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It is well known from experiments that the uniaxial compressive strength of cementitious materials depends
linearly on the degree of hydration, once a critical hydration degree has been surpassed. It is less known about
the microstructural material characteristics which drive this dependence, nor about the nature of the
hydration degree–strength relationship before the aforementioned critical hydration degree is reached. In
order to elucidate the latter issues, we here present a micromechanical explanation for the hydration degree–
strength relationships of cement pastes and mortars covering a large range of compositions: Therefore, we
envision, at a scale of fifteen to twenty microns, a hydrate foam (comprising spherical water and air phases, as
well as needle-shaped hydrate phases oriented isotropically in all space directions), which, at a higher scale of
several hundred microns, acts as a contiguous matrix in which cement grains are embedded as spherical
clinker inclusions. Mortar is represented as a contiguous cement paste matrix with spherical sand grain
inclusions. Failure of the most unfavorably stressed hydrate phase is associated with overall (quasi-brittle)
failure of cement paste or mortar. After careful experimental validation, our modeling approach strongly
suggests that it is the mixture- and hydration degree-dependent load transfer of overall, material sample-
related, uniaxial compressive stress states down to deviatoric stress peaks within the hydrate phases
triggering local failure, which determines the first nonlinear, and then linear dependence of quasi-brittle
strength of cementitious materials on the degree of hydration.
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1. Introduction

Cement paste is the binder for cementitious materials, including
cement mortar, concrete, shotcrete, and soilcrete. Therefore, a reliable
prediction of mechanical properties of cement paste is paramount for
subsequent modeling activities, be they related to material behavior
of cementitious composites or to the structural behavior of engineer-
ing constructions built up from these materials. Challenging applica-
tions even require modeling of the evolution of mechanical properties
of hydrating cementitious materials. This is e.g. the case for drill and
blast tunneling according to the principles of the New Austrian
Tunneling Method (NATM), where shotcrete tunnel shells are loaded
by the inward moving rock, while the material still exhibits rather
small maturities and undergoes the chemical hydration process. This
provides the motivation for the present contribution which focuses
on upscaling elasticity and strength of hydrating cement paste and
mortar, by means of continuum micromechanics.

Within cement paste, hydration products (also called hydrates)
establish the links that lead to a network of connected particles.
The hydrates' non-spherical phase shape (evidenced by microscopic
[1–11] and neutron scattering [12] studies) has been recently shown
to probably play an important role in micromechanics-based
prediction of the quasi-brittle strength evolution of cementitious
materials [13,14]. Thereby, hydration degrees have been estimated
from elasticity measurements by means of a (validated) microelastic
model, and corresponding measured strength values could be
successfully predicted by a microelastic-brittle model with the
hydration degrees as input. In this context, a mixture-invariant
deviatoric hydrate strength was back-calculated. Having, in this way,
gained confidence into themodeling approach, we here aim at amuch
stricter experimental model test: We wish to predict directly
measured hydration-degree–strength relationships for different mix-
tures, with possibly avoiding any back-calculated strength values.
Accordingly, the manuscript is structured as follows:

Section 2 recalls fundamentals of continuum micromechanics. In
Section 3, we introduce a micromechanical representation of cement
paste and mortar (Section 3.1), followed by corresponding mathe-
matical expressions for upscaling elasticity (Section 3.2) and quasi-
brittle strength (Section 3.3). Subsequently, we discuss model input
values (Section 3.4). Therefore, we consider dense hydrate foamswith
very low porosity, from which we identify elastic properties that are,
on average, representative for all hydration products. On this basis,
our micromechanics models predict elasticity and strength of cement
pastes and mortars as functions (i) of hydration degree and (ii) of
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composition in terms of water-to-cement and sand-to-cement mass
ratios (Section 3.5). Section 4 is devoted to model validation, based on
the landmark experiments of Taplin [15] who measured early-age
strength evolutions of hydrating cement pastes with water-to-cement
mass ratios ranging from 0.157 to 0.8, as well as on the equivalence in
strength evolutions of standard mortar defined in EN 196-1 [16] and
of stoichiometric cement paste. In Section 5, we highlight general
model characteristics related to uniaxial compressive strength of
cement paste, as a function of the water-to-cement mass ratio and the
hydration degree. Finally, we compare our elasto-brittle upscaling
scheme with recently published ductile schemes related to the
upscaling of confined hardness measurements on cement pastes
and concretes (Section 6). This includes an estimate for the shear
strength of hydrates.

2. Fundamentals of continuum micromechanics

2.1. Representative volume elements and separation of scales principle

In continuummicromechanics [17–20], amaterial is understood as
a macro-homogeneous, but micro-heterogeneous body filling a
representative volume element (RVE) with characteristic length ℓ.
The separation of scales requirement implies (i) ℓ≫d, where d is
standing for the characteristic length of inhomogeneities within the
RVE, and (ii) ℓ≪D, where D stands for the characteristic lengths of
dimensions or loading of a structure built up by the material defined
on the RVE. Notably, “much smaller (≪)” does not necessarily imply
more than a factor of 4 to 5 between the characteristic length of the
heterogeneities and that of the RVE [21].

In general, the microstructure within one RVE cannot be described
in complete detail. Therefore, quasi-homogeneous subdomains with
known physical quantities (such as volume fractions or elastic
properties) are identified. They are called material phases. Once
their mechanical behavior, their dosages within the RVE, their
characteristic shapes, and themode of their interactions are identified,
the “homogenized”mechanical behavior of the overall material can be
estimated, i.e. the relation betweenhomogeneous deformations acting
on the boundary of the RVE and resulting (average) stresses, or the
ultimate stresses sustainable by the RVE, respectively.

In the framework of multiscale homogenization theory, a material
phase, identified at a specific scale of observation “A”, exhibits a
heterogeneousmicrostructure on a lower scale of observation “B”. The
mechanical behavior of this microheterogeneous phase can be
estimated by that of an RVE with a characteristic length being smaller
than or equal to the characteristic length of the aforementioned phase,
i.e. that of inhomogeneities identified on observation scale “A”, see,
e.g. [22].

2.2. Field equations and boundary conditions

Within the volume Ω of an RVE, we consider field equations of
linear elasticity, i.e. generalized Hooke's law accounting for linear
elastic material behavior

σðxÞ = ℂðxÞ : εðxÞ; ð1Þ

static equilibrium conditions (disregarding volume forces)

divσðxÞ = 0; ð2Þ

and linear strain–displacement relations

εðxÞ = 1
2

∇ξ + t∇ξ
� �

; ð3Þ

where x denotes the position vector, σ and ε, respectively, stand for
the second-order tensors of stresses and strains, ℂ for the fourth-
order elastic stiffness tensor, and ξ for the displacement vector. The
boundaries ∂Ω of the RVEs are subjected to linear displacements
corresponding to a second-order strain tensor E, i.e. we prescribe so-
called Hashin boundary conditions [23], also referred to as uniform
strain boundary conditions

ξðxÞ = E⋅x: ð4Þ

2.3. Homogenization of elasticity

The geometric compatibility of the microscopic strain field εðxÞ
with the uniform strain boundary condition (Eq. (4)) implies the
following strain average rule

E =
1
Ω
∫
Ω

εðxÞdV = ∑
p

fpεp; ð5Þ

where p denotes an index running over all phases of the considered
RVE, fp=Ωp/Ω stands for the volume fraction of phase p, and εp for the
second-order tensor of average phase strains defined as

εp =
1
Ωp

∫
Ωp

εðxÞdV ; ð6Þ

where Ωp denotes the subvolume of the RVE occupied by phase p.
Analogously to Eq. (5), macroscopic stresses Σ are set equal to

the spatial average of the equilibrated local stresses σðxÞ inside the
RVE,

Σ =
1
Ω
∫
Ω

σðxÞdV = ∑
p

fpσp; ð7Þ

with σp as the second-order tensor of average phase stresses, defined
by analogy to Eq. (6).

Linearity of the field Eqs. (1)–(3) implies a linear strain con-
centration rule

εp = Ap : E; ð8Þ

with Ap as the fourth-order strain concentration tensor of phase p.
Specification of the elastic constitutive law of phase p

σp = ℂp : εp; ð9Þ

for the strain concentration rule (Eq. (8)) and insertion of the
resulting expression for the phase stresses σp into the stress average
rule (Eq. (7)) delivers a relation between macrostress Σ and
macrostrain E. Comparison of this relation with the macroscopic
elastic law Σ = ℂhom : E allows for identification of the homogenized
elasticity tensor as [17]

ℂhom = ∑
p

fpℂp : Ap: ð10Þ

Knowledge of phase strain concentration tensors Ap opens the door
to scale transitions, i.e. it allows for computing average phase
strains εp from the macroscopically imposed RVE-strain E, see
Eq. (8), and it permits homogenization (upscaling) of phase
stiffnesses ℂp to the homogenized elasticity tensor of the RVE,
ℂ hom, see Eq. (10). As a rule, the concentration tensors Ap are not
known up to analytical precision. Still, they can be estimated based
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on classical matrix-inclusion problems of Eshelby [24] and Laws
[25], for details see Zaoui [20] and Benveniste [26]

Ap = I + ℙ0
p : ℂp−ℂ0

� �h i−1
:

: ∑
q
fq½I + ℙ0

q : ðℂq−ℂ0Þ�−1
� �−1

:

ð11Þ

Specification of Eq. (10) for Eq. (11) delivers the related estimate of
the homogenized elastic stiffness tensor as

ℂhom = ∑
p

fpℂp : I + ℙ0
p : ℂp−ℂ0

� �h i−1
:

: ∑
q
fq½I + ℙ0

q : ðℂq−ℂ0Þ�−1
� �−1

:

ð12Þ

In Eqs. (11) and (12), ℙp
0 denotes the fourth-order Hill tensor,

accounting for the characteristic shape of phase p embedded in a
matrix with stiffness ℂ0. Choice of ℂ0 describes the interactions
between material phases, see Section 3.2 for details.

2.4. Homogenization of strength

In the line of earlier work on cementitious materials [13,14], on
bone biomaterials [27], and on gypsum [28], we here model quasi-
brittle fracture in the framework of an elasto-brittle approach.
Microscopic phase failure resulting in the failure of the entire RVE is
governed by strain peaks rather than by average phase strains defined
in Eq. (6). Strain levels corresponding to volumetric and deviatoric
strain peaks can be estimated by corresponding quadratic strain
averages [29,30]. They can be easily derived from the elastic energy
stored in the RVE, provided that the phases within the RVE exhibit
isotropic elastic behavior

ℂp = 3kpJ + 2μpK; ð13Þ

where ℂp denotes the fourth-order isotropic elasticity tensor of phase
p, kp and μp, respectively, denote the bulk modulus and the shear
modulus of phase p, K stands for the deviatoric part of the fourth-
order unity tensor, being defined asK= I−L, with I as the symmetric
fourth-order unity tensor with components Iijrs=1/2(δirδjs+δisδjr),
and J=1/3(1⊗1) stands for the volumetric part of the fourth-order
unity tensor, where 1 denotes the second-order unity tensor with
components δij (Kronecker delta), δij=1 for i= j, and δij=0
otherwise. The expression for the quadratic average of the deviatoric
strain field over a general phase p reads as [29,30]

εdevp
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Ωp

∫
Ωp

1
2
εdevðxÞ : εdevðxÞdV

vuut

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4fp

E :
∂ℂhom

∂μp
: E

vuut ;

ð14Þ

where εdevðxÞ denotes the field of the deviatoric strain tensor, defined
as εdevðxÞ = εðxÞ−½tr εðxÞ= 3�1. The related quadratic average of the
deviatoric stress field is used as an estimate for deviatoric stress peaks
and follows simply as

σdev
p =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Ωp

∫
Ωp

1
2
sðxÞ : sðxÞdV

vuut = 2μpε
dev
p ð15Þ

where sðxÞ denotes the field of the deviatoric stress tensor, defined as
sðxÞ = σðxÞ−½trσðxÞ = 3�1. Note that Eqs. (14) and (15) refer to non-
pressurized fluid phases (water and air), which is in agreement with
strength tests performed under atmospheric pressure and under
drained conditions (see Section 4).

3. Continuum micromechanics of cement paste and mortar

3.1. Micromechanical representation

For cement paste, we employ two RVEs (Fig. 1): The first one
relates to a polycrystalline hydrate foam (with spherical phases
representing water and air, and with needle-shaped phases of
hydration products exhibiting isotropically distributed orientations,
see Fig. 1(a)), and the second one relates to cement paste (with a
spherical phase representing clinker embedded in a continuous
hydrate foam matrix, see Fig. 1(b)). As for mortar, we adopt the
micromechanical representation of Bernard et al. [31]: An RVE of
mortar comprises a spherical phase representing sand grains
embedded in a continuous cement paste matrix, see Fig. 1(c).

3.2. Upscaling of elasticity

Homogenization step I refers to the hydrate foam. Since the
hydration products are mutually interacting, as in a polycrystal, use of
the self-consistent scheme [32–35] is appropriate for determining the
homogenized stiffness tensor of thehydrate foam:ℂhf

hom. Accordingly,ℂ0

in Eq. (12) is chosen to be equal to the homogenized stiffness of
the hydrate foam itself, and the sumover p in Eq. (12) now extends over
the air and water phases, as well as over an infinite amount of hydrate
phases oriented in all space directions indicated bypolar anglesφ andϑ.
Consequently, we arrive at the following implicit tensorial expression
for ℂhf

hom:

ℂhom
hf = f∑p f̃pℂp : ½I + ℙhf

sph : ðℂp−ℂhom
hf Þ�−1 + f̃ hydℂhyd :

∫
2π

0

∫
π

0

I + ℙhf
cylðφ;ϑÞ : ðℂhyd−ℂhom

hf Þ
h i−1 sinϑdϑdφ

4π g :

f∑p f̃ p½I + ℙhf
sph : ðℂp−ℂhom

hf Þ�−1

+ f̃ hyd∫
2π

0

∫
π

0

I + ℙhf
cylðφ;ϑÞ : ðℂhyd−ℂhom

hf Þ
h i−1 sinϑdϑdφ

4π g−1

:

ð16Þ

In Eq. (16), f̃ hyd, f̃ H2O, and f̃ air , respectively, stand for the hydrate foam-
related volume fractions of hydration products, water, and air, which
depend on the composition and on the maturity of the material, see
Section 3.4. For detailed explanations regarding the numerical
evaluation of Eq. (16), as well as for computation of the Hill tensors
for spherical material phases, ℙsph

hf , and for cylindrical phases, ℙcyl
hf ,

respectively, see [13,14].
Homogenization step II refers to cement paste. Since the spherical

clinker phase is embedded in a continuous matrix built up by the
hydrate foam, use of the Mori–Tanaka scheme [20,26,36] is appro-
priate for determining the homogenized stiffness tensor of cement
paste: ℂcp

hom. Accordingly, ℂ0 in Eq. (12) is chosen to be equal to the
homogenized stiffness of the hydrate foam, resulting in the following
explicit expression for ℂcp

hom:

ℂhom
cp = ð1−fclinÞℂhom

hf + fclinℂclin : ½I + ℙhf
sph : ðℂclin−ℂhom

hf Þ�−1
n o

:

ð1−fclinÞI + fclin½I + ℙhf
sph : ðℂclin−ℂhom

hf Þ�−1
n o−1

:

ð17Þ

In Eq. (17), fclin and (1− fclin)= fhf, respectively, stand for the cement
paste-related volume fractions of clinker and of the hydrate foam,
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Fig. 1. Micromechanical representation of cement paste and mortar through a two-step and a three-step homogenization scheme, respectively: (a) polycrystalline RVE of “hydrate
foam” built up of spherical water and air phases, as well as of needle-shaped hydrate phases oriented uniformly in all space directions (modeled by self-consistent scheme); (b) RVE
ofmatrix-inclusion composite “cement paste”where a spherical clinker phase is embedded in a hydrate foammatrix (modeled byMori–Tanaka scheme); (c) RVE ofmatrix-inclusion
composite “mortar”where a spherical sand phase is embedded in a cement paste matrix (modeled byMori–Tanaka scheme); all schematic 2D sketches refer to 3D volume elements.
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which depend on the composition and on thematurity of thematerial,
see Section 3.4.

Homogenization step III refers to mortar. Since the spherical sand
phase is embedded in a continuous matrix built up by cement paste,
use of the Mori–Tanaka scheme is again appropriate for determining
the homogenized stiffness tensor of mortar, ℂmo

hom. Accordingly, ℂ0 in
Eq. (12) is chosen to be equal to the homogenized stiffness of cement
paste, resulting in the following explicit expression for ℂmo

hom:

ℂhom
mo = ð1−fsanÞℂhom

cp + fsanℂsan : ½I + ℙcp
sph : ðℂsan−ℂhom

cp Þ�−1
n o

:

ð1−f sanÞI + fsan½I + ℙcp
sph : ðℂsan−ℂhom

cp Þ�−1
n o−1

:

ð18Þ

In Eq. (18), f san and ð1−f sanÞ = f cp, respectively, stand for the mortar-
related volume fractions of sand and of the cement paste matrix,
which depend on the composition of the material, see Section 3.4.

3.3. Upscaling of strength

According to the elasto-brittle approach of Section 2.4, linear
elastic behavior prevails as long as the quadratic deviatoric stress
averages over each of the hydrate phases (oriented in all space
directions φ and ϑ) remain below a critical strength value σhyd, crit

dev

max
φ;ϑ

σdev
hyd;φ;ϑ ≤ σdev

hyd;crit : ð19Þ

The quadratic stress averages depend on the macroscopic strains Ecp

imposed onto an RVE of cement paste, as follows from specification of
Eqs. (14) and (15) for the hydrate phases of Fig. 1(a), according to

σdev
hyd;φ;ϑ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
hyd

fhyd;φ;ϑ
Ecp :

∂ℂhom
cp

∂μφ;ϑ
: Ecp

vuut ; ð20Þ

where the cement paste-related volume fractions fhyd,φ,ϑ of (φ,ϑ)-
oriented hydrates are defined as limit cases, for respective computa-
tional details, see [13]. The macrostrain Ecp in Eq. (20) is related to the
macrostress Σcp through the inverse elasticity law according to

Ecp = ℂhom
cp

h i−1
: Σcp; ð21Þ

with ℂcp
hom following from Eq. (17).

By analogy, quadratic stress averages in needle-shaped hydrates
oriented in (φ,ϑ) direction, which are embedded in an RVE of mortar,
follow from deriving the homogenized stiffness of mortar (Eq. (18))
with respect to the shear modulus of those hydrates:

σdev
hyd;φ;ϑ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
hyd

fhyd;φ;ϑ
Emo :

∂ℂhom
mo

∂μφ;ϑ
: Emo;

vuut ð22Þ

where f hyd;φ;ϑ are the volume fractions of (φ,ϑ)-oriented hydrate
phases in an RVE of mortar. Emo denotes the uniform macrostrain
imposed on the RVE of mortar, being itself related to the macrostress
Σmo through the inverse elasticity law

Emo = ℂhom
mo

h i−1
: Σmo; ð23Þ

with ℂmo
hom following from Eq. (18). It is noteworthy that Eq. (22),

together with Eq. (23), can be seen as higher-order concentration
relation from the mortar to the hydrate scale. Thereby, we do not
“successively” concentrate from one RVE to another, but ∂ℂmo

hom/∂μφ,ϑ

directly entails all information down to the hydrate scale.
Eq. (19), together with Eqs. (20) and (21), as well as with Eqs. (22)

and (23), respectively, constitutes a micromechanics-based quasi-
brittle failure criterion for cement pastes and formortars, respectively,
considering through derivation of the homogenized stiffness tensors
(17) and (18), respectively, the effect of the elastic properties of
the elementary constituents of cement pastes and mortars, as well as
of their microstructures and compositions. In words, this criterion
reads as follows: If, due to (compressive uniaxial) macroscopic load
increase, the deviatoric hydrate strength σhyd, crit

dev is reached in the
most heavily stressed region of the hydrate phases, the elastic limit on
the microscale is reached, which, in turn, corresponds to the ultimate



1 The relation between Young's modulus Ehf
hom and tensor components C1212

hom and

C1111
hom of the homogenized stiffness tensor ℂhf

hom reads as Ehomhf =
Chom
1212 3Chom

1111−4Chom
1212ð Þ

Chom
1111−Chom

1212
:

Table 1
Mixture-independent (“universal”) elastic properties of clinker, water, hydration
products, air, and quartz.

Phase Bulk modulus Shear modulus Source

k [GPa] μ [GPa]

Clinker kclin=116.7 μclin=53.8 [38]
Water kH2O=0.0 μH2O=0.0 [31]
Hydration products khyd=18.7 μhyd=11.8 [31,42], see text
Air kair=0.0 μair=0.0
Quartz (sand) ksan=37.8 μsan=44.3 [41]
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load bearable by the RVE (of cement paste and of mortar,
respectively). An algorithm for evaluation of Eq. (20), i.e. for
computation of deviatoric stress peaks in needle-shaped hydrates
within a two-step homogenization approach, is presented in [14]. For
the computations reported herein, it was straightforwardly extended
in order to deal with the three-step homogenization approach
described for mortar.

3.4. Model input values: volume fractions and elasticity properties of
material phases

The evolution of cement paste-related phase volume fractions
during hydration is accounted for by the Powers–Acker hydration
model [37,38], providing cement paste-related volume fractions of
clinker, water, hydration products, and air:

fclinðξÞ =
1−ξ

1 +
ρclin

ρH2O
ðw= cÞ

=
20ð1−ξÞ

20 + 63ðw= cÞ≥0;

fH2O
ðξÞ = ρclin½ðw = cÞ−0:42ξ�

ρH2O
1 +

ρclin

ρH2O
ðw = cÞ

" # =
63½ðw = cÞ−0:42ξ�
20 + 63ðw = cÞ ≥0;

fhydðξÞ =
1:42ρclinξ

ρhyd 1 +
ρclin

ρH2O
ðw = cÞ

" # =
43:15ξ

20 + 63ðw= cÞ ;

fairðξÞ = 1−fclin−fH2O
−fhyd =

3:31ξ
20 + 63ðw = cÞ :

ð24Þ

In Eq. (24), ρclin=3.15 kg/dm3 [39], ρH2O=1 kg/dm3, and ρhyd=
2.073 kg/dm3 [40] are themassdensities of clinker,water, andhydrates,
respectively;w/c denotes the water-to-cement mass ratio, and ξ stands
for the hydration degree which is defined as the mass of currently
formed hydrates over the mass of hydrates formed at completed
hydration. Air-filled pores are created sincehydrationproducts occupy a
smaller volume than the reactants clinker and water.

Hydrate foam-related volume fractions of hydration products,
water, and air ( f̃ hyd, f̃ H2O, and f̃ air), as occurring in Eq. (16), follow from
the cement paste-related volume fractions of clinker, water, hydration
products, and air ( fclin, fH20, fhyd, and fair, given in Eq. (24)), according to

f̃ j =
fj

1−fclin
j =

hyd;
H2O;
air:

8<
: ð25Þ

The mortar-related phase volume fractions of cement paste and
sand, occurring in Eq. (18), depend on both thewater-to-cementmass
ratio w/c and the sand-to-cement mass ratio s/c

f san =

s= c
ρsan

1
ρclin

+
w= c
ρH2O

+
s= c
ρsan

f cp = 1−f
san

ð26Þ

with the mass density of quartz amounting to ρsan=2.648 kg/dm3

[41].
Elasticity constants listed in Table 1 comprise mixture-indepen-

dent (“universal”) values for clinker, water, air, and quartz taken from
the open literature, while, for the sake of simplicity, the properties of
“hydration products” are averages over all types of hydrates, including
Portlandite, Ettringite, and Calcium Silicate Hydrates (C–S–H) of
different mass densities.

As to get direct access to such “average” elasticity constants of
hydrates, it would be desirable to produce a material sample
consisting of hydration products only, and to perform elasticity tests
on such a material. Deplorably, this is not possible. As a remedy, we
consider the material coming closest to the aforementioned “pure
hydrate”, i.e. to the situation where, in Fig. 1, the volume fractions of
water, air, and clinker are close to zero, while the volume fraction of
hydrates approaches one. According to the Powers–Acker hydration
model, the aforementioned volume fractions aremost closely attained
in a fully-hydrated (ξ=1) cement paste with water–cement ratio
amounting to 0.42. These volume fractions are:

fclin = fH2O
= 0; fhyd = 92:9%; fair = 7:1%: ð27Þ

To get experimental access to the elastic properties of such a “close-
to-a-pure-hydrate” cement paste, we consider data of Helmuth and
Turk [42]. These authors tested three different types of cement pastes:
one was produced on the basis of almost pure tricalcium silicate (C3S),
while the remaining two were based on (two, different) Portland
cements. Water–cement ratios ranged from 0.3 to 0.6. Young's
modulus was deduced from measurements of the fundamental
flexural and torsional resonance frequencies of specimens that were
allowed to cure for six to 14 months (C3S samples) and for six to
24 months (Portland cement samples), respectively, see Fig. 2. Given
these long-lasting curing times, the corresponding values for Young's
modulus are commonly assigned to fully hydrated cement pastes [43].
While, in [42], such experimental values are not documented for w/
c=0.42, the numerous data related to w/c values around 0.42 allow
for an interpolation which yields the Young's modulus of fully
hydrated cement paste with w/c=0.42 (i.e. that of almost pure
hydrates) as 25 GPa, see circle in Fig. 2.

In the following, we will use the elasticity model of Section 3.2 to
identify from the Young's modulus of almost pure hydrates (hydrates
foams with 7.1% capillary porosity, see Eq. (27)) that of pure hydrates
(without capillaryporosity). Volume fractions of the almostpurehydrate
foam follow from specification of Eq. (27) for ξ=1 andw/c=0.42 as

f̃ H2O
= 0; f̃ hyd = 92:9%; f̃ air = 7:1%: ð28Þ

(i) Specifying the elasticity model (17) for Eqs. (28), for vanishing
bulk and shear moduli of air (see Table 1), as well as for the Poisson's
ratio of Calcium–Silicate–Hydrates (C–S–H) [31], which is taken as
the characteristic average for all hydrates: νCSH=νhyd=0.24, and
(ii) setting up the condition that the model-predicted Young's
modulus of the hydrate foam is to be equal to 25 GPa, i.e. Ehf

hom

(ξ=1,w/c=0.42)=25GPa,1 allows for iterative determination of the
sought value for the average Young's modulus of hydrates as
Ehyd=29.158 GPa. Corresponding average bulk and shear moduli for
the hydration products are given in Table 1.

A first relevance check of these hydrate moduli can be made when
predicting the experimental data of Fig. 2, referring to cement pastes
with a wide range of water–cement ratios: Therefore, the two-step
homogenization scheme (Eqs. (16) and (17)) needs to be specified for
the identified average hydrate elasticity constants, for the mixture-
independent (“universal”) elastic properties of clinker, for the
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vanishing effective stiffnesses of the drained fluid phases “air” and
“water”, see Table 1, as well as for the phase volume fractions (24) and
(25) specified for the maximum attainable hydration degree

max ξ =
w= c
0:42

for w = c≤0:42

1 for w = c≥0:42
:

8<
: ð29Þ

Model predictions and experiments agree very well (Fig. 2). Notably,
the functional relationship between final Young's modulus and
water–cement ratio exhibits a kink at w/c=0.42, because in
substoichiometric cement pastes (w/cb0.42) the available water
does not suffice for hydration of the entire clinker—the chemical
reaction stops at a hydration degree smaller than one, see Eq. (29).

3.5. Performance of elasticity and strength models

Herein, we provide model-predicted evolutions of elasticity and
strength of hydrating cement pastes with water–cement ratios
ranging from 0.157 to 0.8. As expected, the hydration degree-induced
stiffness increase is larger the lower the water–cement ratio (Fig. 3(a)
and (b)), and interestingly, this increase is of convex nature for high
water–cement ratios, but of S-shaped nature for smaller water–
cement ratios, for both bulk and shear modulus evolutions (see Fig. 3
(a) and (b)). In all model predictions, non-zero stiffnesses are reached
already for very early hydration degrees, and this is due to the prolate
(“infinitely long”) hydrate shape adopted herein. It might be more
realistic to introduce “cigars” with an aspect ratio somewhat smaller
than infinity, if precise percolation modeling would be the key feature
of interest. Herein, however, our focus is on strength, see Fig. 4 for the
model-predicted uniaxial compressive strength of cement paste,
normalized by the deviatoric hydrate strength. In contrast to the
elastic predictions, strength turns out to be an always convex function
of the hydration degree, whose slope obviously increases with
decreasing water–cement ratio.

4. Validation of strength models for cement paste and mortar

4.1. Strength validation on cement paste level

Aiming at a strictly quantitative test of the predictive capabilities
of the presented strength model for cement paste, we now compare
model predictions with independent experimental data. Taplin [15]
used a normal Portland cement to produce cement pastes withwater–
cement ratios ranging from 0.157 to 0.8. All samples were right
rectangular prisms measuring 4×0.5×0.5 in. They were cured at
25 °C. At the time of testing, the prisms were broken into two halves
resulting in two specimens measuring 2×0.5×0.5 in. Each specimen
was tested in uniaxial compression by placing it on one of its sides on
the platform of a small hydraulic press and forcing it against a
0.373 in. wide steel spacer which lay perpendicular to the bars. Two
destructive tests could be carried out on each specimen, because an
effective specimen length of less than three-quarters of an inch was
destroyed in each of the compression tests. Because the crushed part
did not always correspond exactly to the area of the load plate, Taplin
[15] directly published the actually measured ultimate forces, rather
than postprocessing them into compressive strength values, see the
ordinate in Fig. 5. After testing, Taplin [15] determined the bound
water content of the crushed samples, H/C, see abscissa in Fig. 5.



Fig. 5. Ultimate force values measured in similar uniaxial compression tests on
hydrating cement pastes: experimental results of Taplin [15].
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In order to make our model predictions comparable to the
experimental results of Taplin [15], we have to establish relations
between the coordinates of Figs. 4 and 5, which should be preferably
independent of the unknown value of σhyd, crit

dev . As for the abscissae of
Figs. 4 and 5, we recall the stoichiometric relationship between the
bound water content H/C and the hydration degree ξ, which
standardly reads for the average hydrates considered herein as [44]

H = C = 0:25ξ: ð30Þ

In order to transform the ordinates of Figs. 4 and 5 into comparable
dimensionless ordinates (i) we divide the ordinate values of Fig. 4 by
the dimensionless compressive strength predicted for a fully-hydrated
cement paste with w/c=0.157, i.e. by max[fcu/σhyd, crit

dev ]= fcu(w/c=
0.157,ξ=0.374)/σhyd, crit

dev =1.7117, and (ii) we divide the ordinate
values of Fig. 5 by the maximum ultimate force measured on samples
with w/c=0.157, i.e. by maxFcu=4573.2lb, see Fig. 6 for the obtained
result. This normalization makes sense since Taplin [15] measured the
largest ultimate force on a sample of w/c=0.157, which exhibited
ξ=0.366; and this is only 2% smaller than the largest hydration degree
possible at this w/c-value, amounting to maxξ=0.157/0.42=0.374,
see Eq. (29).

Model-predicted strength evolutions agree satisfactory with
corresponding independent results of Taplin [15], see Fig. 6. Quanti-
tatively speaking, the quadratic correlation coefficient is as high as
r2=93%, while the mean prediction error and the standard deviation
amount to −3% and to 7.3%, respectively. This is even more
remarkable when recalling that the model predictions illustrated in
Fig. 6. Strength evolution of hydrating cement pastes: experimental results of Taplin
[15] and predictions of the proposed model.
Fig. 6 do not depend on the unknown deviatoric strength of the
hydration products, but only on the elasticity model proposed herein,
i.e. the elasticity constants listed in Table 1, on the Powers–Acker
hydrationmodel-related volume fractions (24) and (25), as well as on
the morphological representation of cement paste, including the
hierarchical organization, the mode of phase interactions, and the
phase shapes illustrated in Fig. 1. Given the simplicity of the proposed
model and the vast range of considered water–cement ratios, we
regard the model to be validated successfully.

4.2. Strength validation on mortar level

European standard EN 196-1 [16] identifies “strength of cement”
(the strength of stoichiometric cement paste, w/c=0.42) with the
mean 28 day uniaxial compressive strength of prismatic mortar
specimens with water-to-cement and sand-to-cement mass ratios of
w/c=0.5 and s/c=3.0, respectively. This standard mortar has to be
produced with CEN reference sand, a natural quartz sand with
rounded grains exhibiting an SiO2 mass fraction of at least 98%.

We now investigate whether the presented elasto-brittle strength
model is able to predict the aforementioned, very notable, identity of
mortar and cement strengths. As regards strength model predictions
for mortar, we specify the strength criterion (Eq. (19)) for quadratic
stress averages in hydrates embedded in an RVE of mortar, see Eq.
(22). The elasticity constants of quartz required for evaluation of the
involved stiffness estimate Cmo

hom according to (18), are taken from a
standard handbook of physical constants [41], see Table 1.

Model-predicted strength evolutions for cement pastes and
mortars significantly depend on the water–cement ratio, notably
also in the range w/c=0.42…0.50, the limits of which are related to
stoichiometric cement paste and standard mortar, respectively
(Fig. 7). Nevertheless, the model-predicted strength of standard
mortar (w/c=0.50 and s/c=3.0) is, on average, by as little as−0.54%
smaller than the model-predicted strength of stoichiometric cement
paste (w/c=0.42), see Fig. 8. Besides, it is remarkable that the identity
of Fig. 8 holds for any degree of hydration, not just for the one
attainable after 28 days. This virtual identity of model results is a
further, strong indication for the validity of our elasto-brittle strength
approach.

5. General model characteristics—uniaxial cement paste strength
as a function of water–cement ratio and of hydration degree

Complementing model predictions shown in Fig. 4, we here
provide further dimensionless insight into characteristics of the
elasto-brittle strength model for cement paste:

• Uniaxial compressive strength values of different cement pastes,
exhibiting the same hydration degree, increase overlinearly with
decreasing water–cement ratio, see Fig. 9.

• Final strength values of (fully-hydrated) cement pastes increase
monotonically with decreasing water–cement ratio, see Fig. 9.
Notably, this functional relationship exhibits a kink at w/c=0.42,
because in substoichiometric cement pastes (w/cb0.42) the
available water does not suffice for hydration of the entire clinker
—the chemical reaction stops at a hydration degree smaller than
one, see Eq. (29) and Fig. 9.

• Hydration degrees required to reach a specific strength of cement
paste increase almost linearly with increasing water–cement ratio,
see Fig. 10.

6. Discussion

We here relate overall stresses acting on cement pastes and
mortars to higher-order deviatoric stress averages in needle-shaped
hydrates. When the latter stresses reach a critical strength value, the
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overall stresses refer to the (quasi-brittle) macroscopic uniaxial
compressive strength of cementitious materials. In this context, a
single deviatoric hydrate strength can explain, via higher-order
average upscaling within a two-step random homogenization
scheme, the uniaxial compressive strengths of cement pastes, as
functions of the hydration degree, over a wide range of water–cement
ratios (see Fig. 6). Since the experimental data were all normalized to
a maximum strength attained by a material with a very low water–
cement ratio, our upscaling scheme did not even require a numerical
value for the deviatoric hydrate strength to be introduced—this may
be regarded as an additional indication for the validity of our
approach, as was the model prediction of the equivalence of strength
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Fig. 8. Comparison of model-predicted strength evolutions of stoichiometric cement
paste (w/c=0.42) and of standard mortar [16] with w/c=0.5 and s/c=3.0.
of stoichiometric cement paste to that of EN 196-1 standard mortar,
modeled as a three-scale material.

We re-iterate from our earlier contributions [13,14] that the
needle-type shape of the hydrates is an essential feature for the
success of the present micromechanics formulation. Choice of this
phase shape is consistent with observations of Richardson [10]:
According to Fig. 6 of [10], outer products typically have the shape of
needles which are about 100 nm wide and a few micrometers long.
Thus, as concerns the outer products, there is just one order of
magnitude between the size of thematerial phases and that of the RVE
of the hydrate foam in Fig. 1(a). On the other hand, the needles
forming the inner products are smaller, namely several nanometers
thick and some tens of nanometers long, as is seen in Fig. 8 of [10] as
well as in Figs. 4 and 5 of [11]. Such differences in the size of phases in
one and the same homogenization step are, however, quite usual in
appliedmicromechanics of materials: E.g., our homogenization step II,
which is somewhat similar to that proposed by Constantinides and
Ulm [40], also comprises clinker grains spanning typically two orders
of magnitude in size.

For the sake of simplicity, we here do not distinguish between
different types of hydrates (such as low density calcium–silicate–
hydrates (LD C–S–H) and high density calcium–silicate–hydrates (HD
C–S–H)), but identify, from dense hydrate foams with very low
capillary porosity, elastic properties which are, on average, represen-
tative for all hydration products. Such “average” hydrate phase
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properties have been repeatedly used in concrete micromechanics
[45,46].

If one wishes to elaborate the model towards consideration of
several hydraulic phases (including di- and tricalcium silicate,
tricalcium aluminate, and calcium aluminoferrite) and/or of several
hydration product families (including calcium–silicate–hydrates of all
densities, calcium hydroxide crystals “portlandite”, and hexacalcium
aluminate trisulfate hydrates “ettringite”), such as reported in e.g.
[31,43,47,48], the clinker phase and/or the hydration product phases
could be further subdivided. Thereby, it would be necessary to
consider the dependence of the hydrate subphase concentrations on
water–cement ratio, hydration degree, and heat treatment [49,50].

When absolute, rather than normalized, strength values are of
interest, we need to introduce a number for the deviatoric hydrate
strength, which can be identified from classical macroscopic tests on
cement pastes. Setting, for instance, the uniaxial compressive strength
fcu=54.1 MPa of a cement paste with a water–cement ratio amount-
ing to 0.50 [51] equal to corresponding model predictions for a fully-
hydrated paste from Fig. 4, suggests a value for the deviatoric hydrate
strength of

σdev
hyd;crit ≈ 50MPa: ð31Þ

When inscribing a Tresca failure surface into the cylindrical von Mises
surface defined by Eq. (31), we arrive at an estimate for the hydrate
cohesion (pure shear strength), namely

chyd = σdev
hyd;crit

ffiffiffi
3

p

2
≈ 43:3MPa: ð32Þ

It is interesting to discuss this value in view of yield design approaches
for nanoindentation with a Berkovich tip [52]: In this context, the
hydrate cohesion (Eq. (32)) relates to an interval of hardness values,
namely to Hhyd∈ [271.5,1704]MPa when considering friction angles
between 3 and 30° according to Fig. 6 of [52]. Indeed, corresponding
nanoindentation measurements for low density C–S–H and for high
density C–S–H, amounting to HLD=450MPa and to HHD=830MPa,
respectively, see [53], lie well within the aforementioned interval.

Finally, we remark current limitations of our approach: it focuses
on the micro-to-macro transition, thereby leaving aside open
challenges in the micro-to-nano transition: Low and high density C–
S–H are agglomerates consisting of elementary bricks with gel
porosity in between. Recent molecular dynamics simulations [54]
suggest the pure shear strength of a 1.4 nm-sized elementary block of
C–S–H to be as high as 1 GPa. One could speculate that the far lower
strength values at the level of low-density and high-density C–S–H (in
the order of 50 MPa according to Eqs. (31) and (32)) result fromweak
interfaces between the elementary blocks, as well as from the gel
porosity. As a second limitation of the current work, the validation
examples in the present work do not comprisemultiaxial stress states,
and the latter might well require extension or modification of the
proposed hydrate strength criterion (Eq. (19)), probably in the
direction of a Mohr–Coulomb or Drucker–Prager criterion. For
elucidation of such issues, biaxial strength experiments could be the
basis for the next attempt to “falsify”, in the sense of Popper [55], our
approach. Also, when it comes to strength design of large structures,
size-effect scaling may become relevant [56].

Thirdly, the applicability of our model is limited to non-
pressurized (drained) pores, in consistency with the test results
considered herein. When it comes to quantification of strength
properties under undrained conditions or during drying where
surface tensions become significant, extension of the model towards
microporomechanics [30,57–59] appears as a natural option for future
activities.
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