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1. Introduction

Concrete can be considered as a three-phase composite material
consisting of mortar matrix, aggregate, and interfacial transition zone
(ITZ) between the aggregate and the mortar matrix. However, the
majority of the conducted research on the inelastic and damage
behavior of concrete materials and structures has been focused on
treating concrete as a homogeneous material at the macroscopic scale
which did not allow one to establish the microstructure–property
relationship for designing better and superior fracture-resistant
cementitious materials. Micromechanical modeling of the inelastic
and damage behavior of each phase in the concrete material is not a
trivial task since: [1] the properties of the ITZ, which plays a very
important role in the concrete fracture behavior, are not easy to be
measured experimentally; and [2] the computational cost is very high.
However, due to the recent advances in understanding the chemical
composition, thickness, and strength of the ITZ and the developments
in computational power, one can effectively simulate the micro-
mechanical behavior of concrete materials in order to get insights
about the effect of various microstructural features (e.g. aggregate
size, shape, gradation, and distribution, ITZ thickness and mechanical
properties, the mortar mechanical properties, etc.). This will ulti-
mately guide the design of better and superior fracture resistant
concrete materials and structures. Therefore, this study is focused on
conducting such a desirable micromechanical study using a recently
developed coupled plasticity-damage model by Cicekli et al. [12].
The mesoscopic level analysis considering concrete as a composite
material is the most practical and useful method for evaluating the
composite behavior of concrete. The process of the mesoscale analysis
canbe categorizedmainly into twosteps. First step is to generate the2-D
or 3-D particles taking into account the shape, distribution, and volume
fraction of aggregates, and secondone is to performa simulationwith FE
software applying constitutive models to each phase. The generation of
the particles is one of the important research topics, and several
modeling techniques have been proposed: [1] the random two-
dimensional natural shape aggregate model [50]; [2] the random
particle model [6]; [3] the beam lattice model [37,44]; [4] the random
packing particle model [16]; and [5] the beam-particle model [53].
Although there is no doubt that the various particles generation
techniques proposed until now made great progress to the simulation
for concrete on mesoscopic level, the generation of the realistic 3-D
random distributed actual shape of aggregates model is still a
challenging task.

The random two-dimensional natural shape aggregate model
proposed by Wittmann et al. [50] is a more realistic mesoscale analysis
model than a circular shape aggregatemodel. Themodel, however, has a
weak point that aggregates are generated one by one. Therefore, an
advanced arbitrary shape aggregate generation algorithm, such as the
Monte Carlo random sampling principle is proposed from a decade ago
in order to overcome this shortcoming [15,22,49]. However, the
important micromechanical properties, such as aggregate volume
fraction was not included in their papers. The beam lattice model was
widely adopted by several researchers in order to investigate the effect
of the micromechanical properties on the tensile behavior of concrete
[18,21,24–30,37]. Although concrete can be considered as a 3-phase
particulate composite, and simplicity is one of the advantages of this
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approach, the response of the concrete, however, was too brittle due to
the assumption that each lattice beam follows a linear elastic behavior
until brittle failure, and a relatively high computational cost is needed. In
the beam-particle model introduced by Zhang et al. [53] concrete is
considered as a two-phase composite material composed of matrix and
aggregates without considering the ITZ. The aggregates were simulated
as particle elements, and the particles were linked each other by an
elastic-brittle beam element. Therefore, the beam-particle model also
showed too brittle behavior.

Although almost all meso-scale analysis of concrete including
researches listed above have been performed with two dimensional
meso-scale model, several three dimensional meso-scale analyses have
alsobeen carriedout inorder to predict thedamagebehavior of concrete
more precisely. Lilliu and vanMier [24] developed a 3D lattice model in
order to solve the problem of brittleness of concrete, and reported that
the 3D lattice model represents the more ductile behavior than the 2D
lattice model. The thickness of the ITZ in this model, however, is much
wider than the real ITZ (at least 10 times as large as the real ITZ).
Wriggers and Moftah [51] considered 3-dimensional geometrical
models for concrete, and three different sized spherical aggregates
were used. However, the model was considered as a two-phase
composite with neglecting the ITZ phase that plays an important role
in the fracture process. Caballero et al. [8,9] also developed a 3-Dmeso-
structural analysismodel under uniaxial andbiaxial loadingand showed
effectively the development of damage. This model, however, used only
single sized coarse aggregate.

At the macroscopic level, the crack nucleation and propagation in
concrete material under loading is entirely dependent on the direction
of principal stresses. At the mesoscopic level, however, the size and
distribution of aggregate and the strength of each phase have a
significant effect on the damage initiation and crack propagation.
Especially, the accurate understanding of the properties and behavior of
ITZ is one of the most important issues in the meso-scale analysis
because the damage is initiated at the weakest region and the ITZ is
generally theweakest link in concrete. Although the characteristic of the
ITZ is not clearly understood currently [30,31,38], it can be assumed that
the behavior of the ITZ, which has weaker mechanical properties, is
similar to that of the mortar matrix but with reduced stiffness and
strength. Based on this assumption, the material properties of the
mortar matrix and the ITZ should be chosen carefully. Moreover, the
aggregate is modeled as a linear elastic material since the aggregate
shows more brittle behavior than the mortar matrix, and has a higher
Young's modulus and yield strength.

In this paper, two-dimensional meso-scale computational simula-
tions are conducted in order to investigate the effects of aggregate
distribution, aggregate volume fraction, and ITZ thickness and mechan-
ical properties on the overall tensile strength andmicro-crack initiation
and propagation in concrete. Three-dimensional meso-scale numerical
analysis is also carried out for the more realistic prediction of the
damage behavior of concrete under tensile loading. For both 2-D and 3-
D meso-scale simulations, concrete is considered as a realistic 3-phase
composite material (mortar matrix, aggregate, and ITZ), and three
different sized aggregate are used. In order to simulate the inelastic and
damage behavior of the mortar matrix and the ITZ separately, the
coupled plasticity-damage model developed by Cicekli et al. [12] is
adopted andmodified in this work and implemented in the commercial
finite element program Abaqus via the user material subroutine UMAT.
For the better prediction of the concrete behavior, themodified isotropic
and anisotropic damage models are proposed based on the phenom-
enological observation that the damaged stiffness varies nonlinearly
with the damage density. Moreover, the plastic multiplier and the
elasto-plastic tangent stiffness are derived using a semi-implicit
numerical algorithm. Detailed numerical algorithms are presented for
integrating the coupled plasticity and anisotropic damage constitutive
equations for simple implementation into finite element codes. Then,
the constitutive model is applied to the meso-scale simulation and
prediction of the overall mechanical behavior of concrete composites
based on themechanical properties of their constituents. The presented
meso-scale simulations provide valuable insights for relating the
microstructure–property relationship in cementitious composites in
order to ultimately guide the design of better concrete with enhanced
tensile strength, fracture toughness, and ductility. Furthermore, the
presented computational framework can be effectively applied to the
smaller scale simulation for investigating the effects offillers (e.g.micro-
and nano-fibers,micro- and nano-inclusions) on the overall mechanical
behavior of hardened cementitious composites. Existing researches in
cementitiousmaterial on nanoscopic level havemainly been focused on
the effect of the hydration products on the early-age stiffness and
strength evolution of cement paste (e.g. [7,34,36]), and the numerical
investigation of the effect of the nano-fiber, such as carbon nanotube on
the crack initiation and propagation mechanisms and the overall
properties of cementitious composites have rarely been made [10].
Such detailed investigations are very difficult to perform through
experimental routes and, therefore, the presented computational
framework is highly desirable. Special emphasis is placed in this paper
on investigating the effects of aggregate shape, distribution, volume
fraction, and the ITZ thickness andmechanical properties on the overall
tensile behavior of concrete. It is shown in this paper that the aggregate
volume fraction and the mechanical properties of the ITZ are the key
parameters for controlling the overall macroscopic response and
fracture of concrete. Also, it is shown that the conducted two-
dimensional simulations of simplified concrete micro-structures pro-
vide valuable and valid insights that are comparable to those frommore
realistic three-dimensional simulations.

The paper is organized as follows: in Section 2, the recently
developed coupled plasticity-damage model by Cicekli et al. [12] is
recalled and modified to include anisotropic damage evolution and
more robust damage evolution laws. The numerical algorithms
necessary for implementing the coupled plasticity-damage model in
the commercial finite element code Abaqus are presented in Section 3.
Section 4 presents the 2-D meso-scale simulations investigating the
effects of aggregates shape, distribution, and volume fraction, and the
thickness and mechanical properties of the ITZ, and the damage
configuration of the 3-D meso-scale model of concrete is addressed in
Section 5. Finally, conclusions and future works are emphasized in
Section 6.

2. Plastic-damage model for plain concrete

Plasticity, continuum damage mechanics, fracture mechanics,
elastic-damage, and combined plasticity and damage mechanics are
the common theories thathavebeenused for thedescription of concrete
constitutive behavior. However, the plasticity theory failed to address
the degradation of the material stiffness due to micro-cracking, the
fracture mechanics approach failed to describe the nucleation of
numerous micro-cracks and the growth of the micro-cracks to macro-
cracks, the continuum damage mechanics with elasticity also failed to
describe the irreversible deformations and the inelastic volumetric
expansion in compression. Therefore, since both micro-cracking and
irreversible deformations are contributing to the nonlinear response of
concrete, a constitutivemodel should address equally the twophysically
distinctmodes of irreversible changes. In order to address this issue, the
coupled plasticity-damage model formulated recently by Cicekli et al.
[12] and modified by Abu Al-Rub and Kim [2] for plain concrete is
recalled in this section. All the presented constitutive equations were
derived based on the laws of thermodynamics and assuming small
deformations. In order to predict the plastic behavior of plain concrete,
the Lubliner yield criterion [23,28] expressed in the effective (undam-
aged) configuration is adopted.Moreover, the non-associative plasticity
flow rule based on the Drucker–Prager potential and two distinct
damage evolution surfaces; tensile and compressive damage surfaces
are included in the model.
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2.1. Isotropic damage model

The definition of the damage variable φ based on the effective
(undamaged) area as proposed by [17] is adopted here. In the
effective configuration all types of damages, including both voids and
cracks, are considered. The damage density φ is defined by the ratio of
the total damaged area to whole cross-sectional area such that:

φ =
A−A
A

=
AD

A
ð1Þ

The damage density φ can be varied from 0 to 1. That a damage
density equal to 0 means the material is undamaged and 1 means the
material is fully damaged.

The relation between the nominal Cauchy stress tensor σij and the
corresponding effective stress tensor σ ij for the isotropic damage (i.e.
scalar damage variable) can be written as follows:

σij = 1−φð Þσ ij ð2Þ

Therefore, in the continuum damage mechanics framework, the
effective stress means the average micro-level stress acting in the
undamaged (intact) material between defects and is defined as the
force divided by the undamaged part of the area, while the nominal
stress means the macro-level stress and is defined as the force divided
by the total area.

However, as argued by Cicekli et al. [12] the damaged stiffness
varies nonlinearly with the damage density. Therefore, in order to
predict the nonlinear degradation of the damaged stiffness due to the
increase of the damage density, a nonlinear relationship between the
nominal and the effective stress tensor is assumed, such that:

σij = 1−φð Þγσ ij ð3Þ

where γ≥1 is amaterial constant. In the following development γ=2
will be assumed such that

σij = 1−φð Þ2σ ij ð4Þ

In order to derive the transformation relations between the
damaged and the hypothetical undamaged states of the material,
the strain equivalence hypothesis [55] is adopted in this paper for
simplicity and ease in numerical implementation. This hypothesis
states that the elastic and plastic strains in both the damaged and the
effective configurations due to the applied forces are equivalent.
Therefore, the total strain tensor εij is set equal to the corresponding
effective strain tensor εij (i.e. εij = εij), which can be decomposed into
an elastic strain εeij = εeij

� �
and a plastic strain εpij = εpij

� �
, such that:

εij = εeij + εpij = εeij + εpij = εij ð5Þ

The plastic strain in Eq. (5) incorporates all types of irreversible
deformations whether they are due to tensile micro-cracking,
breaking of internal bonds during shear loading, and/or compressive
consolidation during the collapse of the micro-porous structure of the
cement matrix.

Using the generalized Hooke's law, σij and σ ij are given as follows:

σij = Eijklε
e
kl; σ ij = Eijklε

e
kl ð6Þ

For isotropic linear-elastic material, the fourth-order elasticity
tensor Ēijkl for the undamaged material is given by

Eijkl = 2Gδikδjl + K−2
3
G

� �
δijδkl ð7Þ
where G = E = 2 1 + νð Þ and K = E = 3 1−2νð Þ are the effective shear
and bulk moduli, respectively, with Ē being the Young's modulus and
ν is the Poisson's ratio which are obtained from the stress–strain
diagram for the undamaged material.

Applying the hypothesis of the strain equivalence in Eq. (5), the
relation between the damaged elasticity tensor Eijkl and Ēijkl can be
expressed by combining Eqs. (4)–(6) as follows:

Eijkl = 1−φð Þ2Eijkl ð8Þ

The concept of the isotropic damage model applying the hypothesis
of the strain equivalence is very simple andhas given a lot of inspirations
to researchers. One can also use the strain energy equivalence
hypothesis [46] to obtain a nonlinear relationship between stiffness
and the damage density; however, this will complicate the constitutive
models and the numerical implementation. This issue has been
discussed thoroughly by Abu Al-Rub and Voyiadjis [3].

Since concrete has a distinct behavior in tension and compression
and, therefore, in order to adequately characterize the damage in
concrete due to tensile, compressive, and/or cyclic loadings, the Cauchy
stress tensor (in the nominal or effective configurations) is decomposed
into positive and negative parts using the spectral decomposition
technique [20,39,40].Hereafter, the superscripts “+” and “−”designate,
respectively, tensile and compressive entities. Therefore, the nominal
stress tensor σij and the effective stress tensor σ ij can be decomposed as
follows:

σij = σþ
ij + σ−

ij ; σ ij = σþ
ij + σ−

ij ð9Þ

where σij
+ and σþ

ij are the tensile parts whereas σij
− and σ−

ij are the
compressive parts of the stress tensor.

Using fourth-order tensile and compressiveprojection tensorsPijkl+ and
Pijkl
− , the nominal tensile and compressive stress tensorsσþ

ij andσ−
ij canbe

related to σ ij by

σþ
kl = Pþ

klpqσpq; σ−
kl = P−

klpqσpq ð10Þ

where the projection tensors are defined as follows:

Pþ
ijpq = ∑

3

k=1
H σ̂ kð Þ� �

n kð Þ
i n kð Þ

j n kð Þ
p n kð Þ

q ; P−
ijpq = Iijpq−Pþ

ijpq ð11Þ

where H σ̂ kð Þ� �
denotes the Heaviside step function computed at kth

principal stress σ̂ kð Þ of σ ij and ni
(k) is the kth corresponding unit

principal directions. In the subsequent development, the super-
imposed hat designates a principal value.

Based on the decomposition in Eq. (9), the expression in Eq. (4)
can be assumed to be valid for both tension and compression
independently, such that:

σþ
ij = 1−φþ� �2

σþ
ij ; σ−

ij = 1−φ−ð Þ2σ−
ij ð12Þ

where φ+ and φ− are the tensile and compressive damage densities,
respectively. Therefore, by substituting Eqs. (12) into Eq. (9), σij can
be expressed as follows:

σij = 1−φþ� �2
σþ

ij + 1−φ−ð Þ2σ−
ij ð13Þ

By substituting Eqs. (10) into Eq. (13), one can write the following
relation between σij and σ ij in terms of φ+ and φ−, such that:

σij = 1−φþ� �2
Pþ
ijkl + 1−φ−ð Þ2P−

ijkl

� �
σkl ð14Þ
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2.2. Anisotropic damage

Anisotropic damage is considered in this study for a more reliable
representation of concrete damage behavior. Isotropic damage
assumes that the strength and stiffness of the concrete material is
degraded equally in different directions upon damage evolution
which is not realistic for heterogeneous materials like concrete and
even for cement paste or mortar phase of the concrete. It is expected
that for a heterogeneous material that anisotropic damage is
important even under uniaxial loading. Therefore, in order to include
damage-induced anisotropy (i.e. different degradation in different
directions), the relation between σij and σ ij can be expressed as
follows (e.g. [13,32,46]):

σij = Mijklσkl ð15Þ

where Mijkl is the fourth-order damage-effect tensor that is used to
make the stress tensor symmetrical. There are several definitions for
Mijkl [45]; however, the following definition is assumed in this paper,
such that:

Mijkl =
1
2

δim−φimð Þ δjm−φjm

� �
δkl + δij δkm−φkmð Þ δlm−φlmð Þ

h i
ð16Þ

where δij is the Kronecker delta and φij is a second-order damage
tensor. However, in a future work emphasis will be placed on
identifying the underlying micromechanical cracking phenomena
that can be used for deriving more physically and microstructurally
based anisotropic damage effect tensors as compared to that in
Eq. (16). This can be achieved following similar frameworks to that
presented, for example, by Pensee et al. [14] and Zhu et al. [54].

By substituting Eq. (15) into Eq. (6), one can express the damaged
elasticity tensor Eijkl in terms of the corresponding undamaged
elasticity tensor Ēijkl for the anisotropic damage case and for the
strain equivalence hypothesis by the following relation:

Eijkl = MijmnEmnkl ð17Þ

Based on Eq. (9), the expression in Eq. (15) can be rewritten with
decoupled damage evolutions in tension and compression, such that:

σþ
ij = Mþ

ijklσ
þ
kl; σ−

ij = M−
ijklσ

−
kl ð18Þ

where Mijkl
+ is the tensile damage-effect tensor and Mijkl

− is the
corresponding compressive damage effect-tensor which can be
expressed using Eq. (16) in a decoupled form as a function of the
tensile and compressive damage variables, φij

+ and φij
−, respectively,

as follows:

Mþ
ijkl =

1
2

δim−φþ
im

� �
δjm−φþ

jm

� �
δkl + δij δkm−φþ

km

� �
δlm−φþ

lm

� �h i
ð19Þ

M−
ijkl =

1
2

δim−φ−
imð Þ δjm−φ−

jm

� �
δkl + δij δkm−φ−

kmð Þ δlm−φ−
lmð Þ

h i
ð20Þ

Now, by substituting Eq. (18) into Eq. (9), one can express σ ij as
follows:

σ ij = Mþ
ijkl

� �−1
σþ
kl + M−

ijkl

� �−1
σ−
kl ð21Þ
Similarly, substituting Eqs. (18) into Eq. (9), gives σij as follows:

σij = Mþ
ijklσ

þ
kl + M−

ijklσ
−
kl ð22Þ

By substituting Eqs. (10) into Eq. (21) and comparing the result
with Eq. (15), the following relation for the damage-effect tensorMijkl

can be obtained, such that:

Mijpq = Mþ
ijklP

þ
klpq + M−

ijklP
−
klpq ð23Þ

Using Eq. (11), the above expression can be rewritten as:

Mijpq = Mþ
ijkl−M−

ijkl

h i
Pþ
klpq + M−

ijpq ð24Þ

It is also noteworthy that the relation in Eq. (24) enhances a
coupling between tensile and compressive damage through the
fourth-order projection tensor Pijkl

+ . Therefore, for isotropic damage
Eq. (14) gives the following expression for the fourth-order damage-
effect tensor:

Mijkl = 1−φþ� �2
Pþ
ijkl + 1−φ−ð Þ2P−

ijkl ð25Þ

From the above expression, adopting thedecomposition of the scalar
damage variable φ into a positive φ+ part and a negative φ− part still
enhances a damage anisotropy through the spectral decomposition
tensors Pijkl+ and Pijkl

− . However, this anisotropy is weak when compared
to the anisotropic damage effect tensor presented in Eq. (24).

2.3. Plasticity yield surface

Concrete materials exhibit plastic (irreversible) deformation upon
unloading which implies that an elastic-damage model is not sufficient
to model the concrete behavior even under tensile loading conditions.
Therefore, an elasto-plastic-damagemodel should be developed. Thus, a
plasticity yield surface and plasticity flow rules need to be developed.
Furthermore, since concretematerial behaves differently in tension and
compression, the yield criterion of Lubliner et al. [28] that accounts for
both tension and compression plasticity is adopted in this paper.
However, since the stress state in the intact material is the one which
drives the plasticity evolution, this yield criterion is expressed in the
effective (undamaged) configuration as follows:

f =
ffiffiffiffiffiffiffi
3J2

q
+ αI1 + β εþeq; ε

−
eq

� �
H σ̂ max

� �
σ̂ max− 1−αð Þc− ε−eq

� �
≤ 0

ð26Þ

where J2 = sijsij = 2 is the second-invariant of the effective deviatoric
stress tensor sij = σ ij−σkkδij = 3, I1 = σkk is the first-invariant of the
effective Cauchy stress tensor σ ij, σ̂ max is the maximum principal
effective stress, H σ̂ max

� �
is the Heaviside step function (H=1 for

σ̂ max N 0 and H=0 for σ̂ maxb0), and the parameters α and β are
dimensionless constants which are defined as follows:

α =
fb0 = f

−
0ð Þ−1

2 fb0 = f
−
0

	 

−1

; β = 1−αð Þ
c− ε−eq
� �

cþ εþeq
� �− 1 + αð Þ ð27Þ

with fb0 and f0
− being the initial equi-biaxial and uniaxial compressive

yield strengths, respectively. Experimental values for fb0/f0− lie
between 1.10 and 1.16; yielding values for α between 0.08 and 0.12,
and 0.12 is used for α constant in this study.
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The internal plastic state variables εþeq = ∫t
0 ε̇

þ
eqdt and ε−eq = ∫t

0 ε̇
−
eqdt

are the equivalent plastic strains in tension and compression,
respectively, where their rates are defined as follows:

ε̇þeq = r σ̂ ij

� �
ˆ̇ε
p
max; ε̇−eq = − 1−r σ̂ ij

� �� �
ˆ̇ε
p
min ð28Þ

where ˆ̇ε
p
max and ˆ̇ε

p
min are the maximum and minimum principal values

of the plastic strain rate ε̇pij such that ˆ̇ε
p
1 N ˆ̇ε

p
2 N ˆ̇ε

p
3 with ˆ̇ε

p
max = ˆ̇ε

p
1 and

ˆ̇ε
p
min = ˆ̇ε

p
3. Note that the superscript + or − designates a tensile or

compressive quantity, (•̂) designates the principle value of (•), and the
subscripts eq, min, andmax are not indicial indices. The dimensionless
parameter r σ̂ ij

� �
is a weighting factor for tension or compression

depending on the values of the principal stresses and is defined as
follows:

r σ̂ ij

� �
=

∑
3

k=1
σ̂k

D E

∑
3

k=1
σ̂k

��� ���
ð29Þ

where 〈〉 is the McAuley bracket presented as xh i = 1
2 xj j + xð Þ. Note

that r σ̂ ij

� �
=r σ̂ ij

� �
. Moreover, depending on the value of r σ̂ ij

� �
: (a) if

the loading is pure uniaxial tension σ̂k ≥ 0, then r σ̂ ij

� �
= 1, and (b) if

the loading is pure uniaxial compression σ̂k ≤ 0, then r σ̂ ij

� �
= 0.

In the last term of Eq. (26), the isotropic hardening function
c−represents the material cohesion in uniaxial compression. Since the
concrete behavior in compression is more of a ductile behavior as
compared to its corresponding brittle behavior in tension, the evolution
of the compressive and tensile isotropic hardening functions c− and c+

are defined by the following exponential and linear hardening laws,
respectively:

c− = f−0 + Q− 1−exp −b−ε−eq
� �h i

; cþ = fþ0 + hþεþeq ð30Þ

where f0
− and f0

+ are the initial yield stresses in compression and
tension (i.e. when nonlinear behavior starts), respectively. The
parameters Q−, b−, and h+ arematerial constants, which are obtained
in the effective configuration of the uniaxial stress–strain diagram.

For realistic modeling of the volumetric expansion under com-
pression of concrete, a non-associative plasticity flow rule should be
used. This can be done by writing the evolution of the plastic strain
tensor ε̇pij, in terms of a plastic potential Fp that is not equal to the
plastic yield function f, such that:

ε̇pij = λ̇p ∂Fp

∂σ ij
ð31Þ

where λ̇
p
is the plastic multiplier, which can be obtained using the

standard plasticity consistency condition, ḟ = 0, such that:

f ≤ 0; λ̇p ≥ 0; λ̇p
f = 0; λ̇p

ḟ = 0 ð32Þ

The plastic potential Fp can be expressed in terms of the Drucker–
Prager function as:

Fp =
ffiffiffiffiffiffiffi
3J2

q
+ αpI1 ð33Þ

where αp is the dilation material constant. Then the plastic flow
direction ∂Fp = ∂σ ij in Eq. (31) is given by

∂Fp

∂σ ij
=

3
2

sijffiffiffiffiffiffiffi
3J2

q + αpδij ð34Þ
2.4. Tensile and compressive damage surfaces

The following damage growth function which is proposed by
Chow and Wang [11] and used by many others (see e.g. [3,4,47,48],
and the references quoted therein) is adopted in this study. However,
this function is generalized in Cicekli et al. [12] in order to incorporate
both tensile and compressive damage separately, such that:

g� =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
Y�
ij L

�
ijklY

�
kl

r
−K� φ�

eq

� �
≤ 0 ð35Þ

where K± is the tensile or compressive damage isotropic hardening
function such that K±=K0

± when there is no damage, where K0
± is the

tensile or compressive initial damage parameter (i.e. damage
threshold), and Lijkl

± is a fourth-order symmetric tensor and is
presented in matrix form as follows:

L∓ijkl =

1 μ� μ� 0 0 0
μ� 1 μ� 0 0 0
μ� μ� 1 0 0 0
0 0 0 2 1−μ�� �

0 0

0 0 0 0 2 1−μ�� �
0

0 0 0 0 0 2 1−μ�
� �

2
6666666664

3
7777777775

ð36Þ

where μ± is a material constant satisfying −1/2 ≤ μ±≤1. However,
in what follows, Lijkl± is taken as the fourth-order identity tensor Iijkl in
order to simplify the anisotropic damage formulation.

The damage driving force Yij
± is interpreted as the energy release

rate according to the notion of fracture mechanics as argued by Abu
Al-Rub and Voyiadjis [3], where the following expression is proposed:

Y�
rs = −1

2
E−1
ijabσab

∂Mijpq

∂φ�
rs

σpq ð37Þ

The rate of the equivalent damage φ̇�
eq (i.e. rate of damage

accumulation) is defined as:

φ̇�
eq =

ffiffiffiffiffiffiffiffiffiffiffiffiffi
φ̇�
ij φ̇

�
ij

q
with φ�

eq = ∫t

0
φ̇�
eqdt ð38Þ

where the evolution equation for φ̇�
ij is defined by:

φ̇�
ij = λ̇�

d
∂g�

∂Y�
ij

ð39Þ

where λ̇�
d is the damagemultiplier such that one can easily show from

Eqs. (35)–(39) that λ̇�
d = φ̇�. This multiplier can be obtained from the

following damage consistency conditions:

g�≤0; λ̇
�

dg
� = 0; and ġ�

b 0⇒λ̇
�

d = 0

= 0⇒λ̇
�

d = 0

= 0⇒λ̇�
d N 0

8>>>><
>>>>:

9>>>>=
>>>>;
⇔

effective ðundamagedstateÞ
damage initiation
damage growth

8<
:

ð40Þ

The following power tensile and compressive damage evolution
laws are proposed in order to improve the capability of the damage
model for the prediction of the concrete behavior and to compare it to
the exponential damage low which is widely used in the literature,
such that:

φþ
eq = Bþ Kþ

0

Kþ

� �
Kþ

Kþ
0
−1

� �qþ

ð41Þ

φ−
eq = B− K−

K−
0
−1

� �q−

ð42Þ
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whereB±and q±arematerial constants. The expense of this proposition
is that one needs to identify more material constant from experimental
data as compared to the exponential damage laws. However, it will be
shown in the analysis section that even setting q±=1 gives better
predictions than the exponential damage laws.

Similarly, for the power damage laws, one can obtain the evolution
of the damage isotropic hardening functions K̇

þ
and K̇

−
by taking the

time derivative of Eqs. (41) and (42) as follows:

K̇þ =
Kþ

Bþ qþKþ
0 −1 + Kþ

0
Kþ

� � Kþ

Kþ
0
−1

� �1−qþ

φ̇þ
eq ð43Þ

K̇− =
K−
0

B−q−
K−

K−
0
−1

� �1−q−

φ̇−
eq ð44Þ

It is noted that the tensile and compressive exponential and power
damage evolution laws in Eqs. (41) and (42) obey the fundamental
principle that the damage is not initiated until the damage hardening
function K± is greater than the damage threshold K0

±.

3. Numerical implementation

In this section, the time descretization and numerical integration
procedures for the current elasto-plastic-damage model are presented.
The evolutions of the plastic and damage internal state variables can be
obtained if the Lagrangian multipliers λ̇

p
and λ̇

�
d are computed.

Therefore, the plasticity and damage consistency conditions, Eqs. (32)
and (40), are used for computing both λ̇

p
and λ̇

�
d . This is shown in the

subsequent developments. Then, at the beginning of the step, by
applying the given strain increment Δεij = ε n + 1ð Þ

ij −ε nð Þ
ij and knowing

the values of the stress and internal variables from the previous step, (•)
(n), the updated values at the end of the step, (•)(n+1), are obtained.

The implemented integration scheme is divided into two sequen-
tial steps, corresponding to the plastic and damage parts of the model.
In the plastic part, the plastic strain εij

p and the effective stress σ ij at the
end of the step are determined by using the classical radial return
mapping algorithm (Simo and Hughes in [38]), such that one can
write from Eqs. (6), (5), and (31) the following algorithmic step:

σ n + 1ð Þ
ij = σtr

ij−Eijklε
p
kl = σtr

ij−λpEijkl
∂Fp

∂σ

n + 1ð Þ

kl
ð45Þ

where σtr
ij = σ nð Þ

ij + Eijklεkl is the trial stress tensor, which is easily
evaluated from the given strain increment. Also, substituting Eqs. (7)
and (34) into Eq. (45), the above equation can be rewritten as follows:

σ n + 1ð Þ
ij = σtr

ij−λp ffiffiffi
6

p
G

s n + 1ð Þ
ij

jjs n + 1ð Þ

ij
jj + 3Kαpδij

2
664

3
775 ð46Þ

where jjsij jj =
ffiffiffiffiffiffiffi
sijs

q
ij

and sij is the deviatoric component of the

effective stress tensor σ ij. If the trial stress is inside the yield surface,

i.e. f σtr
ij ; c

nð Þ
c

� �
≤ 0, the step is elastic and one sets λp = 0, σtr

ij =

σ n + 1ð Þ
ij , εij

p(n+1)=εij
p(n), c±(n+1)=c±(n). However, if the trial stress is

outside the yield surface, then σ n + 1ð Þ
ij , εijp(n+1), and c±(n+1) are

determined by computing λp as shown next.
In the damage part, the nominal stress σij at the end of the step is

obtained from Eq. (15) by knowing the damage variables φij
±, which

can be calculated once Δλd
± are computed from the damage

consistency conditions in Eq. (40) as will be shown in the subsequent
developments.
3.1. Computation of the plastic multiplier

In this section, the plastic consistency condition in Eq. (32) is
satisfied at the end of the loading step in order to calculate the plastic
multiplier Δλp, such that one can write from Eq. (26):

f n + 1ð Þ =

ffiffiffi
3
2

r jjs n + 1ð Þ

ij
jj + αI n + 1ð Þ

1 −β n + 1ð ÞH σ̂ n + 1ð Þ
max

� �
σ̂ n + 1ð Þ

max

− 1−αð Þc− n + 1ð Þ = 0

ð47Þ

However, in order to return radially to the yield surface, one needs
to assume (Simo and Hughes in [41]):

s n + 1ð Þ
ij

jjs n + 1ð Þ

ij
jj =

strij

jjstr
ij
jj ð48Þ

where strij = σtr
ij− 1

3σ
tr
kkδij. Therefore, at step n+1, one can write from

Eq. (46) the following expressions for the deviatoric stress and the
corresponding volumetric stress, respectively:

s n + 1ð Þ
ij = strij−λp ffiffiffi

6
p

G
sijtr

‖strij ‖
ð49Þ

I n + 1ð Þ
1 = Itr1−9λpKαp ð50Þ

Multiplying both sides of Eq. (49) by strij and applying the
assumption of Eq. (48), the deviatoric stress in Eq. (49) can be
rewritten as follows:

jjs n + 1ð Þ
ij jj = jjstrij jj− ffiffiffi

6
p

Gλp ð51Þ

Now, since the yield function includes the principal stress, σ̂
n + 1ð Þ
max ,

one needs an expression for σ̂
n + 1ð Þ
max similar to that obtained in

Eq. (49). One can express σ n + 1ð Þ
ij in terms of the principal stresses

σ̂
n + 1ð Þ
ij as follows:

σ n + 1ð Þ
ij = lir σ̂

n + 1ð Þ
rs ljs ð52Þ

where lij = n 1ð Þ
i n 2ð Þ

i n 3ð Þ
i

h iT
is a second-order tensor that contains

the principal directions of σ ij, where ni
(1), ni

(2), and ni
(3) are the

eigenvectors that correspond to σ̂
1ð Þ

= σ̂ max, σ̂
2ð Þ
, and σ̂

3ð Þ
= σ̂ min,

respectively, and []T designates the transpose. Also, one can write

from Eq. (33) Fp σ n + 1ð Þ
ij

� �
= Fp σ̂

n + 1ð Þ
ij

� �
. As a result, one can write

the following expressions from Eq. (31) in terms of the principal
values as follows:

∂Fp

∂σ

n + 1ð Þ

ij
= lir

∂Fp

∂ σ̂ n + 1ð Þ
rs

ljs ð53Þ

By substituting Eqs. (52), and (53) into Eq. (45) along with using
Eq. (7), one can write the following expression:

σ̂ n + 1ð Þ
ij = σ̂tr

ij−Δλp 2G
∂F

∂ σ̂ n + 1ð Þ
ij

+ 3 K−2
3
G

� �
αpδij

2
4

3
5 ð54Þ

where the derivative of the plastic potential function with respect to
the principal stresses is given as follows:

∂F
∂ σ̂ n + 1ð Þ

ij

=

ffiffiffi
3
2

r
ŝ n + 1ð Þ
ij

jj ŝ n + 1ð Þ

ij
jj + αpδij ð55Þ
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However, using Eq. (48), one can rewrite the above expression as
follow:

∂F
∂ σ̂ n + 1ð Þ

ij

=

ffiffiffi
3
2

r
σ̂tr

ij

‖ ŝtrij ‖
+ αp−

1ffiffiffi
6

p Itr1
‖ ŝtrij ‖

 !
δij ð56Þ

where I
tr
1 = Î

tr

1 and ‖strij ‖ = ‖ ŝ
tr
ij ‖. By substituting Eq. (56) into Eq. (54),

one can obtain the corrected principal stress as follows:

σ̂ n + 1ð Þ
ij = σ̂tr

ij−Δλp ffiffiffi
6

p
G

σ̂tr
ij

‖strij ‖
+ 3Kαp−

ffiffiffi
2
3

r
G

Itr1
‖strij ‖

 !
δij

" #
ð57Þ

Therefore, from Eq. (57), one can easily write an expression for the
corrected maximum principal stress σ̂

n + 1ð Þ
max as follows:

σ̂ n + 1ð Þ
max = σ̂tr

max−Δλp ffiffiffi
6

p
G
σ̂ max

tr

‖strij ‖
+ 3Kαp−

ffiffiffi
2
3

r
G

Itr1
‖strij ‖

 !" #
ð58Þ

In Eq. (47), the term β n + 1ð ÞH σ̂
n + 1ð Þ
max

� �
σ̂

n + 1ð Þ
max can be expressed

as follows:

β n + 1ð ÞH σ̂ n + 1ð Þ
max

� �
σ̂ max

n + 1ð Þ
= β nð ÞH σ̂ n + 1ð Þ

max

� �
σ̂

n + 1ð Þ
max + ΔβH σ̂ n + 1ð Þ

max

� �
σ̂ n + 1ð Þ

max

ð59Þ

where the dimensionless constant β is already defined in Eq. (27) and
its increment can be expressed as follows:

Δβ =
1−αð Þ
cþ

Δc−− 1−αð Þc−
cþð Þ2 Δcþ

= Δλp 1−rð Þ
cþ

∂f
∂ε−eq

∂Fp

∂ˆσ min

+
r

σ̂ max

D E ∂f
∂εþeq

∂Fp

∂ σ̂ max

2
4

3
5

ð60Þ

where

∂f
∂εþeq

= − σ̂ max

D E c− 1−αð Þhþ
cþð Þ2 ð61Þ

∂f
∂ε−eq

= − 1−αð Þ Q−b−exp −b−ε−eq
� �h i

ð62Þ

and the increment of the tensile and compressive isotropic hardening
functions is expressed as follows from the Eqs. (30):

Δcþ =
∂cþ

∂εþeq
Δεþeq = rhþΔλp ∂Fp

∂ σ̂ max

ð63Þ

Δc− =
∂c−

∂ε−eq
Δε−eq = − 1−rð Þ Q−b−exp −b−ε−eq

� �h i
Δλp ∂Fp

∂ σ̂ min

ð64Þ

By substituting Eqs. (58) and (60) into Eq. (59), one obtains:

β n + 1ð ÞH σ̂ n + 1ð Þ
max

� �
σ̂ n + 1ð Þ

max = β nð ÞH σ̂ tr
max

� �
σ̂tr

max−β nð ÞH σ̂tr
max

� �
ZΔλp

+ rΔλp ∂f
∂ε + tr

eq

∂Fp

∂σ̂ max
tr

ð65Þ

where

Z =
ffiffiffi
6

p
G
σ̂ max

tr

‖strij ‖
+ 3Kαp−

ffiffiffi
2
3

r
G

Itr1
‖strij ‖

ð66Þ
Moreover, the fourth term of Eq. (47) can also be rewritten as
follows:

1−αð Þc− n + 1ð Þ = 1−αð Þc− nð Þ + 1−αð ÞΔc−

= 1−αð Þc− nð Þ + 1−rð Þ ∂f
∂ε−eq

Δλp ∂Fp

∂σ̂ min

ð67Þ

Finally, by substituting Eqs. (50), (51), (65), and (67) into Eq. (47),
and making few algebraic manipulations, the plastic multiplier Δλp

can then be expressed as follows:

Δλp =
f tr

H
ð68Þ

where f tr and H are given as:

f tr =

ffiffiffi
3
2

r
‖strij ‖ + αItr1 + β nð ÞH σ̂tr

max

� �
σ̂tr

max− 1−αð Þc− nð Þ ð69Þ

H = 3G + 9Kαpα + β nð ÞH σ̂tr
max

� �
Z + 1−rð Þ ∂f

∂ε−tr
eq

∂Fp

∂σ̂ min
tr
−r

∂f
∂ε+tr

eq

∂Fp

∂σ̂ max
tr

ð70Þ

3.2. The elasto-plastic tangent stiffness in the effective configuration

In order to accelerate convergence, the elasto-plastic tangent
stiffness is needed. From Eqs. (26) and (32), one can express the
plasticity consistency condition in the effective configuration (i.e. ˙f ) as
follows:

Δf =
∂f
∂σ ij

Δσ ij +
∂f

∂σ̂ max

σ̂ max +
∂f
∂εþeq

Δεþeq +
∂f
∂ε−eq

Δε−eq = 0 ð71Þ

One can express Δσ ij and Δσ̂ max from Eqs. (45) and (58),
respectively, as follows:

Δσ ij = 2GΔεij + K−2
3
G

� �
Δεkkδij−Δλp ffiffiffi

6
p

G
strij
‖strij ‖

+ 3Kαpδij

" #
ð72Þ

Δσ̂ max = 2Gn 1ð Þ
i Δεijn

1ð Þ
j + K−2

3
G

� �
Δεkk

−Δλp ffiffiffi
6

p
G
σ̂ max

tr

‖strij ‖
+ 3Kαp−

ffiffiffi
2
3

r
G

Itr1
‖strij ‖

 !" #
ð73Þ

whereΔεij is the total strain increment and ni
(1) is the eigenvector that

corresponds to σ̂ max.
By substituting Eqs. (72), (73), and the increments Δεeq+ and Δεeq−

from Eqs. (28) into Eq. (71) and making few algebraic manipulations,
one can get the expression of the plastic multiplierΔλp as a function of
the total strain increment Δεij as follows:

Δλp =
1
H

∂f
∂σ ij

Eijkl + 2G
∂f

∂σ̂ max

n 1ð Þ
k n 1ð Þ

l + K−2
3
G

� � ∂f
∂σ̂ max

δkl

( )
Δεkl

ð74Þ

where H is already given in Eq. (70). Then, by substituting Eq. (74)
into Eq. (72), the stress rate Δσ ij can be rewritten as a function of the
rate of the total strain Δεij as follows:

Δσ ij = DijklΔεkl ð75Þ



Fig. 1. The 2-D meso-scale concrete analysis model of 60% of aggregate volume fraction.
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Fig. 2. Stress–strain relation of the mortar and the ITZ. (a) Tensile, (b) compressive.
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where the fourth-order tensor Dijkl represents the elasto-plastic
tangent stiffness in the effective (undamaged) configuration and is
expressed as follows:

Dijkl = E
ijkl
− 1

H
Emnkl

∂f
∂σmn

+
∂f
∂σ̂ max

2Gn 1ð Þ
k n 1ð Þ

l + K−2
3
G

� �� �
δkl

� 

E
ijpq

∂Fp

∂σ pq

ð76Þ

The above equation retains Dijkl = Eijkl if the material is under
elastic deformation or there is no plastic flow.

3.3. Computation of the tensile and compressive damage multipliers

In the following, the damage multipliers, λ̇
�
d , are obtained using

the damage consistency conditions in Eq. (40). The incremental
expression for the damage consistency condition can be written as:

g� n + 1ð Þ = g� nð Þ + Δg� = 0 ð77Þ

where g± is the damage surface function given in Eq. (35) and Δg± is
the increment of the damage function which is expressed by:

Δg� =
∂g�

∂Y�
ij
ΔY�

ij +
∂g�

∂K� ΔK� ð78Þ

However, since Yij
± is a function of σij

± and φij
± one can write the

following:

ΔY�
ij =

∂Y�
ij

∂σ�
kl

Δσ�
kl +

∂Y�
ij

∂φ�
kl

Δφ�
kl ð79Þ

where Δφkl
± is obtained from Eqs. (39), such that:

Δφ�
kl = Δλ�

d
∂g�

∂Y�
kl

ð80Þ

and Δσ�
kl can be obtained from Eqs. (18) as follows:

Δσ�
kl =

∂M�
klrs

∂φ�
mn

Δφ�
mnσ

�
rs + M�

klrsΔσ
�
rs ð81Þ
Table 1
Material properties used in the analysis.

Elastic constants Tensile material constants

Ē (MPa) ν f0
+ (MPa) K0

+ (MPa) h+ (MPa) B+ q+

Mortar 26,000 0.20 3.0 3.0 10,000 1.30 1.10
ITZ 25,000 0.16 2.0 2.0 10,000 1.40 1.05
By substituting Eqs. (79)–(81) into Eq. (78) and noticing that
λ̇
�
= φ̇�

eq =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
φ̇�
ij φ̇

�
ij

q
, one can obtain the following relation:

Δg� =
∂g�

∂Y�
ij

∂Y�
ij

∂σ�
kl

∂M�
klrs

∂φ�
mn

σ�
rs

∂g�

∂Y�
mn

Δλ�
d +

∂g�

∂Y�
ij

∂Y�
ij

∂σ�
kl

M�
klrsΔσ

�

rs

+
∂g�

∂Y�
ij

∂Y�
ij

∂φ�
kl

∂g�

∂Y�
kl

Δλ�
d +

∂g�

∂K�
∂K�

∂φ�
eq
Δλ�

d

ð82Þ
Yield criteria Compressive material constants

α αp f0
− (MPa) Q− (MPa) b− K0

− (MPa) B− q−

0.12 0.20 15.0 80.0 820.0 20.0 0.15 1.40
12.0 50.0 820.0 16.0 0.20 1.60

image of Fig.�2


Fig. 3. Aggregate shape sensitivity analysis micro-structures. (a) Circular, (b) hexagonal, (c) pentagonal, (d) tetragonal, and (e) arbitrary polygonal RVEs.
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Substituting Eq. (82) into Eq. (77), one obtains Δλd
± by the

following relation:

Δλ�
d =

g�tr

H�
d

ð83Þ

where g± tr is the trial value of the damage function, Hd
± is the tensile

or compressive damage modulus and is given as follows:

H�
d =

∂g�

∂Y�
ij

∂Y�
ij

∂σ�
kl

∂M�
klrs

∂φ�
mn

σ�
rs

∂g�

∂Y�
mn

+
∂g�

∂Y�
ij

∂Y�
ij

∂φ�
kl

∂g�

∂Y�
kl

+
∂g�

∂K�
∂K�

∂φ�
eq

ð84Þ

where

∂K�

∂φ�
eq

=
K�
0

B�q�
B
φ�
eq

 !q�−1
q�

ð85Þ

and ∂g/∂K±=−1 and the expressions for ∂g/∂Yij, ∂Yij/∂σkl, ∂Mklrs
−1/

∂φmn, and ∂Yij/∂φkl can be found in Abu Al-Rub and Voyiadjis [3].

4. 2-D meso-scale simulations

The effect of the change of plain concrete properties, such as
aggregate shape, size, distribution, and volume fraction, the thickness
Fig. 4. Final micro-crack distributions for the aggregate shape effect analyses. (a) Circu
of the interfacial transmission zone (ITZ), and the strength of the ITZ
and mortar matrix on the tensile behavior of concrete is investigated
here with 2-D meso-scale numerical simulations. The current elasto-
plastic-damage model is implemented in the well-known finite
element code Abaqus via the user material subroutine UMAT and is
used in conducting the following meso-scale simulations. A 4-node
bilinear plane stress quadrilateral element (CPS4R) is used for all
models. Fig. 1 shows the representative volume element (RVE) of size
100 mm×100 mm, which is found to be representative of the
statistical distribution of aggregates in concrete.

The radius of the coarse, middle, and fine aggregate are 10, 5, and
2.5 mm, respectively, and the aggregate gradation is 5:3:2. Since there is
very limited experimental data on the thickness and mechanical
properties of the ITZ, in this study the thickness of ITZ is assumed to be
200 μm and its behavior described with the presented elasto-plastic-
damage model with weaker mechanical properties as compared to the
cement matrix.

It is noteworthy that due to the finite thickness of the ITZ in
concrete, the cohesive zone modeling technique (e.g., [33,52]) which
is suitable for interfaces of zero thickness is avoided in this study.
Moreover, one of the major challenges in using the cohesive zone
models is the identification of the associated material parameters.
Therefore, with the lack of experimental data on the ITZ's traction-
separation behavior, it will be a challenge to use the cohesive zone
model to simulate the behavior of ITZ. However, the authors currently
lar, (b) hexagonal, (c) pentagonal, (d) tetragonal, (e) arbitrary polygonal shapes.

image of Fig.�4


a

b

0

20

40

60

80

100

120

140

160

180

0 1 2 3 4 5 6 7 8

L
oa

d 
(N

)

Displacement (1.0E-3 mm)

Circular

Hexagonal

Pentagonal

Tetragonal

Polygonal

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

Circle Hexagon Pentagon Tetragon Polygon

N
or

m
al

iz
ed

 V
al

ue

Aggregate Shape

Tensile Strength (σ/σ-max)

Strain at onset of damage (ε/ε-max)
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Fig. 7. Final micro-crack distributions for the aggregate distribution effect for
(a) model 1, (b) model 2, (c) model 3, (d) model 4 shown in Fig. 6.
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investigating the comparisons between the current modeling tech-
nique of the ITZ and the cohesive zone modeling and the results will
be reported in a future study.

4.1. Tensile and compressive material properties of the ITZ and mortar
matrix

At mesoscopic level, it is crucial to understand the material
mechanical properties and behavior of each phase and the interaction
between the aggregate and the mortar matrix because the change in
each material property has a great effect on the global macroscopic
Fig. 6. Aggregate distribution sensitivity analyses with aggregate volume fraction of
50%. (a) Model 1, (b) model 2, (c) model 3, (d) model 4.
behavior of concrete. Because micro-cracks are initiated at the weakest
link, where the ITZ is the weakest link, it is one of the most important
tasks to define the tensile and compressive behavior of the ITZ for
predicting the overall mechanical properties of concrete composites.
However, it is difficult to determine the local mechanical properties of
ITZ because of the complexity of their microstructure and the
constraints of the existing measurement techniques [30,31,35,41].
Based on a systematic nano-indentation testing of the ITZ in concrete,
Mondal et al. [31] have shown that the Young's modulus of the ITZ is
comparable to the Young's modulus of the mortar matrix. However,
they also showed through using electron microscopy imaging that the
microstructure of the ITZ is highly heterogeneous and highly damaged
due to pre-existence micro-voids and micro-cracks within this zone.
Hence, one can assume that the tensile/compressive strength of the ITZ
is weaker than that of the mortar matrix. Furthermore, the nano-
indentation experimental data by Mondal et al. [31] has shown that
there is no clear gradient of the mechanical properties across the ITZ
thickness and the ITZ properties are heterogeneous. Thus, although the
mechanical characteristic of the ITZ is not clearly understood currently,
it can be assumed that the behavior of the ITZ, which has weaker
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Table 2
The fraction of damaged elements for the different aggregate distributions in Fig. 6.

Model 1 (%) 2 (%) 3 (%) 4 (%)

ITZ 18.5 20.1 23.9 22.1
Mortar 2.7 2.5 2.3 2.1

Table 3
The number and fraction of aggregates used in the aggregate volume fraction
simulations.

Volume
fraction (%)

Coarse
aggregate
(%)

Middle
aggregate
(%)

Fine
aggregate
(%)

Total area
(mm2)

Actual volume
fraction (%)

10 1 (31.4) 5 (39.3) 15 (29.5) 1001.38 10.01
20 3 (47.1) 8 (31.4) 21 (20.6) 1983.13 19.83
30 5 (52.4) 11 (28.8) 29 (19.0) 3004.15 30.04
40 6 (47.1) 17 (33.4) 40 (19.6) 4005.53 40.06
50 8 (50.3) 19 (29.8) 51 (20.0) 5006.92 50.07
60 10 (52.4) 22 (28.8) 60 (19.6) 6047.57 60.48
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mechanical properties [31,41], is similar to that of themortarmatrix and
is homogenous across the ITZ's thickness. Based on this assumption, the
material properties of themortarmatrix and the ITZ are chosen carefully
such that the properties of the ITZ are chosen to be less than that of the
mortar by a constant factor.

In this study, the presented coupled plasticity-damage model is
adopted for modeling the tensile and compressive behavior of the ITZ
and the mortar matrix, whereas the aggregate is modeled as a linear
elastic material (E=55,500 MPa, ν=0.2) since the aggregate shows a
more brittle behavior than the mortar matrix, and has a higher
Young's modulus and yield strength. It is noteworthy that the cyclic or
uniaxial loading–unloading tensile and compressive stress–strain
experimental curve should be used to identify unique values for the
material parameters of the ITZ and the mortar matrix, such as K0

±, B±,
q±, h+, b−, and Q−. The aim of this study, however, is not in predicting
the behavior of a specific concrete structure. Therefore, the material
constants of the ITZ and thematrix used in the analysis are assumed to
show suitable tensile and compressive loading–unloading behavior
based on the tensile and compressive loading–unloading experimen-
tal result by Taylor [43] and Karsan and Jirsa [19]. The material
parameters used in the study are listed in Table 1, and the detailed
calibration process of the material parameters can be found in Abu Al-
Rub and Kim [2]. The predicted tensile and compressive stress–strain
relations based on these material constants of the mortar matrix and
ITZ are shown in Fig. 2.
4.2. The effect of aggregate shape

Currently, circular or spherical aggregate shape is commonly used
for 2-D or 3-D meso-scale finite element analysis because of
simplicity. However, it is found that the meso-scale concrete model
using circular shape of aggregate tends to give higher strength
compared to the model using irregular actual shape of aggregate [15].
This is attributed to the increased levels of stress concentration when
modeling the actual shape of the aggregate. Therefore, the effect of the
aggregate shape on the tensile strength of 2-D meso-scale concrete
model is investigated in this section. Five different aggregate shapes;
Fig. 9. Aggregate volume fraction sensitivity analysismodels. (a) Set 1—10%, (b) set 1—20%, (c)
(i) set 2 — 30%, (j) set 2 — 40%, (k) set 2 — 50%, (l) set 2 — 60%.
circular, hexagonal, pentagonal, tetragonal, and arbitrary polygonal
shapes are considered as shown in Fig. 3.

Micro-crack distribution for the aggregate shape sensitivity
analyses at vertical displacement of 10 μm are shown in Fig. 4. Also,
the corresponding load–displacement diagrams and the normalized
values of the tensile strength and the strain capacity at the onset of
damage are shown in Fig. 5. In this study, the strain at damage-onset is
defined as the strain at which micro-cracks are initiated and
degradation in strength and elastic modulus occurs. Therefore, by
predicting this strain as a function of the material's microstructure,
one can investigate the key microstructural parameters that mitigate
damage onset and decreases cracking potential. It is obvious that the
aggregate shape has aweak effect on the ultimate strength of concrete
and on the strain to damage-onset as shown in Fig. 5, but significantly
affects the crack initiation, propagation, and distribution as shown in
Fig. 4. However, one can notice that due to the stress concentration at
the sharp edges of polygonal aggregate shape, both the ultimate
tensile strength and the strain at onset of damage of the circular shape
aggregate model are higher than those of the other aggregate shapes.
Specifically, the ultimate tensile strength of the circular aggregate
model shows larger than 6% increase than that of the arbitrary
polygonal shape aggregate model. The relatively small influence of
aggregate shape on strength and strain at onset of damage is
attributed to the fact that the simulations were conducted under
tensile stresses. It is known that the influence of aggregate shape on
concrete response is more evident under compressive loading stresses
[29]. Therefore, in tension using different aggregate shapes by fixing
their distribution does not affect the overall mechanical response
significantly such that the behavior is completely dominated by the
behavior of the cement paste and the ITZ.

Due to the small differences in the predictions of the overall tensile
strength and strain capacity of the concrete when considering different
set 1— 30%, (d) set 1—40%, (e) set 1— 50%, (f) set 1—60%, (g) set 2—10%, (h) set 2— 20%,



Fig. 10. Micro-crack distributions due to applied tensile loading for different aggregate volume fractions of set 1 in Fig. 9: (a) 10%, (b) 20%, (c) 30%, (d) 40%, (e) 50%, (f) 60%.

Fig. 11. Micro-crack nucleation and propagation for an RVE with aggregate volume
fraction of 50%. Micro-crack distribution at increasing deformations of (a) 4.2 μm(onset
of damage), (b) 4.5 μm (peak), (c) 5.0 μm, and (d) u=10.0 μm.
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aggregate shapes, in the following simulations a circular aggregate shape
is assumed for simplicity in carrying out the finite element simulations.

4.3. The effect of aggregate distribution

Although the maximum and minimum aggregate size and the
aggregate gradation and volume fraction, depending on the purpose,
can be controlled in the concrete mix design, it is actually impossible
to control the distribution of aggregate. Furthermore, the concentra-
tion of the aggregates on a localized region due to poor mix or
segregation may have effect on the strength of concrete. Mixing and
pouring concrete is based on the basic assumption that aggregate is
randomly and uniformly distributed, and the aggregate distribution
has little effect on the strength and behavior of concrete. Therefore,
the aggregate distribution effect is investigated in this section. Four
different aggregate distributions are shown in Fig. 6. The size of the
RVE is 100 mm×100 mm, and the aggregate volume fraction of the
models is identical with 50%. All aggregates are randomly distributed
with the same aggregate gradation of 5:3:2.

The final micro-crack patterns and the load–displacement relations
for the change of the aggregate distribution of the four simulated RVEs
are shown in Figs. 7 and 8. As seen in Fig. 7, themicro-crack distribution
is totally dependent on the distribution of aggregates. However, it is
obvious from Fig. 8 that the tensile strength and strain capacity under
tensile loading is less dependent on the aggregate distribution. This
result can be explainedwith the global damage density, and the fraction
of damaged element at 5 μmof vertical displacement as listed in Table 2.
It can be seen from Table 2 that although the crack distribution of each
model is quite different, the difference of the fraction of damaged
elements is insignificant. Therefore, it can be concluded that the
aggregate statistical distribution has a negligible effect on overall
mechanical response of concrete composites.

4.4. The effect of aggregate volume fraction

It is obvious that aggregate plays a vital role in the fracture of
concrete because aggregate takes up to 75% of the total volume of
concrete, and the aggregate volume fraction is one of the most
important factors governing the failure mechanism of concrete. It is
well known through experimental tests that the Young's modulus of
normal strength concrete is proportional to the aggregate volume
fraction, whereas the compressive strength of concrete generally is
inversely proportional to that [5,42]. However, there is little information
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how the aggregate volume fraction affects the tensile strength of
concrete since the direct tensile test is not that easy to perform [41].
Therefore, the effect of the aggregate volume fraction on the tensile
behavior of concrete is examined in this section.

In order to investigate the effect of aggregate volume fraction,
Fig. 9 shows different RVEs with increasing aggregate volume
fractions from 10% to 60%. The number and fraction of aggregates
used in this analysis are summarized in Table 3. Each RVE in Fig. 9 is
subjected to a vertical tensile displacement. However, Fig. 9(g–l)
shows the same considered aggregate volume fractions, but with
different aggregate distributions. This second set of RVEs are
simulated in order to make sure that altering the aggregate
distribution does not have significant effect on the drawn conclusions
on the effects of aggregate volume fraction as concluded from the
previous section. Also, it should be noted that the obtained results in
this section are obtained from performing four simulations: (1) by
applying tensile vertical displacement to the RVEs in set 1 in Fig. 9(a–
f); (2) by applying tensile vertical displacement to the RVEs in set 2 in
Fig. 9(g–l); (3) by applying tensile horizontal displacement to the
RVEs in set 1 in Fig. 9(a–f); and (4) by applying tensile horizontal
displacement to the RVEs in set 2 in Fig. 9(g–l). This is equivalent to
Fig. 13. Geometry and finite element meshes for st
simulating four different distributions for each considered aggregate
volume fraction.

Themicro-crack distributions at 0.02 mmof tensile vertical displace-
ment are shown in Fig. 10. The crack distributions are totally dependent
on the aggregate volume fraction and distribution, and tend to be more
localized as the aggregate volume fraction increases. Furthermore, the
process of micro-crack initiation and propagation is shown in Fig. 11. As
seen, the tensile damage is initiated at the ITZ, theweakest region,which
surrounds oneof thefine aggregates at a vertical displacement of 4.2 μm.
Subsequently, a number of micro-cracks develop at the ITZ regions
simultaneously after damage initiation, and the micro-cracks are then
propagate to themortarmatrix, coalescewith eachother, anddevelop to
macro-cracks as the vertical displacement increases.

The effects of varying the aggregate volume fraction on the overall
mechanical response of the concrete composite are shown in Fig. 12. It
can be seen from Fig. 12(b) that the Young's modulus of concrete is
almost linearly proportional to the aggregate volume fraction and is not
affected by the aggregate distribution. In addition, the results of the 2-D
mesoscale analysis are compared with the Hashin's upper and lower
bounds of the elastic moduli for three-phase composite material, and
the results of RVEs are within the classical bounds of Hashin. It can also
udying the effect of varying the ITZ thickness.
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be seen fromFig. 12(d) that the strain at the onset of damage is inversely
proportional to the aggregate volume fraction and is not significantly
influenced by the aggregate distribution. Whereas, the ultimate tensile
strength of concrete as a function of aggregate volume fraction, unlike
the Young's modulus and strain at damage initiation, is not monotonic
such that the concrete capacity is found to be minimum at 40%
volume fraction, and the analysis result is in good agreement with the
experimental results by Stock et al. [41]. As can be seen from Fig. 12(c)
that although the aggregate distribution has a slight effect on the tensile
strength of concrete, the distribution of aggregates cannot be the reason
for the observed response in Fig. 12(c). This observed behavior can be
attributed to sever localizeddamagedistribution leading to clearmacro-
crack evolution at the top and bottom of the 40% aggregate volume
fractionRVEas shown in Fig. 10(d). Therefore, the load carrying capacity
is mainly localized within small regions of the mortar matrix while the
surrounding material is elastically unloaded. On the other hand, more
distributed micro-damage evolution and propagation is seen for other
volume fractions such that the loading carrying capacity is more
distributed within themortar matrix. Furthermore, it is believed that at
volume fractions greater than 40% the aggregates are more closely
packed to each other inducing confinement effects on the surrounding
matrix and making the response stronger.

4.5. The effect of ITZ thickness

Understanding the characteristics of the ITZ is one of the most
critical issues in predicting the overall mechanical response of
concrete composites based on meso-scale simulations since the ITZ
is the weakest region in concrete such that the strength and behavior
of concrete is mainly governed by the properties of the ITZ (e.g.
[30,31,41]). The ITZ as a constituent of concrete can be considered as
an initial defect, and the increase of the ITZ thickness or volume may
lower the global strength of concrete. The effect the ITZ thickness on
the tensile strength of concrete is investigated in this section. Five
thicknesses are simulated in this section as shown in Fig. 13. The
thickness of the ITZ varies from 0.1 mm to 0.8 mm.

The ITZ thickness sensitivity analysis results are shown in Fig. 14. As
shown in Fig. 14(a), the increase in the ITZ thickness has a slight effect
on the post-peakbehavior such that the brittleness of concrete increases
as the ITZ thickness increases. However, as shown in Fig. 14(b) that the
decrease in the tensile strength with increasing the thickness of the ITZ
is not that significant and reaches a constant valuewith further increase
in the ITZ thickness. This result indicates that further increase in the
thickness of the ITZ may have no effect on the global strength of
concrete. As seen in Fig. 14(c), the strain at onset of damage is not
affected by increasing the ITZ thickness, whereas changing the
aggregate volume fraction has a more significant effect on the strain
to damage, which is the conclusion from the previous section.

Fig. 15 shows the micro-crack distribution for varying the ITZ
thickness. Although the crack distribution and initiation points are
almost the same for each change in the ITZ thickness, macro-cracks
are more localized and wider as the thickness of the ITZ increases.

4.6. The effect of varying the strengths of the ITZ and mortar matrix

Theglobal ultimate tensile strength of concrete as a functionof the ITZ
and mortar matrix tensile strengths is analyzed in this section. Although
the ITZ strength cannot be in excess of the strength of mortar matrix for
normal concrete, cases where the ITZ strength is higher than that of the
mortar matrix are considered too. The ITZ strength may be greater than
the matrix strength through surface treatment of aggregates and nano-
modification of the cement paste (e.g. the use of nano-silica fume, nano-
fibers, and nanotubes). In the following simulations, the reference tensile
strengths (100% of strength) of the ITZ andmortarmatrix are assumed to
be 2.0 MPa and 3.0 MPa, respectively. The strength of the ITZ varies from
10% (σy− ITZ=0.2 MPa) to 200% (σy− ITZ=4.0 MPa) of the reference
strength of ITZ, whereas the strength of the mortar matrix varies from
70% (σy−Mortar=2.1 MPa) to 200% (σy−Mortar=6.0 MPa) of the refer-
ence strength of matrix.

The analysis results of varying the ITZ and mortar matrix tensile
strengths assuming 50% aggregate volume fraction is shown in Fig. 16.
It can be seen from Fig. 16(a) that the variation in the ITZ strength has
a significant effect on the global response of concrete. However, in
case that the ITZ tensile strength is less than 40% of its reference
strength (i.e. the ITZ tensile strength is equal or less than 0.8 MPa), the
variation of the ITZ strength does not affect the ultimate tensile load as
shown in Fig. 16(b). This is because the ITZ is easily damaged whereas
the mortar matrix is still elastically loaded and can resist additional
loading, which explains the observed subsequent hardening response
in Fig. 16(b). Then, after the load is redistributed and transferred to
the mortar matrix due to the complete damage of the ITZ region, one
can start seeing micro-cracking of the mortar matrix. When the ITZ
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Fig. 15.Micro-crack distributions for ITZ thicknesses of (a) 0.1 mm, (b) 0.2 mm, (c) 0.4 mm, (d) 0.6 mm, and (e) 0.8 mm. The simulations are obtained at 6 μm displacement and for
an aggregate volume fraction of 50%.
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tensile strength lies in the range of 40% (0.8 MPa) and 150% (3.0 MPa)
of its reference strength, the ultimate tensile strength of concrete
increases linearly with the increase of the ITZ strength.

Fig. 17 shows the variation of micro-crack distributions as a
function of the ITZ strength at 10 μm of applied vertical displacement.
As seen, almost all ITZ elements are damagedwhen the strength of the
ITZ is very low compared to the mortar matrix strength, and this
distributed tensile damage on the ITZ yields higher ductility. As the
ITZ strength increases, themore tensile cracks are propagated through
the mortar matrix, and the model shows more brittle behavior. Also,
one can notice from Fig. 17(a) and (b) that the majority of micro-
cracking occurs at the ITZ region and much less within the mortar
matrix as compared to the micro-crack distributions in Fig. 17(c–f).
Therefore, increasing the ITZ strength will mitigate the micro-
cracking from the interface (adhesive) to the matrix (cohesive),
which leads to a stronger response as shown in Fig. 16. However, the
additional increase in the ITZ strength over the mortar's strength has
no effect on the ultimate strength of concrete because in this case the
concrete strength is governed by the mortar's tensile strength of
3.0 MPa, which is the weakest link.

Although the variation of the ITZ strength influences the yield and
the ultimate strength of concrete, the increase in the mortar matrix
strength with assuming constant ITZ strength has no effect on the
variation of the tensile strength of concrete. This is because the tensile
strain at onset of damage at the ITZ is unchanged regardless of the
increase in the mortar's strength due to the constant strength of the
ITZ. Furthermore, the force resisted by the ITZ and aggregates is
suddenly transmitted to themortarmatrix as the strain increases after
damage initiation at the ITZ, and then the loss of the interaction
between aggregates and mortar matrix due to the damage at the ITZ.
0
0 20 40 60 80 100 120 140 160 180 200

Variation of Strength (%)

Fig. 16. The effect of varying the ITZ and mortar matrix tensile strengths on (a) the
load–displacement response assuming σy−Mortar=3.0 MPa, and (b) the ultimate load.
50% aggregate volume fraction is assumed.
5. 3-D meso-scale simulations

In order to use the proposed coupled plasticity-damage constitu-
tive model for the comparison with the simplified 2-D meso-scale
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Fig. 17. Micro-crack distributions as a function of the ITZ strength for aggregate volume fraction of 50% and applied vertical displacement of 10 μm. (a) 10% (0.2 MPa), (b) 40%
(0.8 MPa), (c) 70% (1.4 MPa), (d) 100% (2.0 MPa), (e) 130% (2.6 MPa), (f) 150% (3.0 MPa, same as the mortar strength).
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analysis results, the tensile behavior of concrete is investigated with a
3-D meso-scale analysis model. Fig. 18 shows the 3-D meso-scale RVE
of concrete, and the distribution of coarse, middle, and fine aggregates
is shown in Fig. 19. In order to reduce the computational cost, only the
size of the 3-D RVE is reduced to 50 mm×50 mm × 50 mm, and all
other micromechanical properties, such as the size of coarse, middle,
and fine aggregates, the aggregate gradation, the ITZ thickness, and
the material properties of the ITZ, aggregate, and mortar matrix are
identical to those of the 2-D meso-scale analyses. A 40% of aggregate
volume fraction is assumed for conducting the 3-D meso-scale
analysis, and the number of coarse, middle, and fine aggregates
used for the generation of the 3-D model is 6, 28, and 154,
respectively. This 3-D simulation will show the applicability of the
Fig. 18. 3-D meso-scale analysis model for concrete.
conducted 2-D simulations in that the later provide very meaningful
simulations as compared to more realistic 3-D ones.

In order to compare the 3-D meso-scale analysis result with the
corresponding 2-D simulations, another 2-Dmeso-scale analysis model
which size and aggregate volume fraction are the same with that of the
3-Dmeso-scale analysismodel is generated (Fig. 22(a)), and the stress–
strain curve obtained from the 3-D meso-scale analysis model is
compared with the 2-D meso-scale analysis result. As can be seen in
Fig. 20, the 3-D analysis gives a lower ultimate tensile strength but a
higher ductility compared to the 2-D meso-scale analysis. This is not
only because they have totally different aggregate distribution but also
because the ITZ volume fraction of the 3-D model is about 50% greater
than that of the 2-D meso-scale model. However, the overall predicted
responses from the 3-D and 2-D simulations are in good agreement
which emphasize the validity of the conducted 2-D simulations.

The distribution of the tensile damage in themortarmatrix and the
ITZ are shown in Fig. 21. Although the tensile damage is initiated at
the ITZ when the tensile strain is 0.3×10−4, the initial micro tensile
damage at the ITZ has a marginal effect on the reduction of the
Young's modulus of the concrete as shown in Fig. 20, and the Young's
modulus of the 3-D meso-scale concrete analysis model begins to
reduce when the tensile strain is 0.38×10−4 which is in agreement
with the 2-D simulations. Due to the vertically applied tensile strain,
the ITZ region at the top and bottom of aggregates is mainly damaged,
and the damaged ITZ region is localized with forming a plane on the
top part of the simulated 3-D micro-structure as shown in Fig. 21.

The process of the tensile damage propagation on the 2-D and 3-D
meso-scale models with the increase of the tensile strain is compared in
Fig. 22. For both cases, although the initial tensile damage occurs
randomly at several locations simultaneously, the tensile damage is
propagated with forming one or two overwhelming damaged planes as
the tensile strain increases. Although there is slight discrepancy between
the stress–strain curves (Fig. 20) and damage patters (Figs. 21 and 22)
obtained from the 2-D and 3-D simulations, the 2-Dmeso-scale analysis
also gives good prediction of the effect of the micromechanical
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Fig. 19. Distribution of aggregates. (a) Coarse aggregates, (b) middle aggregates, and (c) fine aggregates.
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properties on the overall tensile behavior of concrete. Therefore, the
presented 3-D simulation credits the conducted 2-D simulations as a
valid approach to model the micro-structure of concrete.

Although the focus of the current paper is on 2-D description of the
micro-structure of concrete in order to simulate their micro-damage
evolution and predict their mechanical response, these simulations
provide valuable and valid insights about the effect of concrete's micro-
structure on the overall macroscopic properties of concrete composites.
3-D simulations with more realistic micro-structures are complex and
Fig. 21. Distribution of the tensile damage (a) wit
computationally expensive, but at the same time provide conclusions
and insights in good agreement with those from 2-D simulations.
Moreover, the current presented computational framework can be used
effectively in simulating the damage evolution in more complex and
realistic 3-D micro-structure of concrete. The simulation results from
more realistic 3-D concrete micro-structures based on images from X-
ray tomography will be presented in a future work by the authors.

6. Conclusions

The effects of aggregate shape, statistical distribution, volume
fraction, thickness of the ITZ, and the strength of the ITZ and mortar
matrix on the overall macroscopic Young's modulus, tensile strength,
andmicro-crack initiation and propagation in normal plain concrete is
thoroughly and systematically investigated in this study through
using a coupled plasticity-damage model. The conclusions from the 2-
D and 3-Dmeso-scale simulations of the concrete tensile behavior as a
three-phase composite can be summarized as follows:

• Tensile damage is initiated first at the ITZ, the weakest region, and
the stiffness of the 2-D meso-scale concrete model begins to be
reduced as soon as damage is initiated such that cracks are
propagated through the mortar matrix as load increases.

• The aggregate distribution effect can be neglected in the meso-scale
analysis unless aggregates are severely clustered on a localized region.

• Due to the stress concentration at the sharp edges of polygonal
shape of aggregates, both the ultimate tensile strength and the
strain at onset of damage of the circular shape aggregate model are
hin the mortar matrix, and (b) along the ITZ.

image of Fig.�19
image of Fig.�20


Fig. 22. Comparison of the tensile damage propagation at different applied tensile strain levels. (a) 2-D simulations, (b) 3-D simulations showing the aggregates, and (c) 3-D
simulations without the aggregates.
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higher than those of other aggregate shape models. It means that
the meso-scale analysis using circular shape aggregate model may
overestimate the strength of concrete.

• The Young's modulus of concrete is almost linearly proportional to
the aggregate volume fraction while the ductility of concrete is
inversely proportional to the aggregate volume fraction.
• Unlike Young's modulus and strain at damage initiation, the ultimate
tensile strength of concrete due to change of aggregate volume fraction
is not monotonic, where the concrete capacity is minimum at 40%
volume fraction.

• The variation of the ITZ thickness has slight effect on the post-peak
behavior such that the brittleness of concrete decreases and the

image of Fig.�22
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decrease rate of the strength is declined gradually as the ITZ
thickness increases.

• The ultimate tensile strength of concrete increases linearly with the
increase of the ITZ strength. However, the increase of the mortar
matrix strength only with constant ITZ strength has no effect on the
variation of the tensile strength of concrete.

• In case of the 3-D meso-scale analysis, the initial tensile damage at
the ITZ doesn't provoke the yielding of themodel, and the yielding is
occurred as soon as the mortar matrix is damaged.

• The 3-D meso-scale simulations yield comparable results to the 2-D
simulations. This credits the 2-D simulations as valid and useful in
establishing the structure–property relationship for concrete.

• It is concluded that the aggregate volume fraction and the mechanical
properties of the ITZ have significant effect on the overall mechanical
response of concrete. Furthermore, there could be a specific aggregate
volume fraction at which the tensile loading capacity of concrete is the
minimum.

It is concluded that the presented micromechanical simulations
provide valuable insights for relating the structure–property relationship
in cementitious composites in order to ultimately guide the design of
better concrete with enhanced tensile strength, fracture toughness, and
ductility. Furthermore, the application of the presented computational
framework for investigating the effects of fillers (e.g. micro- and nano-
fibers,micro- andnano-inclusions) on theoverallmechanical behavior of
hardened cementitious composites will be investigated in a future work.
Such detailed investigations are very difficult to perform through
experimental routes and, therefore, the presented computational
framework is highly desirable. Future study will also concentrate on
studying the 2-D and 3-D mesoscopic behavior of concrete composite
under various loading conditions with and without considering
aggregate fracture. Also, application of the presented constitutive
model and computational framework for conducting meso-scale
simulations of more realistic 3-D concrete micro-structures based on 3-
D images from X-ray computer tomography will be the focus of a future
study.
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