over the domain occupied by
phase r:

(), =

[ A@)dv. (6)
Vr

<

T

It should be recalled that the concentration tensor establishes the link
between the macroscopic strain and the local strain at point x of the
REV: g(x) =A(X):E.

The one-step homogenization approach described above falls
within the general category of hierarchical multiscale homogeniza-
tion modeling. In continuum micromechanics, hierarchical vision of
the microstructure involves computing information at smaller scales
and moving towards the top of the simulation ladder by coursing
degrees of freedom as one goes from finer to coarser scales. If a single
phase itself exhibits a heterogeneous microstructure, its mechanical
behavior can be estimated by introduction of REVs within this phase
of much smaller dimensions, leading to a multi-step homogenization
scheme, as it has been done for the prediction of macroscopic elastic
properties of cement-based materials [20,21].

As far as the numerical evaluation of the overall response of a
heterogeneous structure is concerned (and not the explicit assess-
ment of the homogenized material properties), the variational
multiscale method [22] provides a computational paradigm for
handling of hierarchical multiscale homogenization procedures in
solid mechanics, allowing to address applications where the assump-
tion of scale separation as the basis for homogenization methods in
continuum micromechanics does not hold (see for instance [23-25]).

2.2. Estimate schemes in linear elastic homogenization

As emphasized by Eq. (5), the determination of the overall
elasticity tensor requires being able to compute estimates of the
average of strain concentration tensor over each phase r. This is
usually achieved through an appropriate homogenization scheme
integrating some information on the microstructure morphology.

First, the fibers are randomly distributed within concrete. They are
represented by a set of flat prolate spheroids which differ in
orientation. For simplicity, an isotropic orientation distribution is
assumed. The spherical coordinates (r,0,¢) and the associated base (e;,
€0, £,) are used as shown in Fig. 3. Each orientation (6,¢) of the space
defines a phase, i.e., the family of solid prolate spheroids whose major
axis direction is parallel to e,.

Second, the average strain concentration tensor <A>, is estimated
by the Eshelby inhomogeneity problem [26]. From the viewpoint of
Eshelby-based theory, the average strain concentration tensor <A>, is
estimated from the uniform strain which establishes in an ellipsoidal
inhomogeneity with stiffness ¢" embedded in an infinite medium
(reference medium) with stiffness ¢ and subjected to uniform strains
at infinity. The corresponding estimate reads

In Eq. (7), P% is the fourth-order Hill tensor characterizing the
interaction between the inclusion (subscript r) and the reference
matrix (subscript 0). P " depends on the stiffness properties c® of the

Xi

Fig. 3. Geometrical description of the fiber in local spherical coordinates.

reference matrix, as well as on the shape and the orientation (6,¢)
of the inclusion. As regards the shape of each fiber, it is defined by
the aspect ratio a=a/b of the representing prolate spheroid (Fig. 3).
Note that scalars a and b refer respectively to the equatorial radius
(semi-major axis) and to the polar radius (semi-minor axis). Accord-
ingly, P =P (,0.0).

Closed-form analytical expressions of Hill tensor P°", or equiva-
lently of the so-called Eshelby tensor S®"=P°":c, are available for
particular configurations of material symmetry and inclusion shape.
At this purpose, one may refer for instance to [27-30], to cite a few.

Substitution of Eq. (7) into Eq. (5) yields the sought estimate for
the homogenized (macroscopic) elasticity tensor

e =fesfvses (o= ) o (-2 ]

Clearly enough, the shape of the ellipsoid adopted in the Eshelby
inhomogeneity problem for representing a given phase, as well as the
choice of the reference medium stiffness c® both depend on the
morphology of the microstructure. For example, in the self-consistent
scheme [31,32], each phase is modeled in the Eshelby inhomogeneity
problem as an ellipsoid embedded into the sought homogenized
material: ¢®= "™, This kind of scheme is classically used to model
perfectly disordered materials such as polycrystal-like microstruc-
tures. When a matrix phase m surrounding all the others can be
clearly identified, the Mori-Tanaka scheme [17,18] adopts this matrix
as the reference medium in the Eshelby inhomogeneity problem:
O=c™

2.3. Elastic properties of FRC

In the present work, FRC is modeled as a homogenous concrete
matrix with isotropically distributed embedded fibers. Let us first
comment on the assumption related to the homogeneity of the
concrete matrix. This homogeneity means that the scale of the REV
(microscopic scale) is such that the fibers are the only heterogeneities
considered for FRC. This implicitly means that such homogeneity
results from a previous homogenization process that had been
performed in order to take into account the possible micro-cracks
present at a smaller scale than the microscopic one. This procedure
obviously assumes that the characteristic size of the micro-cracks is
smaller enough when compared to that of fibers. Hence, the behavior
considered for the concrete matrix, characterized in the present
analysis by the corresponding elasticity tensor ¢ °=¢ ™ results from
such a preliminary homogenization. Numerous works have been
dedicated to the latter process in order to model the effect of micro-



V.EP. Dutra et al. / Cement and Concrete Research 40 (2010) 460-472 463

cracks on the overall elastic properties of a material. For this purpose,
one may refer for instance to [12,33-37], to cite a few.

Owing to the matrix-inclusion morphology of FRC, the Mori-
Tanaka scheme can be used to estimate the homogenized stiffness
tensor. Accordingly, Eq. (8) writes for a uniform orientation distri-
bution of fibers

ghom,MTz{(l—f) ¢ +f€f3<[1 + Em‘a:<~cf_gm>}_]> }
fibers

:{(l—f)l +f<[1 Fpmes (- gm)]_]>ﬁbers}_l ©)

with

2n n

e, -

Ly
[1+ P (= em)| S dodo
fibers ©=00=0 an

(10)

where f denotes the volume fractions of fibers, ¢/ the stiffness tensor
of fibers and P™ is the Hill tensor for prolate spheroid with aspect
ratio o

Assumption of elastic isotropy for both concrete matrix and fibers
implies the elastic isotropy of FRC at the macroscopic level. The
homogenized elasticity tensor C"™MT can therefore be completely
defined by means of the homogenized bulk modulus K"™ and shear
modulus G"™. These coefficients depend on the elastic modulus of
concrete matrix (k™g™) and fibers (Kg), as well on the volume
fraction f and aspect ratio « of fibers. The analytical expressions of
K™ and G"™ are obtained from Egs. (9) and (10) through the
evaluation of double integral terms, which can be achieved making
use of a formal software, such as the MAPLE software. These
expressions are provided in the Appendix for the particular case
a=a/b— +«, that is the case where the diameter parallel to the axis
of revolution is considerably larger than the diameter perpendicular
to the axis of revolution.

The effect of the aspect ratio of steel fibers on elasticity of FRC has
been extensively investigated [7-9]. It has been found, that for volume
fractions of fiber ranging within usual values (f<5%), the aspect ratio
of fibers have a small influence on the elastic properties of the steel
fiber reinforced concrete. Considering several values for the aspect
ratio a={10, 40, 80, 100, + «}, a parametric study has been carried
(for sake of shortness, this study is not developed here). The micro-
mechanical model predictions in terms of k™™ and G"™ confirmed
that the value of « very slightly affects these moduli. In particular, as
far as the elastic properties of steel reinforced concrete are concerned,
one may reasonably consider an infinite value for o.

An important aspect of the behavior of FRC is related to the impact
of fibers' nature on the overall properties. Table 1 shows the elastic
properties of some typical fibers.

The influence of elastic properties of the reinforcing fibers is quite
notable as emphasized by the results displayed in Figs. 4 and 5.

Table 1

Elastic properties of concrete matrix and different types of fibers.
Fiber Poisson ratio v Young modulus Bulk modulus Shear modulus

E (MPa) k (MPa) g (MPa)

Steel 0.30 210,000 175,000 80,769.23
Aramid 0.35 62,000 68,388.9 22,963
Carbon 0.20 380,000 211,111.1 158,333.3
Polypropylene 0.30 4000 33333 1538.5
Glass AR 0.22 80,000 47,619 32786.9
Concrete 0.20 31,000 17,222.2 12,916.7

1.2+
1.151

1.1
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Fig. 4. Influence of reinforcing fiber type on the homogenized bulk modulus of FRC.
2.4. Comparison with experimental results

The micromechanical predictions of FRC elastic properties using a
results Mori-Tanaka scheme are compared herein to available exper-
imental results performed on steel fiber reinforced concrete. The values
of Young modulus and Poisson ratio of the composite components as
provided in the experimental studies are listed in Table 2.

In Thomas and Ramaswamy's [8] experiments, the aspect ratio of the
used steel fibers was a=55 and several volume fractions were tested
f={0.5%,1%,1.5%}. Figs. 6 and 7 respectively display the Mori-Tanaka
estimates of E"™ and v"°™, together with the experimental results.

The Ashour et al. experiments [ 7] correspond to steel fibers with steel
fibers with an aspect ratio of « =75 and f={0.5%, 1%}, while «= 100 and
fef{1%, 1.5%, 2.5%} in the tests performed by Williamson [38]. The
comparison of the micromechanical estimates of the homogenized
Young modulus with the experimental results are shown in Figs. 8 and 9.

As it appears from the above figures, the Mori-Tanaka estimates
prove to be slightly lower than the measured values provided in the
mentioned experimental works [7,8,38]. A good agreement is obtained
and the consistency with experimental data can be termed as reasonable.
The discrepancy observed between the micromechanical predictions of
E"™ and the experimental results remains lower than 10%.

1.24

] + 4+ + + 4+ GPI,::ss .
J ocooooao T n
0.85 T \ T ?Y[l e .e
0 0.01 0.02 0.03 0.04 0.05
f

Fig. 5. Influence of reinforcing fiber type on the homogenized shear modulus of FRC.
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Table 2
Material properties of steel fiber and concrete.

Fiber Young modulus E (MPa) Poisson ratio (v)
Thomas and Ramaswamy [8]

Steel fiber 210,000 0.300
Concrete 35 MPa 28,700 0.182
C35

Concrete 65 MPa 37,500 0.201
C65

Concrete 85 MPa 41,700 0.210
85

Ashour et al. [7]

Steel fiber 210,000 0.300
Normal Strength Concrete NSC 24,612 0.200
Medium Strength Concrete MSC 35,443 0.200
High Strength Concrete HSC 38,423 0.200
Williamson [38]

Steel fiber 200,000 0.300
Concrete 20,802 0.2081

2.5. Finite element numerical simulations

In order to assess the accuracy of the Mori-Tanaka estimates, the
concentration problem (Eq. (4)) is now solved numerically through
the implementation of a finite element (FE) method.

For sake of simplicity, a cubic REV of side I is considered. Owing to the
macroscopic isotropy of FRC, the restriction of the analysis to a loading

60 X C35[8]
X C65[8]

= 55 e C85[g
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I} :
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o
5 X
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f

Fig. 6. Young modulus estimated by a Mori-Tanaka scheme and experimentally
measured from [8].
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Fig. 7. Poisson ratio estimated by a Mori-Tanaka scheme and experimentally measured
from [8].
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Fig. 8. Young modulus: Mori-Tanaka estimate and experimentally measured value [7].

mode defined by uniaxial compression is sufficient to obtain the overall
elastic properties. Hence, a macroscopic stress 3= — 3 | e;®e; with
2 >0 is applied to the REV (Fig. 10). It is recalled that the scale
separation condition ensures the equivalence between homogeneous
boundary strain and stress conditions on the REV [39]. Owing to the
symmetry conditions, only an eighth of the REV geometry, with
appropriate boundary conditions as shown in Fig. 10, is considered for
the numerical analysis.

Twenty nodded quadratic hexahedral elements were used for the
concrete discretization of the concrete matrix geometry.

As regards the reinforcement components, the fibers are randomly
generated and embedded within the concrete matrix finite elements.
It is recalled that perfect bonding is assumed between fibers and
concrete matrix. We herein refer to the so-called “embedded model”
[40] in which each fiber has the same kinematics than the coincident
points of the embedding concrete matrix finite element. Actually, the
contribution of the fiber is expressed by an additional term increasing
the stiffness of the embedding element. In other terms, the fibers act
in the “embedded model” as stiffener elements for the medium.

The spatial distribution and orientation of fibers are randomly
generated by means of a specific procedure using the intrinsic function
RAN of Fortran programming language.

Once the finite element displacement solution is obtained, the
macroscopic strain is computed by means of surface integrals as
indicated in Eq. (2). It is expected that

E=—Ee®e, +E(e,®e, + e;®e;) with E,E>0. (11)
23 <& Experimental [38]
ey —m— Mori-Tanaka
E 225 o
S
gp 22
: O
o
> 215 &
Q
T
o 21
3
°
Q
= 205
20
0 0.005 0.01 0.015 0.02 0.025

f

Fig. 9. Young modulus: Mori-Tanaka estimate and experimental data [38].
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REV % REV

Fig. 10. REV under uniaxial compression

The homogenized elastic parameters are then obtained by
EM°™ = 3" /F; and v"°™ = E/E,.

In the objective to qualitatively address the scale effect, two values
for the REV side | =20, 40 cm as well as two values for the fiber length
d=1, 3 cm have been considered in the numerical study. The values
adopted for the aspect ratio and volume fraction of fibers range
between 10-100 and 0.5%-5%, respectively.

For each of the above configuration defined by the set {l, d, ¢, f},
several random generated distributions of fibers have been consid-
ered, and the average values of computed E'™ and v"°™ were retained
as numerical estimates for the homogenized elastic parameters.

The numerical results are given in Tables 3 and 4, where the Mori-
Tanaka predictions are also reported. It is noted that ERYT, and vioT,
stand for the mean values of the effective Young modulus and Poisson
ratio obtained from the FE simulations, SD and CV are the corre-
sponding standard deviation and coefficient of variation.

As it clearly appears from the above results, the micromechanical
predictions are very close to the FE numerical solutions. This
emphasizes the consistency of the Mori-Tanaka scheme to estimate
the elastic properties of FRC. In addition even though the condition
d<| necessary for scale separation is roughly satisfied for the
adopted values of d and I, the obtained results seem to be low
sensitive to the value of ratio d/I, at least for the considered data. This
justifies that the volume of FRC tested in the numerical simulation has
the status of REV.

Remark

Clearly enough, addition of steel fibers in amounts as small as
those commonly used for FRC has a negligible effect on the effective
elastic properties. From a practical point of view, computing the
effective elasticity of FRC is not in itself a relevant task. However, this

7
:

L ——
=

44

!

20 nodded element

considered for the FE simulations.

is a necessary step for further upscaling towards the formulation of a
consistent micromechanical model describing the overall elastoplastic
behavior of FRC.

3. Non-ageing viscoelastic behavior of FRC

Under constant load, a concrete specimen first exhibits instanta-
neous elastic deformation then followed by a slow further increase of
deformation in time, corresponding to concrete creep phenomenon.
Incorporation of fibers such as steel fibers in concrete reduces the
magnitude of creep deformation and associated damage, as has been
well experimentally evidenced by Mangat and Azari [41]. The mech-
anism at the basis of the effect of fiber on matrix creep strain which is
frequently invoked relies on the assumption that shear stress is induced
at the fiber/matrix interface. Fibers do provide restraint to the sliding
action of the matrix relative to the fiber due to the flow component of
creep.

However, up to now, few works have been dedicated to linking
macroscopic FRC creep behavior to composite micromechanics.
Furthermore, the models developed in this context are essentially
restricted to uniaxial creep of FRC [41,42].

This section is devoted to the investigation of macroscopic non-
ageing viscoelastic properties of FRC. Basically, the approach consists
in taking advantage of elastic homogenization in Laplace (or Laplace-
Carson) transform framework and making use of the correspondence
principle (see for instance [43,44]). Formally, the concentration problem
to be solved for non-ageing viscoelastic constitutive materials is
identical to the elastic case defined by Eq. (4). The constitutive equations
at the macroscopic scale are therefore obtained by inverse Laplace (or
Laplace-Carson) transform.

Table 3
FE element calculations and Mori-Tanaka prediction of the homogenized Young modulus of FRC.
Fiber d=3cm d=1cm Mori-Tanaka
REV [=20cm [=40 cm [=20cm =40 cm
« f(%) Young modulus Young modulus Young modulus Young modulus
Ehom (MPa) SD % E (MPa) Ehom (MPa) SD oY E (MPa) E (MPa)
10 0.5 3105.84 0.81 0.00026 3106.56 312942
1 3134.53 1.83 0.00058 3132.55 3159.03
3 3252.19 13.75 0.0042 3252.29 3248.33 3.16 0.00097 3279.51
5 3363.14 14.80 0.0044 3363.62 3366.44 2.68 0.00080 3403.31
40 3 324541 484 0.0015 3245.51 3293.72
5 3353.86 5.46 0.0016 335391 3427.13
80 3 324537 1.94 0.0006 3295.24
5 3354.28 1.98 0.0006 3429.68
100 3 3247.37 1.85 0.0006 3295.46
5 3353.88 1.94 0.0006 3430.05
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Table 4
Homogenized Poisson ration of FRC: FE calculations and Mori-Tanaka predictions.
Fiber d=3cm d=1cm Mori-Tanaka
REV [=20cm [=40 cm 20 cm 40 cm
a f(%) Poisson ratio Poisson ratio Poisson ratio Poisson ratio
vhom SD cv v P SD cv v v
10 0.5 0.203 0.00009 0.0004 0.204 0.200
1 0.205 0.00011 0.0006 0.205 0.201
3 0.209 0.0012 0.0059 0.209 0.209 0.00013 0.0006 0.203
5 0.214 0.0013 0.0060 0.214 0.214 0.00024 0.0011 0.205
40 3 0.209 0.0002 0.0011 0.209 0.203
5 0.213 0.0004 0.0017 0.213 0.205
80 3 0.209 0.0002 0.0009 0.203
5 0.213 0.0001 0.0003 0.205
100 3 0.209 0.0001 0.0005 0.203
5 0.213 0.0002 0.0010 0.205

In non-ageing viscoelasticity, the local stress tensor in the REV is
related to the strain history by means of the hereditary Boltzmann
integral representation

+oo
(x,0) =¢(X)°£(x) = [ ¢(x,t=7): £(x,T)dT (12)

)

—o

where ¢ refers to the fourth-order relaxation modulus tensor and
£=0g/07 is understood in sense of distribution in order to account for
possible discontinuities in time. The argument ‘t' accounts for the
instantaneous response of the viscoelastic material while the
argument ‘t’ stands for the whole past history of & (the dependence
on 7 characterizes the delayed response).

The indication of spatial dependence, that is, the dependence on
the position vector x will be omitted in the sequel.

Recalling that the Carson-Laplace transform of function F(t) is
defined as

5

+zx:
F(p)=p [ Ft—r)e Pdt (13)

so that the viscoelastic relationship writes in terms of Carson-Laplace
transforms

% * *

:g:

I
Jiew

(14)

which formally expresses an elastic type relationship in Carson-Laplace
space. The elastic homogenization procedure carried out in Section 2 as
well as related results hold in terms of Carson-Laplace transform fields.
The macroscopic stress and strain transforms are related through
2% =¢"°™":E* in which C"™" represents the Carson-Laplace trans-
form of the macroscopic elasticity tensor. In particular, the Carson-
Laplace transform of the Mori-Tanaka estimate C"™M™™ can be used as
approximation of C"™" (i.e., Chom™* my chomMT*y

To go further, we shall first specify the viscoelastic behavior of each
constituent of FRC.

3.1. Behavior of concrete matrix and steel fibers

As a first approximation, the uniaxial non-ageing viscoelastic
behavior of concrete matrix is described by the Zener rheological
model [44,45] shown in Fig. 11. This simple and commonly used
model for linear viscoelastic solid consists in the association in series
of a spring (stiffness E;) and a Kelvin element with spring stiffness E,
and dashpot viscosity 7). Even though this model is conceptually very
simple, it reasonably describes the main expected characteristics of
the response under creep and relaxation observed experimentally for
concrete [43,46].

The relaxation compliance E**"'(t) associated to the Zener model
reads

E /T
Ezener £ = s E E t/T, 15

( ) E] + EZ( 2 + 1€ ) ( )
where T, = ;—l is the relaxation characteristic time. It is observed
that E**"*(0) =E; and E**"®'(+) = L1f2- respectively refer to the

instantaneous and asymptotic relaxation moduli.

To describe the three-dimensional non-ageing viscoelastic behavior
of isotropic concrete matrix, the relaxation modulus under tensile stress
is first approximated by the Zener relaxation compliance (Eq. (15)),
while a constant Poisson ratio v™ is adopted [47-49].

= E“™()H(t) ; v™(t) = v"H(t) (16)

where t— H(t) is the Heaviside step function. The stiffness parameters
of the model are identified by observing that E; represents the elastic in-
stantaneous stiffness, while the asymptotic relaxation modulus E(+)
ranges between 3 and 5 times the instantaneous stiffness E;, depending
on certain parameters such as the quality of concrete, humidity and
temperature [45,50,51]. As regards the viscosity coefficient 7, its value
may be evaluated from the value of the characteristic time in relaxation
T, Which usually ranges between 100 and 300 days [45,51,52].

Finally, the analysis is restricted herein to steel fibers, for which the
delayed effects can be neglected at usual temperatures. Accordingly, a
linear elastic behavior is adopted for fibers, E/ and v/ being the Young
modulus and Poisson ratio of steel, respectively.

Ei €l

E2 M |e

O, €

Fig. 11. Zener Model for uniaxial non-ageing viscoelastic behavior of concrete matrix.
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3.2. Homogenized viscoelastic properties of FRC

As mentioned in the previous section, we first proceed to elastic
homogenization in the space of Carson-Laplace transforms. The initial
step is to compute the transforms of the bulk and shear moduli of
concrete (k™.g™"), and of steel (k/".g/™).

The correspondence principle indicates that the Carson-Laplace
transforms of the homogenized bulk and shear moduli of FRC are
formally obtained by replacing in the expressions of K™™ and G"*™ the
bulk and shear moduli of FRC components by their Carson-Laplace
transforms. For simplicity, we shall restrict the subsequent analysis to
the situation of fibers with infinite value for the aspect ratio (av— + ).
Hence, referring to Egs. (A1) and (A4) of the Appendix, one has

Khom* _ NK(,Cm*7gm*: kf*ngf*af)

- * * 3 3 (]7)
Dl((km *,gm 7kf 7gf ,f)

Ghom* — Nc(km*agm*: kf*agf*vf) (]8)
DG(km*vgm*a kf*gf*mf)

The crucial step of such a viscoelastic homogenization process lies in
the ability to compute the Carson-Laplace inverse transform of Egs.
(17) and (18). Generally, such an inverse transform is achieved by
means of numerical procedures such as those given in Abate and
Whitt [53].

In the present situation, the particular structure of Eqs. (17) and
(18) makes it possible to derive analytically the expression of the
relaxation moduli K"™(t) and G"™(t). The latter moduli can formally
be written as

K ) = {Qo Ly Qf(l—e"")}H(t) (19)
i=14
and
hom R; —rit
G (t) = |Ry + > —](1—6’ f):|H(t) (20)
j=1Tj

where coefficients Q;, R;, g; and rj are known functions of Ey, E;, 1, V™,
Ef, vfand f.

The above viscoelastic behavior of FRC is illustrated below. The
select data corresponding to the usual concrete and steel fibers are
given in Table 5. The parameters of the Zener model describing the
viscoelastic behavior of concrete are E; =31 GPa, E; =15.43 GPa,
11=4650 GPax days. The fact that these model parameters are
considered as constant is consistent with the approximation of non-
ageing concrete behavior. It is observed that the latter could reasonably
be justified for instance if concrete is loaded at advanced age [46].

The variations in time of the creep compliance function in bulk J3°™
(t) and creep compliance in shear J2°™ (t) are displayed in Fig. 12 and
Fig. 13, respectively. It should be recalled that these functions are
related to K™ (t) and G"°™(t) in the Carson-Laplace domain through

Table 5
Viscoelastic model data.
Concrete Instantaneous relaxation modulus E™(0) 31,000 MPa
Asymptotic relaxation modulus eM(+) 10,300 MPa
Relaxation time i 100 days
Poisson ratio vm 0.2
Steel Young modulus E 210,000 MPa
Poisson ratio v 0.3
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Fig. 12. Model-predicted creep compliance bulk for steel (FRC) for two values of fiber
volume fraction.

JRom* = 1/KPom* and Jiom* = 1/G"°™, Two values commonly used for
steel (FRC) have been considered: f=1% and f=5%.
As shown by Figs. 12 and 13, the addition of steel fibers

- does not significantly affect the elastic instantaneous properties;
- does provide restraint to the deformation of the concrete matrix
along the fiber matrix interfacial bond.

These observations are consistent with previous works [41,54].
Besides, these figures clearly show that the reinforcing effect due to
fibers increases with time. Finally, it also appears from these figures
that the so-called ‘memory effects’, generally induced by homogeni-
zation (see for example [55]), are not significant in the present case as
it can be illustrated trough a comparison between the relaxation
characteristic times of concrete and homogenized materials. Indeed,
the characteristic time for the variations of G"™ is about 102 days
whereas it is equal to 100days for the considered concrete. This small
difference is attributed to the particular viscoelastic model considered
for concrete as well as to the selected data. It is likely that the memory
effects would be more important if the amount of fiber increases.

— — — [ [
= = oo < [¥)

() (x10 -5 MPa 1)

J (h;om
-
')

8 7 Concrete matrix
; f=1%
------------------- f=5%

0 200 400 600 800
Loading time t (days)

1000

Fig. 13. Model-predicted creep compliance in shear for steel FRC for two values of fiber
volume fraction.
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4. Validation of the viscoelastic model

This section is intended to validate and verify the proposed theory
and model for non-ageing viscoelastic behavior of FRC. The model
predictions will be compared to available experimental data as well as
to some theoretical models already developed for the compressive
creep of concrete matrix reinforced by steel fibers.

It should be kept in mind that only non-ageing basic creep of
concrete is addressed in the proposed model. All the other components
and mechanisms of concrete creep, as briefly described hereafter, are
disregarded in the modeling.

In addition to load-induced creep strains, concrete exhibits time-
dependent strains also under free-stress conditions. These strains are
referred to as shrinkage strains and arise due to changes in temperature
(thermal shrinkage) and/or to changes in the water content. The latter
changes result from the hydration process (autogeneous shrinkage
deformation) and/or from drying of the material (drying shrinkage
deformation).

Moreover, in the context of solidification theory proposed by
BaZant and Prasannan [56,57] and corroborated by extensive data
fitting and verification, both ageing and non-ageing components of
basic creep are not controlled by the hydration degree only, but also
by the growth in effective load-bearing volume fraction of hydrated
cement. This fraction can continue to grow significantly up to high
ages as a result of progressive formation of bonds among the solid
particles of hydrated cement.

4.1. Model predictions versus experimental results

An experimental investigation on creep of steel fiber reinforced
concrete has been performed by Mangat and Azari [41]. The tests were
carried out on specimens 100 mmx 100 mmx 500 mm of concrete
reinforced by means of steel fibers with aspect ratio ranging between
a=56 and a=61. The volume fraction of fibers ranged between
f=0 and f=3%. The specimens were cured in a temperature and
humidity controlled room for 28 days and then loaded under uniaxial
compression up to a stress/strength ratio of 0.3. A temperature of 20 °C
and arelative humidity of 55% were maintained in the controlled curing
room. Table 6 summarizes the properties of the materials used for the
experimental analysis.

For comparison purpose, the procedure used to identify the model
parameters (Zener parameters) is the following. The instantaneous
relaxation modulus is determined by condition E?"(0) = E;
= 0./ €™(0), whereas the value of E, is fixed by the asymptotic
condition E*M’( 4 ) = L2 = o /&"( + «). These conditions
yield E; =20.4 GPa and E; = 7.7 GPa. The determination of the dashpot
viscosity 1), or equivalently the characteristic time in relaxation, is
achieved by curve fitting from the experimental creep curve of
unreinforced concrete. This leads to the value 1=184.1 GPaxdays.
Fig. 14 shows the relationship between uniaxial creep strain of steel FRC
and time under load at 0.3 stress/strength ratio. The continuous curves
represent to model predictions whereas the symbols refer to the
experimental points obtained by Mangat and Azari [41].

It is first recalled that all the theoretical model predictions
correspond to the asymptotic value a— + « for the fiber aspect ratio.
The relevancy of such a model assumption seems to be justified by the
experimental measures. Indeed, the experimental results provided in
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Fig. 14. Creep strain of steel fiber reinforced concrete versus loading time at a stress/
strength ratio of 0.3: comparison between model predictions and experiments [41].

Mangat and Azari [41] suggest that the value of the fiber aspect ratio
has a slight effect on the creep properties of FRC. Actually, this result
confirms that that established in elasticity (small influence of cz on the
overall elastic properties) still hold in viscoelasticity.

It can be seen from this figure that the theoretical predictions fairly
fit the experimental results, particularly for advanced loading time. The
discrepancy observed at early stages of loading is clearly attributed to
the fact that the proposed model does not account for concrete ageing.

The model predictions are now compared to experimental
measures performed by Chern and Young [54]. These authors
investigated the creep performance of steel fiber reinforced concrete
by means of uniaxial compressive tests on 15 cmx 30 cm cylindrical
specimens. The FRC specimens have been cured at different values of
temperature and relative humidity and then loaded at a stress/strength
ratio of 0.25 approximately. The comparison between the model
predictions and the experiments will be restricted in sequel to
specimens cured for t’ =28 days and tested in a room at a temperature
of 23 °C and a relative humidity of 50%. The material properties for
concrete and steel fibers are summarized in Table 7.

The procedure adopted to identify the model parameters is similar
to that used for the comparisons with the results of Mangat and Azari
[41]. It leads to E; =23.5 GPa, E; =4.4 GPa and 1= 184.7 GPax days.
The comparison between model predictions and experimental results
in terms of creep function J(t’,t) versus loading age curves are shown
in Fig. 15. It is recalled that J(t',t) represents the strain at time t caused
by a unit sustained load acting since time t’. As previously specified,
the value of the latter parameter is t' = 28 days.

Unlike the observations made by Mangat and Azari [41], the
experimental measures of creep function obtained by Chern and Young
[54] are very close for f=1% and f=2%. The above figure suggests that
the proposed model predictions underestimate the restraining effect on
concrete matrix creep due to the addition of fibers. This question
remains however to be confirmed by further comparisons with
experimental data.

Table 6
Material properties for creep tests by Mangat and Azari [41].
Concrete Instantaneous elastic strain £m(0) 365-10~°
Asymptotic creep strain £M(+w) 1335-10~°
Poisson ratio v 0.2
Steel fiber Young modulus E 210,000 MPa
Poisson ratio v 0.3

Table 7
Concrete and fiber properties for creep tests by Chern and Young [54].
Concrete Instantaneous elastic strain £m(0) 290-10~°
Asymptotic creep strain £M(+) 1833-10~°
Poisson ratio v 0.2
Steel fiber Young modulus E 210,000 MPa
Poisson ratio v 0.3
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Fig. 15. Creep function versus loading time for steel fiber reinforced concrete loaded at a
stress/strength ratio of 0.25: comparison between model predictions and experimental
measures [54].

Remark. The model calibration disregards most of the mechanisms
described in the beginning of Section 4 and involved in the time-
dependent deformation of concrete, such as shrinkage phenomena or
dependence of non-ageing properties on effective load-bearing
structure of calcium silicate hydrates (C-S-H). Consequently, the results
as well as the related comments of comparison of model predictions
with experimental data should be considered with caution.

4.2. Model predictions versus existing theoretical results

Additionally to experimental validation, the predictions of the
proposed model are compared in the subsequent analysis to those
derived from two models available in literature. Mangat and Azari [41]
and later Zhang [42] developed analytical models for creep of steel
reinforced concrete under uniaxial compression. These two models
were formulated within quite similar frameworks in terms of basic
assumptions. First, both models are based on the assumption that creep
of the reinforced material in the loading direction is restrained by an
equivalent distribution of aligned fibers parallel to the direction of
sustained applied stress. In addition, the two models assume that the
fibers provide restraint to creep of the concrete matrix through the
fiber/matrix interfacial shear stress 7. The formulation of the analytical
expression for creep strain of steel reinforced concrete matrix is

achieved in the approach developed by Mangat and Azari [41] as well in
that proposed by Zhang [42] by introducing heuristic considerations.

Figs. 16 and 17 show the predictions of the proposed model together
with those derived from the model of Mangat and Azari [41] in terms of
creep strain versus loading time for the data given in Table 6. The
experimental results obtained by these authors are also reported in
these figures for two values of the fiber aspect ratio « =56 and o= 59.
It is observed from these figures that both models exhibit a good
correlation with the experiments, with a rather better agreement
between experiments and the proposed model for increasing values of
the loading time.

Comparison of the proposed model predictions with those derived
from the model of Zhang [42] are shown in Figs. 18 and 19, together
with the experimental measures presented in Mangat and Azari [41].
The input data is that given in Table 6. Once again, the two models
reasonably agree with the experimental results. The model of Zhang
[42] better fit the experiment results for early stages of loading,
whereas the proposed model presents better predictions with respect
to experiments for higher values of loading time.

Therefore, it can be emphasized from the above analysis that,
although its relative simplicity, the proposed viscoelastic model
showed:

- A good correlation with a series of experimental results available
from two independents studies.

- Similar performance when compared to two analytical models
formulated for uniaxial creep of FRC. The main advantage of the
proposed model lies in its applicability to multiaxial solicitations.

Clearly enough, the proposed model still needs to be improved in
order to address important aspects of FRC behavior, such as ageing or
micro-cracking of the matrix. The model can however be used in its
current form, as a preliminary approach, in both material optimization
and performance prediction with regard to creep of FRC.

5. Conclusion

The macroscopic behaviors in elasticity and non-ageing viscoelas-
ticity of fiber reinforced concrete have been formulated within the
framework of homogenization theory for randomly heterogeneous
materials.

A Mori-Tanaka linear scheme is first implemented to estimate the
effective elastic properties of FRC from the knowledge of the elastic
properties of its individual constituents. This model successfully
predicts the values of the Young's modulus and Poisson's coefficient
of such a composite, as emphasized by comparison with either finite
element solutions developed in the present work or available
experimental data. A considerable advantage of the micromechanical
approach lies in the fact that the closed-form expression for the
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Fig. 16. Creep strain as a function of loading time for fiber aspect ratioce= 56. Predictions of proposed model versus predictions of Mangat and Azari [41] model.
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Fig. 18. Creep strain as a function of loading time for fiber aspect ratio &= 56. Predictions of proposed model versus predictions of Zhang [42] model.

homogenized elastic properties makes it possible to easily analyze the
impact at the macroscopic level of the reinforcement characteristics
(fiber stiffness, fiber volume fraction, and fiber aspect ratio).

In the situation, covering in particular the case of loading applied to
concrete at advanced age, where ageing could be neglected for the
viscoelastic behavior of concrete, the homogenized behavior of FRC has
been determined. Reasoning within the framework of Carson-Laplace
transform, the conjunction of the results previously obtained in elastic
homogenization with the correspondence principle allows deriving
closed-form expressions for the homogenized bulk and shear relaxa-
tion moduli. The validity of the model has been assessed by mean of

comparison with available experiment results of creep strain of FRC
specimens under compressive load. It should be emphasized that the
experimental results analyzed in this paper clearly indicate no slip on
the matrix-fiber interface, which is compatible with the micromecha-
nical model assumptions.

In addition, the model predictions prove to be similar to those
derived from two analytical models formulated in one-dimensional
setting. The main advantage of the present model lies in its potential
applicability to FRC under multiaxial solicitation.

In view of a more comprehensive modeling of FRC behavior, a
number of improvements and developments are still necessary. In this
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Fig. 19. Creep strain as a function of loading time for fiber aspect ratio &= 159. Predictions of proposed model versus predictions of Zhang [42] model.
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respect, the validation of the homogenized viscoelastic model
formulated in Section 3 through comparison with experimental data
and finite element solutions is a fundamental issue to be addressed. As
regards the theoretical aspect, a key challenge for next future
extensions is to account for ageing. Indeed, the viscoelastic behavior
concrete exhibits ageing and a specific homogenization procedure is
required [55], since the reasoning based on Carson-Laplace transform
does not apply.

Finally, the real task which remains to be done consists in dealing
with non-linear phenomena which are necessary for addressing
strength. Actually, the formulation of the macroscopic strength
properties of FRC by means of limit analysis homogenization
techniques is the matter of on-going research.

Appendix A

Expressions of K™ and G'"™ for fibers with infinite aspect ratio
(a— +)Below are provided the analytical expressions of the
macroscopic bulk modulus K™™and macroscopic shear modulus G™™
of FRC, derived from a Mori-Tanaka homogenization scheme. The
aspect ratio of fibers is assumed as infinite, i.e., ¢— + .

First,

hom __ N1<(1<m7gm:kf:gf7f)

K=o 2o 0/ (A1)
Dy(k™.g™ K g . f)

where the function N and Dx depend on the elastic properties of the

components of FRC as well as on the volume fraction of fibers. The

numerators in (A1) writes

Ny = (3" +g))[(1—HK™ + fi/] + 3Kk (A2)
whereas the denominator has the following expression

Dy = (3¢" + &f) + 3(FK" + (1=f)k)) (A3)

The macroscopic shear modulus is expressed by

chom _ Ne(K".g" K g/ f) (Ad)
D (k™ g™ K . g .f)

where N¢g = Z n; with
i=1
= o™k’ (g/)? 2 = 3g"(&"?(7fe] (K™ + K ) +-15k™k/ (1 + f) + 5¢ k™)
5 = (g™ (35(2)%(35 + 37f) + 15k™¢/ (5 4 3f) +3kfgf 35+ 17f) + 10k™K (9
n, = (g" ) 3((g))*(145 +39f) + 21k (5—f) + 3K/ ¢ (40— 19f)+45k’"l<f1 f)
= (g™)*(45k™(1—f) + 15k, (1—f) + & (125—61f)) , ng = 15(g™)°(1—f)

(AS)

and D; = Z d; with

i=1

“g” g (A=) + 3K (5—4f))

dz J (35(g))2(1—f) + 3k™g  (25—13f) + 21k g/ (5—4f) + 90k™ k)
3 2((gf (145—73f) +15k”‘gf 7+f) +121<fgf<1o+3f) + 9K/ (54 4f))
’" ) (9Kk™ 5+4f +3k/(5 + 16f) + g/ (125 + 59f)) = (g")*(15 +49f)
(A6)
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