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Life management of electric hydro or nuclear power plants requires to estimate long-term concrete properties
on facilities, for obvious safety and serviceability reasons. Decades-old structures are foreseen to be
operational for several more decades. As a large number of different concrete formulations are found in EDF
facilities, empirical models based on many experiments cannot be an option for a large fleet of power plant
buildings. To build predictive models, homogenization techniques offer an appealing alternative. To properly
upscale creep, especially at long term, a rather precise description of the microstructure is required. However,
the complexity of themorphology of concrete poses several challenges. In particular, concrete is formulated to
maximize the packing density of the granular skeleton, leading to aggregates spanning several length scales
with small inter particle spacings. Thus, explicit meshing of realistic concrete microstructures is either out of
reach of current meshing algorithms or would produce a number of degrees of freedom far higher than the
current generic FEM codes capabilities.
This paper proposes a method to deal with complex matrix-inclusions microstructures such as the ones
encountered at the mortar or concrete scales, without explicitly meshing them. The microstructure is
superimposed to an independent mesh, which is a regular Cartesian grid. This inevitably yields so called “gray
elements”, spanning across multiple phases. As the reliability of the estimate of the effective properties highly
depends on the behavior affected to these gray elements, special attention is paid to them. As far as the
question of the solvers is concerned, generic FEM codes are found to lack efficiency: they cannot reach high
enough levels of discretization with classical free meshes, and they do not take advantage of the regular
structure of the mesh. Thus, a specific finite differences/finite volumes solver has been developed. At first,
generic off-the-shelf linear system solvers were used. To further improve the efficiency in terms of memory
requirements, specific variants of the preconditioned conjugate gradient were implemented. This allowed to
homogenize the conductivity of a concrete-like microstructure using more than 109 degrees of freedom on a
rather common hardware for 2010 (a PC embedding 48 GB of RAM). Taking benefit of the properties of the
regular Cartesian grid we have also investigated a multi-level method to improve the CPU efficiency of the
code.
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1. Effective creep estimation: does stiffness contrast matter?

To estimate the effective creep function of a composite made up of
several non aging linear visco-elastic phases, the correspondence
principle is classically used [11]. Indeed, the Laplace–Carson transform
changes the structure of a visco-elastic behavior into an elastic one. This
allows to take advantage of homogenization models developed in the
framework of linear elasticity. The effective creep function is thus
obtained in the Laplace domain. The last step is to revert into the
physical time domain, inverting the Laplace transform. Unfortunately,
except for very simple elementary visco-elastic behaviors and elastic
homogenization models, this inversion is not analytically tractable. A
numerical inversion procedure is thus required, such as for example
[10,19] the truncated series expansion:

f tð Þ≈ ln2
t

∑
2M

k=1
ξkLf

kln2
t

� �
ð1Þ

Lf denoting the known Laplace transform of f, M being a sufficiently
large integer (typically M=10 is found to be enough), and ξk being
appropriate weights [10,19].

For pedagogic purposes, let us consider the upscalling of mortar
creep to estimate concrete creep. To keep things analytically tractable,
concrete morphology is modeled resorting to a Mori–Tanaka
scheme [16]. Themortar behavior is represented by an isotropic Burgers
model (Fig. 1), with different stiffness and viscous properties for
spherical and deviatoric loadings, and the aggregates are assumed to be
elastic. The mechanical characteristics of mortar and aggregates, come
from [15] and are reported into Table 1. The aggregates volume fraction
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Fig. 1. Burgers rheological model.

Table 1
Mechanical properties of mortar (Burgers model, see Fig. 1) and aggregates [15].

Spherical
component (�3J)

Deviatoric
component (�2K)

Mortar visco-elasticity ks (GPa) 12.8 7.76
kp (GPa) 4.49 5.13
ηs (GPa·d) 5600 5470
ηp (GPa·d) 123 115

Aggregates elasticity (GPa) 52.2 28.3

Table 2
Minimum and maximum contrasts encountered in the underlying 2 M elastic
homogenization computations required to estimate the effective creep function at
time t.

Time after loading (t) Ei/Em min Ei/Em max

1 min 3.73 3.73
1 day 3.75 4.11
1 year 7.29 13.0
10 years 11.2 40.8
100 years 25.5 317.
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is 0.50 [15]. The creep functions of mortar, aggregates and concrete are
plotted on the left part of Fig. 2. The behavior of concrete is estimated
through both an analytical and the numerical Laplace transform
inversion (Eq. (1)), with M=10. The analytical and numerical results
are virtually superimposed.

Let usnow focus on thenumerical inversionof the Laplace transform.
As readily seen from Eq. (1), 2M calls to the elastic homogenization
model are required to get the value of the effective creep function at one
given physical time t. The elastic homogenization model being used in
the Laplace–Carson domain, the stiffness of mortar appearing in these
computations is not the physical elastic stiffness. Rather, this fictitious
stiffness depends on the visco-elastic behavior of mortar and of the
Laplace variable p=k(ln2)/t. Thus, for each computed time t, 2M elastic
homogenizations are performed, using various ratios (so-called con-
trasts) between theYoung'smodulus (Ei) of inclusions (aggregates) and
the fictitious Young's modulus (Em) affected to the matrix phase
(mortar). The minimum and maximum of these contrasts are reported
on Table 2 for various times between 1 min and 100 years. The higher
the time t, the higher the contrast. In particular, a contrast of 100 is not
unrealistic: it is required to estimate creep of decades-old structures.

From the elastic homogenization point of view, higher contrasts
require amore refined description of themicrostructure [14]. This fact is
basically illustrated on the right part of Fig. 2: the effective Young's
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Fig. 2. Left: uniaxial creep functions of aggregates (elastic), mortar (visco-elastic, Burgers m
contrast on the effective Young's modulus of a two phase material, considering two homog
modulus is plotted as a function of the contrast between inclusions and
matrix, reusing the same volume fraction of aggregates as in the
previous creep computation. Two different Eshelby-based [9] homog-
enization schemes are used to investigate radically different micro-
structures: the Mori–Tanaka scheme [16] (inclusions embedded into a
matrix) and the self-consistent scheme [13] (polycrystal-like morphol-
ogy). As expected, the discrepancy between the two estimates increases
as contrast increases.

To properly estimate long term creep (that is at large times after
loading), the elastic homogenization model used in the Laplace domain
must integrate a rather detailed morphological model. As semi-
analytical homogenization schemes may not be able to reach this level
of detail, it is necessary to resort to numerical homogenization. Thus, the
remaining part of this paper only focuses on linear behaviors (elasticity/
conductivity), investigating various contrasts between the properties
(elasticmoduli/conductivities) of inclusions andmatrix.More precisely,
contrasts of 3 (which roughly corresponds to the typical ratio of elastic
moduli of aggregates and mortar), 102 (having creep models in mind)
and 10−8 (to also explore low contrasts, for completeness) are
considered. Creep modeling will be the subject of another paper.
2. Homogenization of concrete-like microstructures: a
numerical approach

As shown in the previous section in the case of creep, accurate
quantitative homogenization of concrete behavior requires to take into
account a rather precise description of the morphology. To the authors'
knowledge, only numerical homogenization can reach this goal. A first
attempt has been done, resorting to a generic FEM code. Unfortunately,
sufficient discretization levels were not reachable. Then finite differ-
ences andfinite volumes on regular Cartesiangrids, avoiding the storage
and the computation of a supporting mesh, were investigated.
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Table 3
Estimates of the “physical” effective modulus from numerical homogenization
computations (see Fig. 3).

Ei/Em C1111
eff

(h→0)/Em Scheme chosen to perform the extrapolation

10−8 0.45 Voigt
3 1.8 Either Voigt or Reuss
102 4.6 Reuss
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2.1. A first attempt using FEM

Due to its highly compact granular skeletonwith awide particle size
distribution, the microstructure of concrete is inherently difficult to
mesh. Even if meshing would be possible, the number of degrees of
freedom (DOFs) would be too large for current FEM codes on current
computers. Alternative approaches are thus required. A method has
been proposed [20], which still takes advantage of existing FEM codes,
but relaxes the demand on the meshing procedure. More precisely, the
aggregates are superimposed over an independent mesh of the
representative volume element (RVE) domain (this mesh can, for
example, be a regular grid of hexahedra subdivided into tetrahedra). For
each finite element, a geometrical computation estimates the local
volume fraction of aggregates. As far as simple aggregate shape models
(sphere and polyhedron) are concerned, this estimation can be
performed computing exactly the intersection volume between the
finite element and the aggregate. However, this can be tough even for
simple shapes, and this can become intractable for more complex and
realistic shapes. We therefore resort to a subsampling process to
estimate the intersection volume: a given number of sample points are
distributed into thefinite element, and thenumber of points lying inside
the aggregate is counted. This only requires to be able to test whether a
point is inside or outside the aggregate. Thus this process is applicable to
any aggregate shape, provided that the geometry can bemathematically
described using for example a level-set function (field N0 inside the
aggregate,=0 on the boundary and b0 outside). The number of sample
points needs to be sufficient enough toprovideanaccurate estimationof
the local volume fraction of aggregates.
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Fig. 3. Component 1,1,1,1 of the estimated effective stiffness tensor of a microstructure made
mesh element size (h). Four schemes (Hill inf, Hill sup, Voigt, and Reuss) have been investiga
matrix) have been considered. The curves correspond to power–law fits on the results com
The next step is to associate to each finite element a proper elastic
stiffness. While there is no ambiguity for the elements sitting in either
pure matrix or pure inclusion; the case of so-called “gray” elements,
intersecting bothmatrix and inclusion(s), has tobe carefully considered.
We have investigated several functions (so-called “schemes” by
reference to semi-analytical homogenization schemes, even if scale
separation is far from being reached here) providing the stiffness tensor
of the element as a function of the elementary stiffness tensors of the
different phases and of the local volume fraction of aggregates:

•minimumof stiffness tensors in thesenseofquadratic forms(Hill inf),
•maximumof stiffness tensors in the sense of quadratic forms (Hill

sup),

• weighted average of stiffness tensors (Voigt),
• inverse of weighted average of inverse of stiffness tensors (Reuss).

A classical FEM computation, using Code_Aster [1], is then
performed on the representative volume element, and an estimate of
the effective stiffness is derived from the average strain and stress fields
in the domain. In a continuummechanics framework (that is, neglecting
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Table 4
Reduction of memory consumption reached by PCG variants investigated on a 2563

grid.

PCG variant RAM reduction wrt.
classical PCG

Time increase wrt.
classical PCG

Classical 0% 0%
Matrix-free 55% 8.6%
Matrix-free low cost 66% 62%

Table 5
Influence of the pre-conditioner in the case of a sphere into a cube (contrast 100), on a
2563 grid, the criterion on the residual relative to the right hand side being 10−6.

Pre-conditioner Number of iterations Computing time (s)

None 4281 4040
Jacobi 471 506
ICC 321 496
Multi-level 251 640
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the errors induced by the FEM discretization), note that the Hill inf and
Hill sup schemes respectively yield lower and upper bounds on the
effective moduli [12].

As expected, for given microstructure and matrix/inclusions moduli,
the effective stiffness estimate mainly depends on two numerical
“parameters”: the mesh element size and the scheme used to associate
a stiffness to the gray elements. The estimated effective stiffness is
expected to tend towards the “physical” (as opposed to the estimates
coming from a discretization of the microstructure) effective stiffness of
the modeled material, when the mesh element size tends towards 0,
regardless of the scheme chosen (see Fig. 3). Proposing an empirical
power–law fit (C1111

eff /Em=C1111
eff (h→0)/Em+a(h/L)p), some estimates of

the effective stiffness of the material can be derived (see Table 3).
Depending on the contrast, some schemes are found to perform better
than others. At low contrast, the Voigt scheme has been used to estimate
the asymptotic effective stiffness, whereas at high contrast the Reuss
scheme has been used. A more precise analysis of the results can give
some understanding of the dependence to mesh element size. The
sensibility is smaller and the extrapolation is better when gray element
behavior is closer to the average property: in the case of contrasts larger
than 1, gray elements are closer to the average behavior when they are
computedwith Reuss schemewhich provides rather small moduli values
that are close to the average modulus. Interestingly, at moderate contrast
(Ei/Em=3), both the Voigt and the Reuss schemes provide a very similar
estimate.

Clearly enough, as far as “realistic”microstructures are concerned,
the extrapolation of the effective stiffness is delicate at extreme
contrasts (both low and high, with respect to 1). This fact has even
been experienced by [18] on elasticity (that is at “natural” contrasts):
numerical modeling of elasticity of a cement paste using FEM yields
results within a dispersion of about 25% depending on the type of the
finite element considered, and about 40% depending of the amount of
mesh refinement. Computations using rather small mesh sizes are
therefore required to accurately extrapolate. Unfortunately, generic
FEM codes seem to be too RAM consuming. For example, on a
computer embedding 8 GB of RAM, we only managed to reach h/
L=0.014, which, on the considered microstructure corresponds to a
volume fraction of gray elements of 0.40 which is unfortunately still
rather large (23%). Alternative solvers are required.
2.2. An alternative and more efficient approach: finite differences and
finite volumes on regular grids

The idea is to take advantage of the structure of the regular grid, in
particular avoiding the computation and the storageof amesh, to reduce
both RAM consumption and computing time, and investigating higher
discretization levels in order to reach better accuracy. As a first attempt,
we restrict our investigations to the framework of linear conductivity
(to model heat transfer for example). The behavior of the phases is
supposed to be isotropic.

The discretization of conductivity problems on regular grids using
either finite differences or finite volumes being classical, the latter is not
recalled; only the structure of the obtained matrix is described. We
rather focus on the resolution of the linear system arising from the
discretization.

2.2.1. Numerical modeling
The problem to be solved to homogenize conductivity comes from

two field equations:

• the heat conservation equation: div j
� �

= 0;
• the Fourier (or Fick)'s law: j = −λ⋅grad Tð Þ;
(T being the temperature, j the heat flux and λ the local conductivity

field), and boundary conditions which can be either of the homoge-
neous temperature gradient type (Dirichlet) or of the homogeneous
heat flux type (Neumann). Resorting to order 1 finite differences to
approximate 1st order derivatives, the discretization of this problem in
the framework of either finite differences or finite volumes yields a
linear systemwhosematrix is symmetric positive definite. The latter has
a band structure, with a total of 7 bands of width 1, including the main
diagonal. Taking the symmetry into account, only 4 bands are stored.
From a programming point of view, the matrix is stored as 4 vectors, to
save memory. The solving algorithm is then common to both finite
differences and finite volumes methods.

2.2.2. Linear system solvers
As a first attempt, the direct solver MUMPS [2] has been tried.

Unfortunately and as expected, direct solvers require too much RAM to
be applicable to the present case. Iterative solvers are much more
appealing. The PETSc library [3–5], implementing a large set of Krylov
subspace iterative solvers and pre-conditioners, has been tested. This
allowed to reach much finer grids. But the generic matrix structure
proposed by PETSc did not allow to take fully advantage of the structure
of the matrix of the problem at hand. We ended up implementing a
preconditioned conjugate gradient (PCG) solver [6]. Apart from the
classical version, two refinedvariantshavebeen implemented to further
reduce RAM requirements and thus reach finer grids on a given
hardware. The first one avoids thematrix storage, computing on the fly
matrix–vector products. The second one (so-called “low cost” variant)
goes further slightly modifying the conjugate gradient implementation
to save one temporary vector (thus using a workspace made up of 3
vectors instead of 4). These variants are, as expected, more time
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consuming (see Table 4). However, as far as the matrix-free variant is
concerned, the extra time required is not so high compared to the gain
onmemory requirements. The “low cost” version should be reserved to
“extreme cases”where a refined discretization is required but hardware
is severely limited, although the extra time is much less important than
what can be expected from a classical conjugate gradient algorithm
starting to use the swap space on hard-disk.
Fig. 8. Two microstructures considered: sphere centered
Pre-conditioners are also common to both approaches (finite
differences and finite volumes). Two pre-conditioners have been
investigated:

• Jacobi [6] (1 band: inverse of the diagonal),
• incomplete Cholesky (ICC) (5 bands in this case: provides a better
into
estimate of the inverse).
a cube, and 2024 spheres packed into a cube.
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Table 6
Relative error between the effective conductivity numerically computed by finite
differences and either the extrapolation from a power–law fit (on results at N=128,
256, 512), or the extrapolation from an affine law fit (on results at N=256, 512).

N Power–law extrapolation Affine law extrapolation

Contrast 0.01 Contrast 100 Contrast 0.01 Contrast 100

680 1.6*10−5 2.8*10−5 1.8*10−5 1.8*10−5

1024 3.5*10−5 1.0*10−4 4.0*10−5 6.9*10−5

Table 7
Relative error between the effective conductivity numerically computed by finite
differences and either the extrapolation from the power–law fit on results at N=128,
256, 512, or the extrapolation from the affine law fit on results at N=256, 512.

N Power–law extrapolation Affine law extrapolation

Contrast 0.01 Contrast 100 Contrast 0.01 Contrast 100

680 7.9*10−5 1.2*10−4 6.4*10−5 2.1*10−3

1024 2.3*10−4 4.4*10−4 1.6*10−4 5.1*10−3
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As expected, the pre-conditioner improve the convergence of
iterative solvers, reducing in a significant amount the number of
iterations required by the conjugate gradient algorithm (see example
on Table 5). Computing time can also be reduced, if the complexity of
the pre-conditioner application does not counteract the gain obtained
by the decrease of the number of iterations (compare ICC with Jacobi
computing times).

In order to accelerate the convergence of the code we have
experimented a multi-level method. A better initialization of the PCG
can be extrapolated from the solution computed at a coarser level. For
example, in the case of 2n edge discretization that principle could be
applied many times. The initialization of the 2563 voxels system can be
given by a 1283 voxels one, and so on. That step corresponds to an
injection step, it is then followed by cycles made of the residual. As a
consequence, that initialization reduces the number of PCG iterations to
reachagiven level of convergence. Inmore complex cases (cf. Section4.2),
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Fig. 10. Results on the 2024 spheres microstructure: points from computations and extra
differences, FV finite volumes, resorting to either a Voigt or a Reuss scheme to estimate the
this method runs faster than the classical ones (cf. Fig. 4). ICC and Jacobi
pre-conditionerhavebeen testedwith thismulti-level initialization. Inour
study ICCruns faster than Jacobi for the larger f problems. For this reason, it
has been chosen as the default pre-conditioner of themulti-level method
for the largest computations presented in the section dedicated to
applications (cf. Section 4).
2.2.3. Post-processing
Once the temperature field computed on the grid, it is possible to

evaluate the temperature gradient and heat flux fields. The effective
conductivity estimate λeff is the linear operator relating the spatial
averages of theses fields. To each grid size corresponds an effective
conductivity estimate. The “physical” effective conductivity, which can be
expected from zero-sized grid cells, is called “physical conductivity”. The
latter is eventually estimatedbyextrapolation toazero-sizedgrid (h→0).
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conductivity of gray voxels (as in Section 2.1).
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Fig. 11.Microstructure and results (components along e
1
of the temperature gradient and of the heat flux) on the 2024 spheres microstructure, with a contrast of 100, solved by finite

differences on 10243 nodes: 2D cut by a plane normal to e
3
.

Table 8
Results for the 1 sphere and the 2024 spheres morphologies (the extrapolations from finite volumes computations have been performed using a Voigt scheme at low contrast and
using a Reuss scheme at high contrast). Five digits are given on the effective conductivity to highlight the fact that extrapolations from finite differences and finite volumes are very
close.

Morphology 1 sph. 1 sph. 1 sph. 1 sph. 2024 sph. 2024 sph. 2024 sph. 2024 sph.

Contrast 100 100 0.01 0.01 100 100 0.01 0.01
Boundary conditions Gradient Flux Gradient Flux Gradient Flux Gradient Flux
FV extrapolation 2.3995 2.0935 0.6272 0.5978 5.9222 3.1158 0.5036 0.3316
FD extrapolation 2.4035 0.6266 5.9380 0.5015
FV exponent p 1.25 0.95 0.96 0.62
FD exponent p 0.94 1.04 1.84 0.79
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3. Benchmark: a huge performance scattering

A benchmark has been performed to:

• compare to existing tools the grid solver proposed here,
• in the framework of the grid solver, compare the performances of
1 A
using
linear system solvers.
The microstructure is made up of a sphere centered into a cube.1

The computations have been performed on a Compaq 8710w
lbeit simplistic, this microstructure allows to perform a “reference” computation
FEM on a highly refined explicit mesh.
computer embedding a Core 2 duo T7500 @ 2.2 GHz and 4 GB of
RAM. In every case, only one CPU core has been used.

The following tools and solvers have been investigated:

• Code_Aster 10 [1] on a regular mesh (as described in Section 2.1)

with the internal solvers MULT_FRONT (denoted MF), GCPC and
the external solvers MUMPS, PETSc;

• finite differences on grid and the MUMPS 4.9 [2] library (PORD
renumbering allows to minimize both CPU time and RAM
consumption);

• finite differences on grid and the PETSc 2.3.3 library [3–5] (among
every available couples (solver and pre-conditioner), we chose the
ones minimizing either CPU time (GLTR and ICC) or RAM
consumption (GLTR and SOR));
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• finite differences on grid and our own implementation of the PCG
(three variants: classical (M), matrix-free (MF) and matrix-free
low cost (MFLC)).

As far as Code_Aster is concerned, to remain in the same conditions
as finite differences on grid (in terms of DOFs positions), the mesh is a
regular Cartesian grid, made up of 8 nodes hexahedra.

The left part of Fig. 5 represents as a function of the number of
degrees of freedom the amount of RAM required, for the 10 methods
investigated (key is common to both plots of Fig. 5). Two sets of solvers
can clearly be outlined. Code_Aster (for every solver) and MUMPS are
the most memory demanding. PETSc and PCG are the most lightweight
in terms of memory requirements. Note that even the classical “M”

variant of PCG requires less memory than PETSc. This is mainly due to
the fact that PCG takes fully advantage of the dedicated structure of the
matrix, whereas the interface with PETSc is done resorting to generic
sparse matrices.

The right part of Fig. 5 represents as a function of the number of
degrees of freedom the time required to build and solve the linear
system of equations. The fast computations (until a dozen of seconds)
have been performed several times and an average has been done, in
order to improve the reliability of the time measurement. Two solvers
sets can again be defined, but this time with a different arrangement.
The direct solvers (Code_Aster+MF, Code_Aster+MUMPS, and
MUMPS) are the slowest. The iterative solvers are the fastest. In this
latter set, from the slowest to the quickest, we find Code_Aster+PETSc,
PCG then PETSc.2 PETSc performs here slightly better than PCG. Indeed,
it surely embeds more efficient and more optimized pre-conditioners
and solvers than those implemented into our PCG solver.

Apart from the CPU and RAM performance, it is of paramount
importance to check, as the number of DOFs increases, the proper
convergence of the numerical solution towards the physically correct
temperature field. To check this, a so-called reference result has been
computed using FEM on an explicit mesh of the microstructure.
Taking symmetries into account, it is possible to mesh only one eighth
of the cube. The mesh contains 31.2∗106 nodes and 23.6∗106
quadratic tetrahedra. The temperature field from FEM has then been
sampled on the nodes of the grids used by finite differences.

The norms (1, 2 and ∞) of the difference between the finite
difference result and the reference are plotted on Fig. 6 as a function of
the number of DOFs. As expected, every normdecreases when the grid
is refined. The results are arranged into two groups of nearly
superimposed curves, each group corresponding to one method:

• finite elements (regular grid of hexahedron) with Code_Aster,
• finite differences with the tool described in Section 2.1.

To take a broader view on the results of this performance
benchmark, we represent on each subgraph of Fig. 7, at fixed number
of DOFs, each solver by a point in the plane (time required andmemory
consumed). Themost attractive solvers fromtheengineer viewpoint are
those minimizing both CPU time and RAM.

Let us start by studying the 0.26 MDOFs case, which albeit very
modest does not eliminate any of the 10 solvers investigated here. As
expected, Code_Aster and the direct solver (MUMPS) are not able to
compete with PETSc and PCG. PETSc minimizes the CPU time whereas
PCG minimizes the RAM consumed. Note that a huge scattering of
performance can be found: a ratio of more than 300 has been found
between the slowest and the fastest, and a ratio of more than 500 has
been found between the largest and the lowest amount of RAM
required. The increase of the number of DOFs does not modify the
orderingof the surviving solvers (the limit beinghere the4 GBof RAMof
the test hardware). At 134 MDOFs (corresponding to a grid of 5123
2 This benchmark does not take into account the benefit of the multi-level approach.
nodes), only the lightest method, the low cost variant of PCG, is able to
solve the problem.

To conclude, themost efficient (in terms of RAM) is not a generic off-
the-shelf solver, but our dedicated PCG.3 The most efficient in terms of
CPU time is PETSc (for small problems because afterwards the available
RAM becomes a limiting factor). To highlight the interest of PCG, note
that it allowed to perform a computation on a 5123 grid, with double
precision floating point arithmetic, requiring only 3.0 GB of RAM.

4. Applications

The finite differences/volumes code being validated with respect
to “reference” results and its performance being evaluated, it is now
time to apply it to estimate effective properties of composite
materials. Two microstructures are considered (Fig. 8):

• a simple case: a sphere centered into a cube,
• a more realistic case (with respect to the modeling of mortar and
one.
regul
concrete-like materials): 2024 spheres packed into a cube and
intersecting its faces.
The aim is to investigate whether the asymptotic effective con-
ductivity can be reliably estimated or not.

4.1. A simple case: sphere centered into a cube

The simple case of one sphere (Fig. 8 left) is considered. The
estimate of the effective conductivity highly depends on the fineness
of the grid. The finer the grid, the closer the estimate is to the
extrapolation. See Fig. 9 presenting the estimate of the component 1,1
of the effective conductivity as a function of the relative voxel length
h/L=1/N, N being the number of voxels along an edge of the cube,
whose length is L. On this figure, points correspond to computations
and curves correspond to an empirical interpolation resorting to a
power–law, performed on points at N≥128 (and excluding the two
finest discretizations for finite differences to check extrapolability, see
Table 6 further on):

λeff
11 h= Lð Þ = λphys

11 + a h=Lð Þp ð2Þ

λ11
phys corresponds to the physical estimation of the effective

conductivity (results are gathered on Table 8). Note that the fitted
exponents p are quite close to 1 in every case: see Table 8.

To check the quality (in terms of extrapolability towards small h)
of the power law fit for finite differences, we excluded the results
obtained on the largest grids (N=680 and N=1024). The relative
error between the results from computations and extrapolations are
gathered in Table 6. Although increasing with the fineness of
discretization, these errors remain low. The errors with respect to
an affine extrapolation (from results at N=256 and 512) are also
reported. If the interest of the power law fit here seems questionable,
it will become much more important on the more realistic
microstructure (see next section).

4.2. A more realistic microstructure: 2024 spheres packed into a cube

We then investigated a more realistic microstructure, closer to
eithermortar or concrete, made up of 2024 spheres packed into a cube
(Fig. 8 right). The minimal distance between two inclusions is,
normalized by the edge length of the cube, equal to 1.14∗10−3, thus
inclusions can come very close one to another. This motivates com-
putations on fine grids.
The finite differences/volume code implemented here is obviously limited to
ar grids.
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The estimation of the component 1,1 of the effective conductivity is
represented on Fig. 10 as a function of the relative voxel size h/L=1/N.
The power law extrapolation is done on results from N≥128
(and excluding the two highest discretizations for finite differences
to check extrapolability, see Table 7). Indeed, themicrostructure being
rather dense, we consider that the coarser discretizations are not able
to describe accurately enough the microstructure (artificial percola-
tion is found between inclusions): points corresponding to Nb128 lie
rather far from the curves. The extrapolated estimate of the effective
conductivity is reported on Table 8. Note that the fit exponents p are
farther from 1 compared to the sphere case (see Table 8).

Considering the lack of reference result, the quality of the power–
law fit is checked by comparison between the numerical computation
and the extrapolation, at the highest discretizations (Table 7). At
highest contrasts, the extrapolation resorting to a simple affine law is
clearly not accurate enough.

Plane cuts of results obtained from finite differences on the 10243

discretizations of the 2024 spheres microstructure, at a contrast equal
to 100, are represented on Fig. 11. Boundary conditions are of the
homogeneous temperature gradient type, with (G1,G2,G3)=(1,0,0).
As expected, the temperature gradient is rather uniform in inclusions.
It would however be interesting to quantify its distribution. The
inclusions being 100 times more conducting, the heat flux is more
important (in a negative way) in inclusions than in matrix. We also
observe that the boundary conditions highly disturb the gradient and
flux fields along the boundary of the REV, in a region whose thickness
is approximately the size of the largest aggregate. As expected, these
perturbations yield differences between the estimates from homoge-
neous gradient and homogeneous flux boundary conditions.
5. Conclusion and prospects

Quantitative estimation of the effective creep of concrete requires
numerical upscalling techniques incorporating a detailed description of
the microstructure. This requirement seems to be only fulfilled by
numerical homogenizationapproaches.As themicrostructureof concrete
is genuinely complex, standardapproaches suchasmeshingexplicitly the
aggregates are not tractable. An alternative approach consists in super-
imposing the aggregates onto an independent mesh, thus defining gray
elements, whose behavior has to be carefully determined. Unfortunately,
the FEM approach is then found to be too RAM consuming to allow a
precise extrapolation of the effective stiffness, especially at extreme
contrasts. Clearly enough, alternative solvers are due.

Finite differences and volumes on a regular grid were then
investigated. We ended up implementing our own variants of the
classical PCG algorithm. Our code appears as less demanding in terms of
RAM than other approaches tested in Section 3. This means that for a
given hardware, more refined discretizations, thus closer to industrial
needs, becomeaccessible. The extrapolations of the effective conductivity
of a given microstructure, obtained from two different discretization
approaches (namely finite differences andfinite volumes) lie remarkably
close one to another, for each contrast and microstructure considered
(see Table 8). This provides some confidence on the reliability of the
proposed numerical homogenization procedure.

However, as far as computing time is concerned, the prototype
described here remains largely improvable: on the 2024 spheres
microstructure with contrast 100 (themost difficult case), computations
on 5123, 6803 and 10243 DOFs respectively lasted almost 8, 33 and 64 h
with PCG. Before going into mechanical modeling, the computing time
thus needs to be improved. Several options can be investigated:

• following our first experiment with a multi-level approach,
implement the multigrid algorithm [7], either as a solver on its
own or as a conjugate gradient pre-conditioner,
• investigate alternative matrix storage strategies and DOFs
numberings to improve cache efficiency,
• take advantage of parallelization.

The FFT method [17] also appears as a truly appealing solver
candidate. A more extensive comparison of numerical homogeniza-
tion methods than what is proposed here would be desirable. In this
respect, we organized an informal benchmark embracing several
teams, approaches, microstructures and types of effective properties,
whose results can be found in [8].

Once an efficient and reliable solver for conductivity and elasticity
is implemented, it is possible to investigate creep.
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