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Based on the gathered experimental data concerning adsorption/desorption processes in cement mortar, it
has been stated that the rate of these processes changes in time even if they proceed in stable conditions. In
this paper an attempt is made to describe such processes by applying linear and non-linear diffusion theories
for comparison. The main aim of these studies is to determine the diffusion coefficient by correlating the
theoretically determined desorption isotherms with the experimental ones. The validation of the diffusion
coefficient was accomplished through comparison of the theoretical desorption curves with the
experimental data for narrow and broad ranges of the air humidity changes. The final conclusion is that
the moisture transfer in hygroscopic porous materials for broad ranges of the air humidity changes should be
modeled by the non-linear diffusion theory, in which the diffusion coefficient is a function of moisture
content. The new material in this paper concerns very long time measurements in desiccators, and
evaluation of the diffusion coefficient by an advanced optimization algorithm.
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1. Introduction

Building materials like cement mortar are qualified as porous
highly hygroscopic media, [1]. Being dry, they soak moisture from
humid air, and conversely, being moist, they give the moisture back to
dry air. The moisture transfer consists of three stages: the adsorption/
desorption at the solid/gas interface, the moisture diffusion inside the
pores, and the convective exchange of vapor between the porous
material and the ambient air. The rate of this process varies in time,
even if the external conditions provoking it are stable. This means that
the diffusion rate changes accordingly to the moisture content in the
material.

The objective of this paper is to provide a description of moisture
transport inside the cement mortar by applying a linear diffusion
model for narrow ranges of the air humidity changes and a non-linear
diffusion model for both narrow and broad ranges of the air humidity
changes for comparison. In particular, the paper presents a proposal
for determination of the effective coefficient of diffusion Deff on the
basis of experimental adsorption–desorption measurements in
cement mortar and application of an advanced optimization algo-
rithm. The effective coefficient of diffusion expresses combined
moisture transport, which occurs in both the adsorbed liquid and
the gas phases present in the capillary-pore space.
In earlier works, a linear diffusion theory with constant diffusion
coefficient D was applied for description of drying concrete elements,
[2–5]. The values of determined coefficients D show a wide diversity
ranging from 1.1·10−12 to 1.6·10−9 m2/s [6].

Dependence of the diffusion coefficient onmoisture contentD=D(C)
was considered for first time by Pihlajavaara in [7]. He carried out a
series of experiments concerning drying of concrete balls and
cement mortar samples in the form of prisms, and attempted to
describe these processes on the basis of diffusion theory. In the first
approach he proposed a linear dependence of the diffusion coef-
ficient on moisture content. However, his further studies did not
confirm utility of such a linear function for greater values of moisture
contents than 0.5÷0.6. He proposed next in [8] a power function,
which allowed to describe satisfactory the transport of moisture for
moisture contents C<0.9. The values of the diffusion coefficient for
the examined by Pihlajavaara samples ranged between D=1.5·10−11

and D=20·10−11 m2/s.
The power function for the diffusion coefficient proposed by

Pihlajavaara was critically reviewed by Bažant and Najjar [9,10], who
did not confirm its usefulness in many cases. They undertook their
own studies and interpolated this coefficient with air relative
humidity and, additionally, with temperature and degree of hydra-
tion. They, as well as Hancox [4], utilized the new form of the diffusion
coefficient and analyzed the drying processes of geometrically simple
samples like spheres and plates made of concrete, mortar or gypsum.
Their studies confirmed a good adherence of the theoretical and the
experimental results.

Vos [11] constructed function D(C) based on the measurements of
the electric capacity of gas–concrete at variousmoisture contents. Van
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der Kooi [12] constructed function D(C) based on measurements of
electric resistance of gas concrete at various moisture contents. In
each case, the magnitude of the diffusion coefficient changed by about
several orders for a wide range of the moisture content variability.

Kiessl and Gertis [13] implemented function D(C) proposed inde-
pendently by Vos and Van der Kooi in the mathematical model of
diffusion applied for analysis of drying of gas concrete plates. They
determined charts of moisture distribution and showed clearly dif-
ferent mappings of the same processes as quantitatively as quali-
tatively, in spite of a similar range of variability moisture content in
both cases.

The problem of liquid transport in building materials was exam-
ined in a broader context within the framework of the HAMSTAD
project (Heat Air andMoisture Standards Development) [14]. The aim
of the project was to propose an adequate modeling methodology for
liquid water transfer in building materials. The results are published
in four papers [15–18]. However, the theory presented by these
researches has a number of limitations. Themain one is its uncertainty
in the low moisture content range, where combined liquid water and
water vapor transport occur.

This paper concerns examination of moisture transfer in cement
mortar just in the low moisture content range. A number of de-
sorption isotherms at temperature T=20 °C were established for
cement mortar samples with water/cement ratio w/c=0.50, for five
narrow relative air humidity φ changes: 97%→85%, 85%→75%,
75%→50%, 50%→30%, 30%→12%, and for the broad relative air
humidity φ change 97%→0%.

First, an attempt was made to adjust the theoretical desorption
curves to the five narrow ranges of the air humidity change on the
basis of a linear diffusion model. In the next step a non-linear model
with the diffusion coefficient dependent on moisture content Deff(C)
was adopted for analysis of both the narrow and the broad ranges of
the air humidity change. The validity of this non-linear diffusion
model was supported by a good conformity between the theoretical
desorption isotherms and the experimental ones. The correlation of
the theoretical predictions with the experimental data supported the
hypothesis that the non-linear diffusive model reflected the moisture
transport inside the hygroscopic porous material very well.

In this paper, the procedure for determining Deff is significantly
different from those described in references [1,15,19–25]. The
solution of the linear diffusion equation is performed in the form of
eigenfunctions series. The non-linear diffusion equation with a
variable diffusion coefficient Deff(C) is solved, using the methods of
lines. The linear and non-linear solutions are correlated with the
experimental desorption isotherms by using a modified iterative
algorithm of Levenberg–Marquardt [26]. The accuracy of the corre-
lation is determined by applying the method of least squares and the
stochastic polytope algorithm.

2. Description of the research part

2.1. Experimental background

The former researches conducted by Garbalińska within the
framework of work [20] concerned determination of moisture
diffusion coefficients through stationary measurements performed
with the Cup Method (described in more detail in [27,28]) and
through non-stationary adsorption and desorption measurements —

using for calculations the logarithmic procedure and the √t-type
procedure [19,29,30]. Moreover, a comparative analysis was con-
ducted for the transport coefficients determined through the
stationary processes with the Wet-Cup Method and the Inverse-
Wet-Cup Method [31]. Subsequently, measurements of the capillary
transport coefficients were taken, confronting in Ref. [32] the adapter
method with the traditional capillary suction technique, which was
described in more detail e.g. in Ref. [33]. Each of those tests was
conducted in three temperatures: T=20 °C, 35 °C, 50 °C, and cement
mortars with diversified water–cement ratios: w/c=0.50, 0.65, 0.80
were used as the object of the study.

For preparation of all the mixes, the same initial components were
used: pure Portland cement and quartz sand (0÷2 mm) composed of
individual fractions— in identical proportions. This approach ensured
invariability of the contents and, as a result, guaranteed homogeneity
of all individual mortars.

The cement–sand proportions were fixed in such a way that in
each of the three mortars the ratio of the cement paste as a matrix to
the aggregate as an inclusion was uniform: (VC+VW)/VA=const.
Meeting this condition guaranteed that each mortar could character-
ize with the same relation of volume of the matter, in which the
moisture transport processes occur (cement paste), and volume of the
matter, for which these processes can be recognized as meaningless
(sand grains). If we consider the fact thatmoisturemigrationmay also
take place on the contact surface of the both element (cement paste-
aggregate), maintenance of the abovementioned relationship ensures
also identical contact surface in each of the mortars. One must note
that the microstructure of hydrated cement paste, in a direct
proximity of aggregate grains, features higher porosity, comparing
to the microstructure of internal layers of grout. Although, according
to Neville [34], in case of fine aggregate, extent of the contact layer is
relatively small.

For all the three formulas, an identical component mixing
technique was applied – the same as for production of the reference
mortar [35]. Samples were made in cylindrical cast-iron forms with
internal dimensions of φ=8 cm (diameter) and 16 cm (height).
Compacting technique was adapted to the consistence. For the mix
with w/c=0.50, mechanical compacting was used. For two other
mortars, manual compacting was applied, by the means of a tool, built
specially for that purpose, that guaranteed repeatability of the
procedure for all samples of the given mortar.

Immediately after preparation, the samples were carried in their
moulds to a chamber with temperature of about 20 °C and air relative
humidity reaching 100%, where they remained for 24 h. Next, the
samples were removed from the moulds and placed in water bath.
Keeping them in water bath was recognized as necessary to be able to
accept that in the samples concerned hydration processes ceased and
that structural processes became stable.

Progress of the hydration process was ascertained by the means of
derivatographic methods, described in more detail in Ref. [21].
Considering the fact that between the 12th and 24th month of curing
growth of hydration degree achieved in the most unfavorable case (at
w/c=0.50) only 3.3% — one-year-long water bath was accepted as
sufficient for stabilizing the structures in the mortars used in this
program.

It needs to be emphasized that the research program [20] was
conducted for several years, therefore some of the samples were
included in the testing procedure in the second year after their
preparation, whereas other ones were included after 2, 3 or more
years.

Within the framework of testing usability of non-stationary meth-
ods for determination of diffusion coefficients, first of all, an experi-
ment consisting of two experimental blocks cycles was performed,
where the first block included fifteen adsorption cycles and the
second cycle included fifteen desorption cycles.

For studies on diffusion coefficient with non-stationary methods,
disc-shaped samples of 80 mm diameter and 10 mm height were
used. They were made from ϕ8/16 cm cylinders produced accordingly
to the description provided above.

In the period preceding commencement of the studies on ad-
sorption, the cylindrical samples were made subject to mechanical
processing. With a diamond saw and a special template, the cylinders
of all the individual mortars were cut to ≈10 mm discs. In order to
avoid effects caused by structural changes due to carbonization in the
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next-to-surface area, a several-millimeter-thick layer of the material
was cut off and discarded on both the flat sides. As a result, all the
discs originated from the central parts of the cylinders. Then, the discs
were ground on both sides, so that their thicknesses were same
−10 mm. Type of the grinder used ensured that a specified thickness
±0.1 mm was achieved and it guaranteed that the opposite surfaces
were parallel.

After taking a preliminary inventory of the samples, their side
surfaces were insulated. Good consideration was given to the problem
of selection of appropriate waterproof insulation. Its good quality was
a necessary condition for obtaining a one-direction flow ofmoisture in
the disc samples and prevented appearance of an uncontrolled stream
of moisture migrating between the sample side surface and the
insulation — in case there is no tightness in the contact area. Having
tested various solutions, moisture-hardening silicone was recognized
as the best for this purpose. It showed good adhesive tendency to the
materials tested and proper resistance to high temperatures.

Each mortar yielded 45 disc samples of ϕ80/10 mm — to be used
firstly for adsorption and then for desorption measurements. Fig. 1
shows a view of the samples.

Before starting the adsorption measurements, the samples were
dried up to constant mass. Next, they were placed at one of the pre-
determined temperatures, grouping the samples by three of each
mortar at five specified air relative humidity φ conditions.

In adsorptionmeasurement block, relative humidity intervalswere
tested as per the scheme 0→φi — where for T=20 °C: φi=30%, 50%,
75%, 85%, and 97%, for T=35 °C: φi=32%, 51%, 75%, 82%, and 96% ,
whereas for T=50 °C: φi=31%, 47%, 75%, 83%, and 96%. Realization of
the extensive experimental block consisting of 15measurement cycles
required a continuous monitoring of changes in the sample mass
during adsorption processes, which followed different courses under
those conditions. Using an inverse task, from these courses a transport
parameter was determined for each of the mortars, as belonging to
individual section of 0→φi. After the tested mortar samples achieved
adsorption balance condition in each of the 15 climates, the desorption
test blockwas started. This one consisted of 15 cycles, too (five for each
of the abovementioned temperatures), performed according to the
φi→0 scheme. Desorption processeswere initiated due to transferring
the samples with moisture φi, stabilized in the first experimental
block, to moisture φ≈0%. Changes of the sample masses had been
recorded until the samples dried up. Application of the inverse task
helped to determine, on the basis of mapped courses, values of dif-
fusion coefficients for eachmortar, in relation to each temperature and
each section of the φi→0 humidity that were examined.

The extensive experimental material we had collected indicated
strong variability in the diffusion coefficient, depending on temper-
ature and humidity. However, the manner of conducting the studies,
Fig. 1. Photo of the cement mortar samples used in the experiments.
encompassing wider and wider ranges of humidity Δφ, made it im-
possible to provide detailed reconstruction of changes in the diffusion
coefficient along with humidity.

This made us conduct differently arranged non-stationary desorp-
tion studies on the diffusion coefficient, as described in Section 2.2.
They were supplemented by the tests presented in Section 2.3, which
were aimed at determining a desorption isotherm. Measurements
described in this paper make for continuation of studies discussed in
Section 2.1, and consist in development of application of the non-
stationary method for measuring the diffusion coefficient in a porous
material. Testing of achievable precision of description of moisture
transport processes was provided for in this paper based on de-
sorption processes, related to a chosenmortar with ratiow/c=0.50 at
temperature T=20 °C.
2.2. Non-stationary desorption measurements

Contrary to the desorption measurements of diffusion coefficients
described in Section 2.1, respective to wider and wider ranges of
humidity Δφ=φi→0, a concept of studies, which helps to describe
the variable value of the diffusion coefficient we face at different levels
of relative humidity φ and thus, at different levels of moisture in the
material is provided below.

The described below desorption studies were arranged in such a
way that they referred to narrow and adjacent ranges of Δφi, covering
almost entire range of hygroscopic moisture. The desorption
processes, which are presented here, were performed at T=20 °C in
five narrow sections of Δφi for ϕ80/10 mm cement mortar samples
with w/c=0.50, prepared as described in 2.1.

The diffusion coefficients, which had been determined through the
invertedmethod and assigned to individual sections of Δφi, were used
to describe the drying process covering almost entire range of
hygroscopic humidity Δφ=97%→0%, results of which came from
the formerly conducted desorption measurements, presented in
Section 2.1. Tested in the almost full hygroscopic moisture humidity,
the samples were going from the high humidity condition φ=97%
(stabilized above saturated water solution of K2SO4) to a condition
typical for humidity φ≈0% (stabilized with silica gel). The drying
process was studied for almost 4 months. At that time, a desiccator
containing mortar samples was kept in a thermostatic chamber,
ensuring maintenance of steady temperature of 20 °C throughout the
testing period. Themeasurements came down to systematic recording
of changes in masses of individual samples. Initially, the changes were
quite rapid, but with time they slowed down significantly. Fig. 2
shows a resultant graph, illustrating in a schematic way the course of
the drying process at Δφ=97%→0%. It depicts the registered average
changes in all the samples, referred to their volumes, thus providing
changes in concentration C*s , which takes place during this process.
Fig. 2. Decrease of moisture content vs. time for the relative air humidity change
Δφ=97%→0%.
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On the other hand, Fig. 3 provides changes in concentration C*s,
recorded during the five desorption cycles in narrow-interval ranges
of Δφi. The schematic courses juxtaposed on Fig. 3 make for products
of studies conducted at T=20 °C on samples of the mortar with w/
c=0.50.

On all levels, air relative humidity was stabilized with saturated
water solutions of the salts:φ=97%—K2SO4;φ=85%—KCl;φ=75%—

NaCl; φ=50% — Ca(NO3)2; φ=30% — CaCl2; and φ=12% — LiCl. The
basic experiments in five cycles of Δφi followed an initial period
when the ϕ80/10 mm mortar samples were reaching their moisture
balance, appropriate for air relative humidity of φ=97%. To this end
they were kept long enough over solution of K2SO4. The main mea-
surements in narrow-interval desorption cycles began on relocation of
the samples from humidity of φ=97% to humidity of φ=85%. In such
humidity the samples remained until achieving a balance state. Next,
they were put to the desiccator with solution of NaCl, i.e. to humidity of
φ=75%. Mass changes were recorded until their cessation. The
stabilization of the mass was a signal to start another desorption cycle.
The samples were transferred to a lower humidity of φ=50% and
another cycle of drying and mass change recording began. After its
completion, the samples were put into the desiccator with some CaCl2
solution, and when the drying process in such conditions went down,
the samples were placed above some solution of LiCl, where they
remained until their moisture balance condition was achieved. So
designed, the experiment consisted of five component cycles Δφi,
carried out in the following order:Δφ1=97%→85%,Δφ2=85%→75%,
Δφ3=75%→50%, Δφ4=50%→30%, Δφ5=30%→12%. Each time, in
the thermostatic chamber (maintaining the temperature at 20 °C±
1 °C), there was one desiccator with the volume of about 10 dm3. On
its bottom there was some hygrostatic solution, and inside of it, on
special structures, 9 samples with total volume of about 450 cm3

were placed. Realization of the 5-stage experiment lasted almost
1.5 year. During that period, beginning of each cycle required quite
frequent measurements of the mass – within the first several dozen
of hours, every 6 h, and later, every 12 h; then, after some time and
when the recording process was not so intensive — once a day, to
come ultimately down to once per several days. For each, cycle the
measurements were finished when the mass changes (determined
on the final stage in one-week intervals) achieved a level equivalent
to the measuring scales precision.

It needs to be noted that the experiment of gradual going through
all desorption cycles Δφi, taking several months, was burdened with
uncontrolled effect of carbonization process. Unfortunately, it was not
technically possible to remove CO2 from the environment and exclude
radically its participation in the recorded mass changes. However,
considering results of tests performed by Kropp [36], it was under-
Fig. 3. Decrease of moisture content vs. time for the five short range processes of the
relative air humidity change.
stood that benefits from conducting the studies in each of the com-
ponent cycles on the same samples prevail the minute inaccuracies
resulting from the carbonatization process.

The experimentally reproduced courses of mass changes during all
the component cycles provided a base for determining through the
invert task an effective diffusion coefficient for a given range of
moisture in the material under study. Then, those diffusion coeffi-
cients, obtained from the individual ranges, were used to describe the
general drying process within the range Δφ=97%→0%, which
played the role of a range testing usability and precision of the
calculation procedures proposed in the paper. Their application re-
quired additionally a reconstruction of the desorption isotherm,which
is described below.

2.3. Determination of the desorption isotherm

The results presented herein refer to the temperature T=20 °C and
the cement mortar with ratio w/c=0.50. In order to determine the
desorption isotherm presented on Fig. 4, samples obtained from cutting
the ϕ80/10 mm discs to four equal pieces were used. All the sample
surfaces participated in the moisture transport, and the main purpose
was not to record the mass changes, but to determine the balance
values. The sampleswere kept in seven air relative humidity conditions.
Six identical humidity values and solutions as in Section 2.2. were
adopted. Additionally, in order to increase density of the points on the
desorption curve in the medium humidity area, a balance value for the
air relative humidity of φ=62% was determined. For its stabilization,
aquatic solution of saturated NH4NO3 was used.

Fig. 4 shows a desorption isothermwith indication of the spread of
results obtained for value Cs.

3. Modeling approach

We assume that the process of moisture exchange between
cement mortar and the surrounding atmosphere (air) is isothermal
and diffusive in character. It can be divided into three stages: de-
sorption of water particles adsorbed at the capillary wall, diffusion of
vapor through the stagnant gas inside the mortar pores, and con-
vective exchange of water vapor between the mortar and the ambient
air.

Let us assume that amortar samples (Fig. 1) consists of multiplicity
of capillaries with radius R filled with moisture. Fig. 5a presents the
geometry of the sample and Fig. 5b shows a single moisture-filled
capillary, partly as vapor in air and partly adsorbed on the capillary
surface.
Fig. 4. Desorption isotherm for the cement mortar at T=20 °C.



Fig. 5. Sample model: a) geometry of the sample, b) visualization of a capillary filled
with moisture.
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Let Cs [kg/m3] be the adsorbed moisture content in the layer of
thickness δ at the capillary wall and C [kg/m3] the moisture content in
air filled up the capillary space. We assume that the desorption rate is
so high that the adsorbedmoisture and the moisture in gas phases are
in equilibrium in each cross-section of the capillary. According to this
assumption, the rate of moisture removal from the capillary depends
on the rate of mass transfer in both phases and between them. The
starting point for constructing a differential equation describing this
process is the balance of mass, in which the Fick's law is applied. For a
single capillary, the balance of moisture mass reads [37]

πR2dx
∂C
∂t + 2πRδdx

∂Cs

∂t = πR2dx
∂
∂x D

∂C
∂x

� �
+ 2πRδdx

∂
∂x Ds

∂Cs

∂x

� �

ð1Þ

where D [m/s2] and Ds [m/s2] denote the coefficients of diffusion in
the gas and the adsorption phases respectively.

The boundary condition for the desorption process expresses the
convective exchange of moisture between the mortar sample and the
ambient air, namely

πR2D
∂C
∂x jx= l + 2πRδDs

∂Cs

∂x jx= l = πR2kðC jx= l−CaÞ ð2Þ

where k denotes the coefficient of convective exchange of moisture
(vapor), and Ca denotes the vapor content in the ambient air.

The symmetry conditions of moisture distribution in the capillary
complete the set of boundary conditions

∂C
∂x jx=0 = 0 and

∂Cs

∂x jx=0 = 0: ð3Þ

The initial conditions assume uniform distribution of moisture
contents at the beginning of the desorption process

Cðx; tÞ j t=0 = C0 and Csðx; tÞ j t=0 = C0s: ð4Þ

Applying the desorption isotherm (Fig. 4)

Csðx; tÞ = F½Cðx; tÞ� ð5Þ

we can rewrite Eq. (1) and boundary condition (2) as follows

1 + 2
δ
R
∂F
∂C

� �∂C
∂t =

∂
∂x Deff

∂C
∂x

� �
ð6Þ

Deff
∂C
∂x jx= l = kðC jx= l−CaÞ ð7Þ
where Deff is the effective coefficient of diffusion, being a combination
the diffusion coefficients in gas and adsorption phases, that is

Deff = D + 2
δ
R
∂F
∂C Ds: ð8Þ

As the ratio of the adsorbed layer thickness to the capillary radius
is very small, and the gradient of the desorption isotherm change-
abilitywithmoisture content is a limited quantity, therefore, 1≫2(δ/R)
(∂F/∂C) is assumed on the left side of Eq. (6) in further considerations.
Thus, the final form of the diffusion equation reads

∂C
∂t =

∂
∂x Deff

∂C
∂x

� �
= Deff ðCÞ

∂2C
∂x2

+
∂Deff

∂C
∂C
∂x

� �2

: ð9Þ

Diffusion Eq. (9), boundary condition (7), symmetry condition (3)1
and initial condition (4)1 complete the system of equations for de-
scription of desorption processes between the mortar sample and the
ambient air. As mentioned above, the experimental tests were carried
out in such a way that the initial-boundary value problem can be
considered for one-dimensional (Fig. 5a).

The cement mortar is assumed in this paper to be a rigid body.
Therefore, the influence of the body deformation on the diffusion
process is neglected. A more general theory of diffusion, including a
material deformability, is presented, for example, in Refs. [38] or [39],
and a more general discussion of moisture transport in deformable
capillary-porous bodies during drying processes is presented in the
monograph [40].

4. Linear diffusion

Atfirst approach,we assumed that the amount of desorbedmoisture
and the non-uniformity in moisture distribution within the mortar
sample at narrow ranges of the air relative humidity changewere small.
In such a case, the non-linear term in Eq. (9) can be neglected, and the
diffusion coefficient should be considered as constant, but different in
the individual intervals of the air relative humidity change. Thus, the
diffusion of moisture for i-th interval (see Fig. 3) is described by the
linear equation of the form

∂Ci

∂t = ðDeff Þi
∂2Ci

∂x2
: ð10Þ

Let us assume that the limit values of moisture content in the
cement mortar are (C0)i at the beginning and (Ca)i at the end of the i-
th desorption process. During the process, themoisture content Ci(x,t)
is distributed along the sample height and changes in time from (C0)i
to (Ca)i. In order to find the moisture distribution in the sample and
its evolution in time, it is necessary to solve Eq. (10), applying the
following boundary and initial conditions:

−ðDeff Þi
∂Ci

∂x jx= l = kiðCi jx= l−ðCaÞiÞ;
∂Ci

∂x jx=0 = 0; Ci j t=0 = ðC0Þi:
ð11Þ

The boundary condition on the left determines the rate of
desorption by the convective exchange of moisture between the
sample and the ambient air. The second one expresses symmetry
of moisture distribution within the sample with respect to the
middle of the sample. The initial condition assumes a uniform
distribution of moisture at the beginning of the i-th desorption
process.



Table 1
Maximum and minimum values of the moisture content in several ranges of the air
relative humidity change and the coefficients appearing in the analytical expression
(16).

Cycle maxCi·10−3

[kg/m3]
minCi·10−3

[kg/m3]
ai bi ci

97–85% 16.76 14.69 1.879·10−11 3.9·10−2 −3.3·10−9

85–75% 14.69 12.96 6.986·10−12 5.3·10−2 −3.5·10−9

75–50% 12.96 8.64 5.915·10−13 8.9·10−2 −6.5·10−10

50–30% 8.64 5.34 1.08·10−11 8·10−2 −3.7·10−10

30–12% 5.34 2.07 1.174·10−10 1·10−1 −7.6·10−10

97–0% 16.76 0.000 4.923·10−10 2.7·10−2 −5·10−10
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Using the method of variable separation for solution of the above
initial-boundary value problem, one obtains the solution in the form
of eigenfunctions series

Ciðx; tÞ = ðCaÞi + 4ððC0Þi−ðCaÞiÞ ∑
∞

n=0

sinðωnÞi
2ðωnÞi + sin2ðωnÞi

cosðωnÞi
x
l

×exp −ðωnÞi
t

ðtRÞi

� �
ð12Þ

where “cos(ωn)i(x/l)” are the eigenfunctions with the eigenvalues
(ωn)i determined by the characteristic equation

tanðωnÞi =
Ki

ðωnÞi
: ð13Þ

The parameters Ki=kil/(Deff)i and (tR)i= l 2/(Deff)i appearing in
Eqs. (12) and (13) are the two parameters of the theoretical solution,
which are used for the correlation with experimental data.

The sample is a disc of diameter d=0.08 mandheight 2 l=0.01 m.
The mass of the desorbed moisture from the sample during i-th
desorption process is described by the following integral

ðmmÞiðtÞ = 2A∫l

0
ðCsÞiðx; tÞdx = ðmamÞi + 4ððm0mÞi−ðmamÞiÞ

× ∑
∞

n=0

sin2ðωnÞi
ðωnÞið2ðωnÞi + sin2ðωnÞiÞ

exp −ðωnÞi
t

ðtRÞi

� �

ð14Þ

where A=πd2/4 is the area of the disc face, (Cs)i=HCi expresses a
linear section of the desorption isotherm for the i-th narrow range of
the air humidity changeΔφi, (m0m)i=2AlH(C0)i and (mam)i=2AlH(Ca)i
denote the masses of moisture at the beginning and at the end of i-th
desorption process, and H is the coefficient of proportionality between
the adsorbed moisture content Cs and the moisture content in air C
(Henry's constant).

In the experiments, the decrease of total sample mass (Δmt)i=
(m0)i−(mt)i(t) in time was measured, which is equal at the same
time to the decrease of moisture mass (Δmm)i=(m0m)i−(mm)i(t).
The experimental and theoretical results can be compared as follows

fiðtÞ = 1−ðΔmtÞiðtÞ
ðΔmmaxÞi

=
CiðtÞ−ðCaÞi
ðC0Þi−ðCaÞi

= 4 ∑
∞

n=0

sin2ðωnÞi
ðωnÞið2ðωnÞi + sin2ðωnÞiÞ

exp −ðωnÞi
t

ðtRÞi

� �

ð15Þ

where (Δmmax)i=(m0)i−(ma)i denotes the maximum of sample mass
decreased, equal to the maximum moisture mass removed from the
mortar sample in i-th desorption process.

The correlation procedure requires a good choice of parameters Ki

and (tR), that is, parameters which give a “best” approximation to the
function (15). Knowing these parameters, one can calculate the value
of diffusion coefficient (Deff)i [m2/s] and the coefficient ki [m/s]
influencing the diffusion rate.

5. Non-linear diffusion

The parameters of the experimental and theoretical curves for the
non-linear diffusion model are again the coefficient of diffusion Deff

and the convective gas-side transfer k. The coefficient of diffusion Deff

is assumed to be a function of moisture content C, and takes the
following form for both the narrow and the broad ranges of the air
relative humidity change:

Deff ðCÞi = ai expðbiCÞ + ci: ð16Þ

The coefficients correlated in this expression are given in Table 1.
The integration of the non-linear diffusion Eq. (9) was carried out

by applying the method of lines (MOL) and using the MOLCH
procedure from the IMSL package (see Ref. [41]). The basic idea of
MOL is to replace the spatial derivatives in the differential equation
with finite differences (FD), as for example

∂C
∂x≈

Ck−Ck−1

Δx
ð17Þ

where k is the index designating a position along a grid in x, and Δx is
the spacing in x along the grid. In the FD approximation of the spatial
derivative (Eq. (17)) k involves Ck and Ck−1. In this system, Ck−1 is to
the left of Ck in x or is upstream or upwind of Ck. Thus, approximation
presented by Eq. (17) is termed the first order upwind FD.

The complete MOL approximation of Eq. (9) is

dCk

dt
= Deff ðCÞ

Ck + 1−2Ck + Ck−1

Δx2
+

∂Deff

∂C
Ck−Ck−1

Δx

� �2
with k = 1…N:

ð18Þ

The boundary and initial conditions expressed in FD take the form:

−Deff
Ck−Ck−1

Δx
j x= l = kðCk j x= l−CaÞ;

Ck−Ck−1

Δx
j x=0 = 0; Ck j t=0 = C0:

ð19Þ

The numerical solutions of the non-linear boundary value problem
for all ranges of the relative air humidity change are derived, using the
methods of lines. The numerical solution is correlated with corres-
ponding experimental desorption isotherms, using the modified itera-
tive algorithmof Levenberg–Marquardt [26]. Accuracy of the correlation
is based on the least-squares method and on the stochastic polytope
algorithm.

6. Results and discussion

The experimental desorption tests carried out for the narrow
intervals of the air relative humidity change constituted the basis for
determination of the mean effective diffusion coefficient (Deff)i. The
modified iterative algorithm of Levenberg–Marquardt [26] and the
polytope algorithm have been used to determine the two parameters
Ki and (tR)i, which give the best approximation to the balance function
(15). This way, mean coefficients (Deff)i for each of the five narrow
intervals of the air humidity change were determined.

In the first approach, the Levenberg–Marquardt algorithm, applied
by program UNLSF in the IMSL package, uses a least-squares pro-
cedure (see Ref. [42]):

find: S = min ∑
∞

k=0
½dkðXiÞ�2 for dkðXiÞ = gk−fkðt;XiÞ ð20Þ

where gk are the experimental data and Xi denotes a two-dimensional
vector consisting of components Ki and (tR)i. As the algorithm is
iterative in character, it requires initial values for parameters Ki and
(tR)i, then a loop procedure seems to be the best solution. The pro-
cedure is effective, provided that the successive approximations give a



Fig. 6. Least-squares sum as a function of parameters Ki and (tR)i.
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sufficient decrease of residual values dk of the functions fk at suc-
cessive iterations.

The stochastic polytope method of the second approach, applied
by program UMPOL in the IMSL package, is based on the comparison
of the function values (no function smoothness is necessary). This
method is suitable for seeking minima of random functions or when
the experimental data are dispersed. The computation of function
minima is performed by using Nelder–Mead method, sometimes
referred to as the simplex method. The algorithm applies this method
for function minimization, and requires only function evaluations, not
derivatives.

The simplex is a geometrical convex figure in n dimensions con-
sisting of n+1 vertices Xi. In two-dimensional space Xi [Ki, (tR)i], it is a
triangle with 3 vertices. At each iteration, the values of the function at
the vertices are compared, and a new point is generated to replace
the point Xi, which has the highest function value. The new point is
constructed by the following formula:

Xi = A + αðA−XiÞ with A =
1
n
∑
n

j=1
Xj ð21Þ

where α (α>0) is the reflection coefficient. When the new point X ̅i is
the best one, that is, when dk(X i̅)≤dk(Xi) for k=1, …, n+1, an ex-
pansion point is computed Xe=A+β(X ̅i−A), where β (β>1) is
called the expansion coefficient. If the new point is worse than the
former one, the polytope should be contracted to get a better new
point. If the contraction step is unsuccessful, the polytope should be
shrunk (narrowed) by moving the vertices halfway towards a current
best point. This procedure is repeated until one of the following stop-
ping criteria is satisfied, (see Refs. [43,44]).:

1. fkðt;XbestÞ− fkðt;XworstÞ≤εð1 + j fkðt;XbestÞ jÞ

2. ∑
N + 1

i=1
fkðt;XiÞ−

∑
N + 1

j=1
fkðt;XjÞ

N + 1

0
BBB@

1
CCCA

2

≤ε

where ε is a tolerance (largest error accepted).
The objective function is minimized in the sense of least squares as

a measure of model fitting quality for the experimental data.
Fig. 6 presents a least-squares sum surface for different values of
the adjusting parameters Ki and (tR)i.
It is seen that in the middle part of the space the surface of the

least-squares sum shows a widening minimum, which extends fur-
ther to increasing the values of Ki and (tR)i. Finding a global minimum
on such a flat surface is a difficult task. The polytope algorithm found a
better minimum than the Levenberg–Marquardt method. The poly-
tope minimization method converged to a solution with the residual
function value about 10% lower than the one yielded by the
Levenberg–Marquardt method.

The solid lines in Fig. 7 show the decreases of moisture mass in the
samples according to formula (15) for the five narrow ranges of the air
relative humidity changes. The dots represent the moisture decreases
determined experimentally. The bars placed on the experimental data
indicate the possible error of the measurements or the area of con-
fidence interval estimated for a 95% confidence level.

Accuracy of the correlation depends on the choice of the para-
meters Ki and (tR)i, on which the coefficient of diffusion (Deff)i and the
coefficient of the convective gas-side transfer ki depends. Different
values of the mean diffusion coefficients are obtained for the different
narrow ranges of the air humidity change, and, indirectly, on the
moisture concentration C, as estimated on the basis of the desorption
isotherm (Fig. 4).
Adsorption/desorption or humidification processes involve the dif-
fusion of one gas component (vapor) through another non-diffusing
(stagnant) gas component (air). The steady state diffusion of one gas
through a second stagnant gas can be replaced by convective mass
transferwhenusing the “filmconcept”or “film theory”. Thefilmconcept
has proved that the convectivemass transfer coefficient is related to the
mass diffusivity, but is not directly proportional. It is rather raised to an
exponent varying from 0.5 to 1.0, [45].

In our case, the stagnant gas (air) concerns not only the external
film, but is extended into the capillary cell. Having in mind the
condition of mass continuity at the body surface (i.e. at the end of the
capillary cell), we can state that the coefficients of diffusion inside and
outside the capillary cell ought to be related to each other. Thus, the
coefficient of the convective gas-side transfer ki can be related to the
diffusion coefficient (Deff)i inside the capillary cell. In other words,
both coefficients can be dependent on moisture content C. Only in the
case of a fully-saturated porousmaterial, when the surface of the body
is wet, the rate of evaporation is independent from the internal
moisture transport, and is solely dependent on external conditions:
vapor partial pressure, temperature, and geometry of the system. In
the theory of drying (see Ref. [40]), this period is called the constant
drying rate period. In the second drying period, called the falling drying
rate period, when the evaporation takes place inside the capillary-
pores, the rate of moisture removal depends on the internal mass
transport conditions: the coefficients influencing the rate of diffusion
are dependent on the moisture content C.

As seen in Fig. 7, the correlation of the desorption curves obtained
from the linear model with the experimental ones for the five narrow
ranges of the air humidity change is partly satisfactory. Four of the five
experiments are not described accurately by the linear diffusion
equation. The disagreement concerns mainly the final stage of the
diffusion process. The experimental plots show that on this stage the
true diffusion process proceeds more slowly than the theoretical ones.
Therefore, the experimental curves were next correlated with the
non-linear diffusion model provided by Eq. (9).

Numerical results of the non-linear initial-boundary value prob-
lem, applied to the five cycles of the narrow air humidity changes, are
presented graphically in Fig. 8.

It can be seen that moisture-dependent diffusion coefficients
assure a better consistence between of the model desorption curves
and the experimental data. The coefficient for the broad range of the
relative air humidity change was constructed in a similar way as those
for five narrow ranges of the air relative humidity change.



Fig. 7. Visualization of adjusting the theoretical curves with the experimental data, according to formula (15) for the five narrow ranges of the air relative humidity changes.
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Fig. 9 illustrates the space evolution of moisture desorption in time
for the processΔφ: 97%→0%, calculated on the basis of the non-linear
model.

It is seen that the distribution of moisture content in the sample
becomes more and more uniform in the course of the desorption
process.

Fig. 10 presents a graphical illustration of the diffusion coefficients
as a function of the moisture content C for both narrow and broad
ranges of the air relative humidity change.

From Fig. 10 we see that the diffusion coefficients differ from each
other in several intervals of the air humidity change. Fig. 11 illustrates
average values of the diffusion coefficient in several intervals.
It is seen that the average values of the diffusion coefficient are
different in several intervals of the air relative humidity changes. The
average diffusion coefficient, taken from the five narrow intervals,
differs insignificantly from the average of that one for the broad
interval Δφ: 97%→0%. It means that the desorption process rate
depends not only on themoisture content but on themagnitude of the
interval Δφ as well.

Fig. 12presents the decrease ofmoisture concentration in themortar
sample for the broad range of the air relative humidity change. The
theoretical curves obtained from the solution of the non-linear diffusion
equation (solid line) and the linear diffusion equation (dotted line) are
compared with the experimental data for Δφ: 97%→0%.



Fig. 8. Visualization of adjusting the theoretical curves with the experimental data for the five narrow ranges of the air relative humidity changes by applying the non-linearmodel of
diffusion.
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The results presented in Fig. 12 show clearly that the non-linear
theory of diffusion reflects the experimentally realized desorption
processes better than the linear one. The non-linear model fits the
experimental data with excellent accuracy, while the linear one is
even out of the confidence interval shown by the vertical bars for the
data measured experimentally on the final stage of the desorption
process.

7. Conclusions

The problem of satisfactory modeling of desorption processes in
hygroscopic porous materials like the cement mortar on the basis of
diffusion theory has been discussed. One of the main problems
discussed in this paper concerns applicability of both linear and non-
linear diffusion models for description of these processes. It was
stated that the linear model could be tolerated but rather for narrow
and not for broad ranges of the air relative humidity changes. The
experimental material on adsorption–desorption processes in cement
mortar, gathered from very long time measurements in desiccators,
provided a basis for examination of this problem as well as for
adequate estimation of an effective diffusion coefficient. The approx-
imation procedure, based on the stochastic polytope algorithm, was
used to correlate theoretical curves to the experimental data. The final
conclusion is that the desorption processes from porous hygroscopic



Fig. 9. Computer simulated distribution of moisture content in a sample during de-
sorption at Δφ: 97%→0% (black points denote experimental data).

Fig. 10. Diffusion coefficient as a function of moisture content C for several intervals
of the air humidity change: a) 30%→12%, b) 50%→30%, c) 75%→50%, d) 85%→75%,
e) 97%→85%, f) 97%→0%.

Fig. 11. Average values of the diffusion coefficient for several intervals of the air relative
humidity change: a) 30%→12%, b) 50%→30%, c) 75%→50%, d) 85%→75%, e) 97%→85%,
f) 97%→0%.

Fig. 12. Comparison of the non-linear (solid line) and the linear (dotted line) theories,
correlated with experimental data (black points) for desorption at Δφ: 97%→0%.
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materials like cement mortar are significantly non-linear. They can be
modeled on the basis of the non-linear diffusion theory with the
diffusion coefficient being a function of the moisture content. The
effective diffusion coefficient, which combines diffusive transport of
moisture in the adsorbed or in the gaseous phase, was constructed as a
function of moisture content. It was stated that such a coefficient
depends on both the moisture content and the length and location of
the air relative humidity interval, which the coefficient refers to. Such
dependence can be explained just by the fact that this coefficient
combines transport in both the adsorbed and the gaseous phases, and
the domination of a given phase is different for individual ranges of
the air relative humidity. A different moisture transport proceeds in
the adsorbed and in the liquid phases, as it was concluded by
Andersson [46], who analyzed the moisture transport in building
materials attributing coefficient DL to liquid phase and DV to gas phase
(Fig. 13).

According to the Andersson's analysis, transport in adsorbed and
gas phase differs in the course of desorption process, depending on
the moisture content and thus also on the range of the air relative
humidity.

Finally, we conclude that the analytical solution of the linear dif-
fusion model can be acceptable for description of desorption processes
by narrow ranges of the air relative humidity changes, however, it is
unacceptable for broad ranges of the air relative humidity changes. The
non-linearmodel with a variable diffusive coefficientDeff(C) provided a
much more accurate correlation in all cases.
Fig. 13. Variation of moisture transfer coefficient with moisture content (Andersson,
1985).
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Nomenclature
A area of disc face, m2

C moisture concentration in gas phase, kg/m3

Cs adsorbed moisture concentration, kg/m3

Cs* excess of adsorbed moisture content, kg/m3

D coefficient of diffusion in gas phase, m2/s
Ds coefficient of diffusion in adsorbed phase, m2/s
Deff effective coefficient of diffusion, m2/s
d diameter of the sample, m
H Henry's constant, –
K parameter of correlation, –
k coefficient of convective vapor exchange, m/s
l half height of the sample, m
m mass, kg
mm mass of moisture, kg
mm∞ mass of moisture at the end of desorption, kg
R capillary radius, m
t time, s
tR retardation time, s
x spatial coordinate, m
X two-dimensional vector, –

Greek symbols
α reflection coefficient, –
β expansion coefficient, –
ωn eigenvalues, –
δ thickness of absorption layer, m
φ air relative humidity, %

Indices
a denotes air
eff denotes effective
i denotes number of i-th cycle or i-th iteration
m denotes moisture
s denotes sorption
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