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1. Introduction

A better understanding of the effects of undrained heating and
induced thermal pressurization phenomenon is an important point to
properly understand the behaviour and evaluate the integrity of an oil
well cement sheath submitted to rapid temperature changes.
Temperature increase in saturated porous materials under undrained
conditions leads to volume change and pore fluid pressure increase.
This thermal pressurization is due to discrepancy between thermal
expansion coefficients of the pore fluid and of the pore volume. This
pore pressure increase induces a reduction of effectivemean stress and
can lead to shear failure or hydraulic fracturing. Indeed the
geomaterials are pressure sensitive and the maximum shear stress
depends on the effective mean stress. On the other hand, when pore
pressure is higher than maximum principal stress (positive in compres-
sion) thematerialmayundergo tensile failure. The thermal pressurization
phenomenon is important in petroleum engineering where the reservoir
rock and thewell cement lining undergo sudden temperature changes, as
for example when extracting heavy oils by steam injectionmethods. This
rapid temperature increase could damage cement sheath integrity of
wells and lead to loss of zonal isolation.Within this context, amacro-scale
experimental program of drained and undrained heating tests is
performed on a fluid-saturated hardened oil-well cement paste. The
results of this studyarepresented in [1] and showsome important aspects
of behaviour of this material when submitted to rapid temperature
changes. The thermal pressurization coefficient, defined as the pore
pressure increase due to a unit temperature increase in undrained
conditions, is evaluated to about 0.6 MPa/°C which is a relatively high
value comparing to other geomaterials (see [2] for a review). In
accordance with results of Valenza and Scherer [3], the analysis of the
undrained heating test revealed that the thermal expansion coefficient of
cement paste pore fluid is anomalously higher than the one of pure bulk
water. This experimental studywas apart of a larger studyon the thermo-
poro-mechanical behaviour of a hardened cement paste [1,4–6]. The
experimental program consisted by drained, undrained and unjacketed
compression tests, as well as drained and undrained heating tests and
permeability evaluation tests. This experimental program is performedon
a particular cement paste, prepared with class G cement at a water-to-
cement ratio equal to 0.44. The poroelastic parameters are then
extrapolated to cement pastes with different water-to-cement ratios by
means of micromechanics modelling and homogenization technique [7].
This is done using a multi-scale micromechanics model, originally
proposed by Ulm et al. [8], which is calibrated on the experimental
results [7]. The predictive capacity of the micromechanics model is
verified by comparing the parameters with some experimental results
from literature. In the continuity of the approach used in [7], the
micromechanics model is used here in association with the results of
drained and undrained heating tests presented in [1]. Themodel has been
already calibrated in [7] for the poroelastic parameters, but a second
calibration step should be performed for the thermal behaviour. This
permits also to study the thermal expansion of the pore fluid in different
parts of the microstructure. The calibrated model will then be used to
calculate thermal expansion and thermal pressurization parameters for
cement pastes with different water-to-cement ratios.

http://dx.doi.org/10.1016/j.cemconres.2011.01.023
mailto:siavash.ghabezloo@enpc.fr
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The paper is organized in six sections and one appendix. After this
introduction, the second section presents the microstructure of the
cement paste and discusses the anomalous thermal expansion of its
pore fluid. The third section presents the theoretical framework of
macro- and micro-thermo-poroelasticity and homogenization method.
The results and analysis of drained and undrained heating tests are
presented briefly in the fourth section. The homogenization of thermal
expansion and thermal pressurization properties is presented in the
fifth section. First the calibration of themodel is completed on the basis
of the results of drained and undrained heating tests and then, the
homogenizationmodel is used toextrapolate theseexperimental results
for the cement pastes with different water-to-cement ratios. The last
section is dedicated to concluding remarks. Appendix A presents the
derivations of micro-thermo-poroelasticity equations.

2. Microstructure of cement paste

The cement clinker is composed of fourmain phases: C3S, C2S, C3A and
C4AF where in the standard cement chemistry the notation C stands for
CaO, S for SiO2, A for Al2O3 and F for Fe2O3. The setting and hardening of
cement paste are the results of complex reactions, called hydration
reactions, between clinker phases andwater. The cement paste has a very
complexmicrostructurewhich varieswith cement composition, time and
hydration conditions. In a simplified view, the main phases of the
microstructure are calcium–silicate–hydrate (C−S−H)which is themain
binding phase of all Portland cement-based materials, Portlandite (CH),
Aluminates (AL), cement clinkers (CK) andmacro-porosity. C−S−His the
main hydration product which is a porous phase with an amorphous and
colloidal structure and a variable chemical composition. The CH often
occurs as massive crystals but is also mixed with C−S−H at the micron-
scale. CH and cement clinker can be considered as non-porous solid
phases. Because of its colloidal and amorphous nature and the variability
of its chemical composition, the structure of C−S−Hmatrix and its solid
phase are not clearly known. Since a few decades different models have
been proposed in the literature for the structure of this material. Most of
these models consider a layered structure for C−S−H and also the
existence of an important quantity of chemically bonded or adsorbed
water. Jennings [9,10] proposed a microstructural model for C−S−H in
which the amorphous and colloidal structure of the C−S−H is organized
in elements, called ‘globules’. The globule, with a size of about 4 nm, is
composed of solid C−S−H sheets, intra-globule porosity filled with
structuralwater and amonolayer ofwater on the surface. The structure of
C−S−H in Jennings’model contains small gel pores in the space between
adjacent globules and larger gel pores between the groups of several
globules. Jennings’ model distinguishes two types of C−S−H, called low
density (LD) and high density (HD) C−S−H. The globules are considered
to be identical in LD and HD C−S−H and the difference between these
two types of C−S−H is in the gel porosity of about 0.24 for HD C−S−H
and0.37 for LDC−S−H.Amoredetaileddescriptionof themicrostructure
of the hardened cement paste is presented in [7]. For the purpose of
micromechanics modelling the microstructure of the cement paste is
divided into the following three scale levels:

− Level 0 (10−9−10−8m, the C−S−H solid): Solid phase of C−S−H
matrix.

− Level 1 (10−8−10−6m, the C−S−Hmatrix): High density and low
density C−S−H.

− Level 2 (10−6−10−4m, the cement paste): C−S−H matrix,
Portlandite (CH), Alluminates (AL), cement clinker (CK) and water.

2.1. Active porosity

The analysis of the test results of Ghabezloo et al. [4] revealed that
the active porosity of the cement paste in poromechanics tests is
smaller than its total porosity. A pore volume can be considered to be
active if under the effect of a pressure gradient, the pore fluid can
exchange with the fluid filling the pore volume situated in its
neighbourhood. From the poromechanics point of view, the inactive
pore volume and the pore fluid filling it should be considered as a part
of the solid phase. Scherer et al. [11] and Sun and Scherer [12,13] also
argued that a part of the pore fluid in the microstructure of cement
paste is inactive. Accordingly, these authors reduced the total porosity
of cement paste and mortar samples for the effect of inactive porosity.

The distribution of the active pore volume within the total pore
volume of cement paste is not accurately known, but is important for
homogenization of the poroelastic properties. Considering the micro-
structure of the hardened cement paste, it seems reasonable to assume
that the inactive porosity is entirely situated in HD C−S−H. A detailed
discussion of this assumption is presented in [7]. Consequently, the
active porosity consists of the porosity in LD C−S−H and the macro-
porosity. Assuming that the porosity in HD C−S−H is not active from
the poromechanics point of view means that in the time-scale of the
applied loads, the mass of the pore fluid in HD C−S−H porosity is
constant. Consequently the HD C−S−H behaves like a porous material
in undrained conditions.

2.2. Anomalous pore fluid thermal expansion

There are experimental evidences showing that the thermal
expansion coefficient of cement paste pore fluid is higher than the
one of pure bulk water [1,3]. This phenomenon is mainly attributed to
confinement of pore fluid in very small pores of themicrostructure. It is
known that the thermal expansion coefficient offluidswhen confined in
very small pores, smaller than15 nm, is anomalously higher than that of
the bulk fluid. This is confirmed by experimental evaluations of thermal
expansion of water and salt solutions in porous silica glasses [14–17]
showing that the thermal expansion of confined fluid increases with
decreasing pore size. Moreover, the ratio of the thermal expansion of
confined fluid to that of bulk fluid decreases with temperature increase.

The origin of this anomalous thermal expansion is not clearly known
but is attributed to surface effects resulting in higher pressure of thefluid
in the close vicinity of solid surface [18] or the disturbance of the
structure of water molecules in a thin layer adjacent to the solid surface
[19]. Considering the pressure dependency of thermal expansion of
water, the higher pore pressure at the vicinity of the pore wall results in
an average thermal expansion of fluid in a small pore that is different
from the one of bulk fluid. Fig. 1 presents the thermal expansion of pure
bulkwater as a functionof pressure at various temperatures [20].We can
see that for temperatures below 50 °C the thermal expansion increases
with pressure, while above 50 °C it decreases with pressure increase. At
50 °C the thermal expansion of water shows almost no pressure
dependency. From these observations, the average thermal expansion
ofwater in a pore for temperatures below 50 °C is higher than the one of
bulkwater, and the thermal expansion anomalydecreaseswithpore size
and temperature increase. This analysis for temperature below 50 °C is
therefore compatible with the experimental results on the behaviour of
confined fluids mentioned above. A similar compatibility can also be
observed for the results of theanalysis performedbyGarofalini et al. [19].

Valenza and Scherer [3] were the first who noticed the anomalous
thermal expansion of cement paste pore fluid when comparing
permeability measurements using two different methods: thermoper-
meametryandbeambending.According to theseauthors, tobring the two
measurements into agreement, the pore fluid should have a thermal
expansion coefficient about one and a half times larger than the one of
bulk fluid. This is confirmed by experimental study of Ghabezloo et al. [1],
presented in Section4,who showed that theporefluid thermal expansion
is greater than the one of pure bulkwater and has a lower rate of increase
with temperature.

In addition to confinement in small pores, it seems that the
presence of dissolved ions in the pore fluid of cement paste influences
its thermal expansion. It is known that the presence of dissolved ions
in a fluid increases its thermal expansion in both bulk and confined



Fig. 1. Pressure dependency of thermal expansion of pure bulk water at different
temperatures.
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conditions [17,21]. Typical concentrations in the pore fluid of a high
alkali cement paste for Na+, K+ and OH− are respectively 0.16 mol/l,
0.55 mol/l and 0.71 mol/l after 180 days [22]. Accordingly Ghabezloo
et al. [1] argued that the anomalous thermal expansion of cement
paste pore fluid is partly due to the presence of dissolved ions in the
pore fluid.
2.3. Volume fractions

The volume fractions of different phases of the microstructure of
cement paste can be evaluated by knowing cement composition, water-
to-cement ratio and degree of hydration. Using the method proposed by
Bernard et al. [23], presented in details in [7], one can evaluate the volume
fractions of C–S–H, Portlandite, unhydrated clinker and macro-porosity.
These volume fractions are denoted respectively by fCSH, fCH, fCK and fV. The
volume fractions that are calculated by assuming the complete hydration
are presented in Table 1. The parameter fCSHLD gives the volume fractions of
HD and LD C–S–H as fLD= fCSH

LD fCSH and fHD=(1− fCSH
LD )fCSH. It is assumed

that the Aluminates phase has the same properties as the C−S−H phase
[7], consequently the volume fraction of C−S−H in Table 1 is equal to the
sumof volume fractions of Aluminates andC−S−H. The volume fractions
presented in Table 1 are used in a micromechanics model to evaluate the
macroscopic properties of the hardened cement paste and to analyse the
results of macro-scale drained and undrained heating tests. The needed
theoretical framework for doing this analysis is presented in the following
section.
Table 1
Homogenization model parameters.

C−S−H level Pore fluid Cement paste level

Parameter Value Parameter Value Parameter Value

ks calibrated
(25.0 GPa)⁎

αf,HD calibrated fCSH 0.71

gs calibrated
(18.4 GPa)⁎

αf,LDV calibrated fCH 0.18

αs calibrated fV 0.11
ϕHD 0.24 fCK 0.00
ϕLD 0.37 fCSH

LD 0.60
kCH 32.5 GPa
gCH 14.6 GPa
αCH 7×10−5 (°C)−1

⁎Calibration presented in [7].
3. Theoretical framework

This paper associates the results of amacro-scale experimental study
with the tools ofmicro-mechanics theory and homogenizationmethod.
It is therefore necessary to present the theoretical framework used in
the macro-scale experimental study, the one used for the micromecha-
nics modelling, as well as the link between the parameters in these two
scales. The theoretical framework is the sameas theonepresented in [7],
but is extended here to take into account the temperature effect.

3.1. Macro-thermo-poroelasticity

The theoretical framework is presented for the macroscopic
thermo-elastic volumetric behaviour of a porous material which is
heterogeneous at the micro-scale. This framework is presented in
different papers and textbooks, e.g. [24–28], and is recalled briefly in
the following. More details about the definitions of the parameters
introduced in this section and the relations between these parameters
can be found in [1,4,7].

The variations of the total volume V and of the pore volume Vϕ of
an elementary volume introduce six parameters:

− dV
V0

=
1
Kd

dΣd +
1
Ks

dp−αddT ð1Þ

−
dVϕ

Vϕ0
=

1
Kp

dΣd +
1
Kϕ

dp−αϕdT ð2Þ

where p is the pore pressure, T is the temperature, Σ=1/3Σ :1 is the
isotropic stress which is positive in compression and Σd=Σ−p is the
differential pressure that is equivalent to Terzaghi effective stress. The
macroscopic volumetric strain increment is defined as dE=−dV/V0
(E=E :1). Kd is the drained bulk modulus and Ks is the unjacketed
modulus. Kp and Kϕ are two moduli related to the pore volume. Using
Betti's reciprocal theorem it can be shown that ϕ0/Kp=1/Kd−1/Ks [29].
αd is the volumetric drained thermal expansion coefficient that can be
measured in a drained heating test and αϕ is the pore volume thermal
expansion coefficient. Like for Kϕ, the direct experimental evaluation of
αϕ is very difficult [1]. In the case of a micro-homogeneous and micro-
isotropic porousmaterialαd=αϕ=αm andKs=Kϕ=Km, whereαm and
Km are respectively thermal expansion coefficient and bulk modulus of
the single solid constituent of the material.

The macro-scale experimental study of thermo-poromechanical
behaviour of the hardened cement paste in [1,4–6] was based on the
constitutive laws (1) and (2). The derivation of the equations of micro-
thermo-poroelasticity, presented in Section 3.2 and in Appendix A, is
done more commonly based on an alternative set of parameters. These
alternative parameters can be obtained by writing the variations of
Lagrangian porosity and total stress from Eqs. (1) and (2). The variation
of Lagrangian porosity ϕ=Vϕ/V0 is given by:

dϕ = −bdE +
1
N
dp−QdT ; Q = bαd−ϕ0αϕ ð3Þ

where b is Biot's effective stress coefficient and N is Biot's skeleton
modulus. The parameter Q gives the variations of the porosity with
temperature when strains and pore pressure are constant. The total
stress increment is given by:

dΣ = KddE + bdp + κdT ; κ = Kdαd ð4Þ

The parameter κ gives the variations of the total stress with
temperature when strains and pore pressure are constant. The
equations of micro-thermo-poroelasticity in the following section
are presented in terms of Kd, b, N, κ and Q.

An important part of the experimental study in [1,4] was based on
undrained compression and heating tests. The analysis of the
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performed undrained heating test needs the introduction of the
parameters Λ and αu that are measured in this test. The variation of
the fluid contentmf=ϕ0ρf in the undrained conditions is equal to zero
(dmf=0). The pore pressure variation in the undrained conditions is
given by:

dp = BdΣ + ΛdT ; Λ =
Q + ϕ0αf−bαd

1
N + ϕ0

Kf
+ b2

Kd

ð5Þ

where Λ is the thermal pressurization coefficient and B is Skempton's
coefficient. αf and Kf are respectively the fluid thermal expansion
coefficient and compression modulus. The volumetric strain in
undrained conditions is given by:

dE =
1
Ku

dΣ−αudT ; αu = αd +
bΛ
Kd

ð6Þ

where αu is the undrained thermal expansion coefficient and Ku is the
undrained bulk modulus. In laboratory experiments, the most
commonly performed tests are drained, undrained and unjacketed
compression tests as well as drained and undrained heating test
which yield Kd, Kp, Ku, B, Ks, αd, αu and Λ. On the other hand, the
homogenization of thermo-poro-elastic parameters is more com-
monly done using Kd, b, N, κ and Q. The presentation of the complete
set of parameters permits to establish the link between the
parameters that are easier to evaluate experimentally and the ones
used more commonly in micromechanics theory.

3.2. Micro-thermo-poroelasticity and homogenization method

The aim of classical homogenization method is to replace an actual
heterogeneous complex body by a fictitious homogeneous one that
behaves globally in the same way. The theoretical framework of
micromechanics modelling and homogenization method has been
presented in different papers and textbooks, e.g. [8,30–35]. The principles
and main equations of this framework are presented briefly in the
following. Adetailed derivation of homogenization equations is presented
in Appendix A.

ThevolumeV0of theREVof aheterogeneousmaterial is composedofn
different phases with volumes Vr, r=1…n, and volume fractions fr=Vr/
V0. We consider that there is only one porous phase with volume Vϕ and
porosity ϕ=Vϕ/V0. The number of solid phases is therefore m=n−1
with total volume Vs. The tensors of elasticmoduli and thermal expansion
coefficients of each phase are denoted respectively by cr and αr.

The equations of micro-thermo-poroelasticity and homogeniza-
tion of thermo-poroelastic properties can be derived on a REV
submitted to a homogeneous strain boundary condition and two
eigenstresses, as presented in Appendix A. The tensor of the effective
elastic moduli Chom is given by:

Chom = c : Ah iV = ∑
n

r=1
frcr : Ah iVr

ð7Þ

where Ah iVr
is the volume average of the strain localization tensor

over the phase r (see Appendix A). The tensor of effective Biot's
coefficients b is expressed as:

bhom = ϕ01 : Ah iVϕ
= 1 : I− ∑

m

r=1
fr Ah iVr

� �
: ð8Þ

The tensor of effective solid moduli Chom
s can be identified by

writing the relation between the average local stresses and strains
over the solid volume:

Chom
s = c : Ah iVs

: Ah i−1
Vs

ð9Þ
Ah iVϕ
and Ah iVs

are the volume average of the strain localization
tensors respectively over the pore volume and the solid volume. The
effective Biot's skeleton modulus Nhom is given by:

1
Nhom

= 1 : ∑
m

r=1
frc

−1
r : 1−1 : Ah iVr

� �
: ð10Þ

The effective thermal parameter κhom and the effective thermal
expansion coefficient αhom

d are given by:

κhom = c : α : Ah iV ; αhom
d = Chom

� �−1
: κhom ð11Þ

The effective thermal parameter Qhom is obtained as:

Qhom = 1 : ∑
m

r=1
frαr : I− Ah iVr

� �
: ð12Þ

3.2.1. Multi-scale porous material
Considering the multi-scale microstructure of the hardened cement

paste presented in Section 2, the homogenization of the macroscopic
properties should be performed in two steps. The pore volume of the
hardened cement pastemanifests itself at two different scales. The scale
I corresponds to the gel porosity of HD and LD C–S–H, and the scale II
corresponds to the macro-porosity. The homogenization of the
macroscopic properties of such materials can be done using a multi-
step homogenizationmethod [8,35]. This method is explained briefly in
the following for a two-scale porousmaterial in which the pore volume
exhibits two different scales I and II (Vϕ=Vϕ

I +Vϕ
II). This material is

composed of l (l≤m) porous phases with the porosities ϕr
I, m− l solid

phases and a pore volume with the porosity ϕII. The pore volumes are
connected and there is one homogeneous pore pressure. The total
porosity is given by:

ϕ = ∑
l

r=1
frϕ

I
r + ϕII

: ð13Þ

At level I of the microstructure of cement paste LD and HD C–S–H
are composed of one solid phase and one porous phase with
nanometer size pores. At level II the cement paste is composed of
LD and HD C–S–H, Portlandite, unhydrated clinker and macro-
porosity. Standard homogenization equations, as presented in the
previous section, give the poroelastic properties of the l porous phases
of level I (cIr , b

I
r , Nr

I, cIsr , αI
r , Qr

I). The effective parameters C hom and κ hom

can be evaluated respectively from Eqs. (7) and (11). The other
effective parameters bhom, Nhom and Qhom for level II are given in the
following equations.

bhom = 1− ∑
m

r=1
fr Ah iVr

: 1−bI
r

� �� �
ð14Þ

1
Nhom

= ∑
m

r=1
fr 1 : cIsr

� �−1
: I− Ah iVr

� �
: 1−bI

r

� �
+

1
NI
r

� �
ð15Þ

Qhom = ∑
m

r=1
fr αI

r : I− Ah iVr

� �
: 1−bI

r

� �
+ Q I

r

� �
: ð16Þ

Adetailed derivation of these equations is presented inAppendixA.
It can be easily verified that when all solid phases are non-porous
(bI

r = 0, 1/Nr
I =0, cIsr = cr , Qr

I =0), Eqs. (14), (15) and (16) reduce
respectively to Eqs. (8), (10) and (12).
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4. Experimental evaluation of thermal expansion and thermal
pressurization parameters

The experimental program for evaluation of the poroelastic para-
meters at ambient temperature is presented in [4,6] and is briefly recalled
in [7]. To study the effect of temperature, drained and undrained heating
tests have been performed under constant confining pressure. The results
are presented in details in [1] and are briefly recalled in the following.

The tests were performed on cylindrical samples with 38 mm
diameter and 76 mm length, made from class G oil well cement at w/
c=0.44. The samples were cured for at least three months in a bath
containing an equilibratedfluid under a controlled temperature of 90 °C.
This temperature was chosen to reproduce the curing conditions of a
cement lining installed in a deep (~2 km) oil well. The porosity of the
samples was studied by two methods: oven drying and mercury
intrusion porosimetry. The total porosity was measured equal to
ϕ=0.35 by drying the samples at 105 °C until a constant mass is
achieved. Mercury intrusion porosimetry was performed with a
maximum intruding pressure of 200MPa and the porosity is equal to
ϕ=0.26. Themaximum intruding pressure of 200MPa corresponds to a
minimum pore diameter of about 6 nm.

A drained heating test was performed under a constant confining
pressure of 1.5 MPa and a constant pore pressure of 1.0 MPa. During the
test, the temperaturewas increased from18 °C to87 °Cat a rate of0.08 °C/
min. The volumetric strain–temperature response is almost linear and
results in a drained thermal expansion coefficient with negligible
temperature dependency, equal to 6×10−5(°C)−1. The thermal pressur-
ization phenomenon was studied in an undrained heating test under a
constant confining pressure. In the beginning of the test the confining
pressure was increased up to 19 MPa in drained conditions. After the
stabilizationof creepstrains, the temperaturewas increasedat a rate equal
to0.1 °C/min inundrained conditions and theporepressure changeswere
monitored. The heating phasewas continued until a pointwhere the pore
pressure reached the confining pressure at about 60 °C. The heating of the
sample was stopped at this point and the cooling phase was started. The
measured pore pressure was corrected for the effect of the dead volume
and thermo-mechanical deformations of drainage system of the triaxial
cell using a simple method presented in [2,39]. The average thermal
pressurization coefficient Λ is found equal to 0.62 MPa/°C for heating
phase and 0.57 MPa/°C for cooling phases. The analysis of test results
showed that the variations of thermal pressurization coefficient is less
than what is expected from the variations of thermal expansion of water
with temperature. Moreover, the value of coefficient Λ particularly at
lower temperatures is higher than what can be evaluated by knowing
other thermo-poro-elastic parameters. This unexpected thermal pressur-
ization response is attributed to the anomalous thermal expansion
behaviour of the cement paste pore fluid. This anomalous behaviour is
discussed in details in Section 2.2. The back analysis of pore pressure and
volumetric strain responses of the undrained heating test permitted to
evaluate the thermal expansion coefficient of pore fluid. The analysis
showed that for temperatures between 25 and 55 °C the pore fluid
thermal expansion is greater than the one of pure bulk water and has a
lower rate of increasewith temperature. The analysis is performed on the
cooling phase of the test, because of the less importance of the creep
strains. For the same reason, the calibration of themicromechanicsmodel
in Section 5.2 is done also on the cooling phase. For the sake of simplicity,
the corrected pore pressure–temperature curve of the cooling phase is
approximated by a hyperbolic equation, which gives the following linear
expression for the measured thermal pressurization coefficient as a
function of the temperature:

Λ MPa= -Cð Þ = 0:4 + 0:0046T 25-C≤T≤55-C ð17Þ

This equation is used in Section 5.2 for calibration of the homogeni-
zation model.
5. Homogenization of thermal expansion and thermal
pressurization properties

The classical homogenization procedure is to calculate the
homogenized macroscopic properties by knowing the microscopic
parameters. In the method used in [7] and in this work, the
macroscopic properties are already known for a particular cement
paste and will be used to calibrate the unknown microscopic
parameters, thermo-elastic parameters of C–S–H solid and thermal
expansion of pore fluid in HD and LD C–S–H. The model will then
permit to calculate the same macroscopic parameters for a cement
paste having different water-to-cement ratio. A part of this procedure
concerning the mechanical properties has been already done in [7].

5.1. Homogenization equations

Considering the multi-scale microstructure of the cement paste,
the homogenization of the macroscopic parameters is done in two
steps, first for HD and LD C−S−H and then for the cement paste. A
micromechanics representation of the REVs of C−S−H and cement
paste which are used in the homogenization model is given in [7].

5.1.1. Level 1: C−S−H matrix
HDand LDC–S–H are constituted by one solid phase and one porous

phase. The homogenization of poroelastic properties of C−S−Hmatrix
can therefore bedoneusing equations presented in Section 3.2. The only
difference between HD and LD C−S−H is in their packing density or
porosity. The needed parameters are the porosities,ϕLD andϕHD and the
elastic parameters and the thermal expansion of the C−S−H solid, ks, gs
and αs. The homogenized drained bulkmodulus and the shearmodulus
can be evaluated from Eq. (7) considering one solid phase and one
porous phase. The subscript X represents LD or HD.

Khom
X = 1−ϕXð ÞksAv

s;X ; Ghom
X = 1−ϕXð ÞgsAd

s;X ð18Þ

Assuming an Eshelbian type morphology with spherical shapes
for solids and pores, the strain localization tensor parameters, Ar,X

v and
Ar,X
d , of each phase can be estimated using Eq. (A.10) considering a

solid and a porous phase, (r=s,ϕ). Note that this homogenization
approach only uses the volume fractions of different phases for
estimation of the thermo-poro-elastic properties and the grains size
and the pore size distributions are not taken into account. Considering
the self-consistent scheme we should take k0=KX

hom, g0=GX
hom and

the parameters α0 and β0 are given by following relations:

α0 =
3Khom

X

3Khom
X + 4Ghom

X

; β0 =
6 Khom

X + 2Ghom
X

� �
5 3Khom

X + 4Ghom
X

� � ð19Þ

Considering these expressions, the evaluation of KX
hom and GX

hom

from Eq. (18) should be done using iterative calculations. The
homogenized thermal parameters can be calculated from Eqs. (11)
and (12):

κhomX = 1−ϕXð ÞksαsA
v
s;X ; αhom

d;X = αs ð20Þ

Qhom
X = αs 1−ϕXð Þ 1−Av

s;X

� �
: ð21Þ

The expressions of the other homogenized poroelastic parameters
bX
hom and NX

hom, presented in [7], can be obtained respectively from
Eqs. (8) and (10).

Asmentioned inSection2.1,weassume that theporosity inHDC−S−
H is not active so that the HD C−S−H behaves like a porous material in
undrained conditions. Consequently, in the second homogenization step
the undrained bulk modulus and thermal expansion coefficient of HD
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C−S−H should be used. The following relations are used to calculate
these parameters.

Khom
u;HD = Khom

HD +
bhomHD

� �2
1

Nhom
HD

+ ϕHD
Kf

;

αhom
u;HD = αhom

d;HD +
Qhom + ϕHDαf ;HD−bhomHD αhom

d;HD

Khom
HD

bhomHD

1
Nhom
HD

+ ϕHD
Kf

� �
+ bhomHD

ð22Þ

where αf, HD is the thermal expansion coefficient of the pore fluid in
HD C–S–H. Considering the anomalous thermal expansion of confined
fluids, two different thermal expansion coefficients are considered for
the pore fluid in HD C–S–H and the one in LD C–S–H andmacro pores,
denoted by αf, LDV. We assume the same pore fluid compression
modulus Kf for all parts of the microstructure.

5.1.2. Cement paste
The microstructure of the cement paste for second homogeniza-

tion step is constituted by five main phases: HD and LD C−S−H,
Portlandite, anhydrous clinker and the macro-porosity. These phases
are respectively represented by HD, LD, CH, CK and V subscripts.
Among these phases, Portlandite crystals and anhydrous clinker can
be considered as non-porous solids, while LD and HD C−S−H are
porous solids. However, we assumed that in the poromechanics tests
the porosity in HD C−S−H was not active and so the only porous
phase in the microstructure is the LD C−S−H. Consequently the
homogenization of the poroelastic properties at this step should be
performed using the framework presented in Section 3.2.1 for
multiphase porousmaterials. The homogenized drained bulkmodulus
and shear modulus can be evaluated from Eq. (7):

Khom
CP = fLDK

hom
LD Av

LD;CP + fHDK
hom
u;HDA

v
HD;CP + fCHkCHA

v
CH;CP + fCKkCKA

v
CK;CP

ð23Þ

Ghom
CP = fLDG

hom
LD Ad

LD;CP + fHDG
hom
HD Ad

HD;CP + fCHgCHA
d
CH;CP + fCKgCKA

d
CK;CP:

ð24Þ

Assuming spherical shapes for solids and pores, the strain
localization tensor parameters, Ar,CP

v and Ar,CP
d , of each phase can be

estimated using Eq. (A.10) considering four solid phases and a pore
volume, (r=HD,LD,CH,CK,ϕ). For HD C−S−H the homogenized
undrained bulk modulus ku, HD

hom should be used. Considering the self-
consistent scheme we should take k0=KCP

hom, g0=GCP
hom and the

parameters α0 and β0 are given by following relations:

α0 =
3Khom

CP

3Khom
CP + 4Ghom

CP

; β0 =
6 Khom

CP + 2Ghom
CP

� �
5 3Khom

CP + 4Ghom
CP

� � : ð25Þ

The homogenized thermal parameter κ can be obtained from
Eq. (11):

κ hom
CP = fLDα

hom
d;LDK

hom
LD Av

LD;CP + fHDα
hom
u;HDK

hom
u;HDA

v
HD;CP

+ fCHαCHkCHA
v
CH;CP + fCKαCKkCKA

v
CK;CP:

ð26Þ

The drained thermal expansion coefficient is then calculated as
αd,CP

hom=κCP
hom/KCP

hom. The homogenized thermal parameter Q can be
evaluated from Eq. (12):

Qhom
CP = fLD αs 1−Av

LD;CP

� �
1−bhomLD

� �
+ Qhom

LD

� �
+ fHDα

hom
u;HD 1−Av

HD;CP

� �
+ fCHαCH 1−Av

CH;CP

� �
+ fCKkCK 1−Av

CK;CP

� �
: ð27Þ
The active porosity is calculated as ϕCP
act= fLDϕLD+ fV. The expres-

sions of the other homogenized poroelastic parameters bCP
hom and

NCP
hom, presented in [7], can be obtained respectively from Eqs. (14)

and (15). By evaluation of the homogenized parameters and the active
porosity, the remaining parameters (Ku, Ks, Kϕ, B, Λ, αu, αϕ) can be
evaluated. The homogenized thermal pressurization coefficient Λhom

which is used for the model calibration is calculated as:

Λhom =
Qhom + ϕactαf ;LDV−bhomαhom

d

1
Nhom + ϕact

Kf
+

bhomð Þ2
Khom
d

ð28Þ

5.2. Model calibration

The model parameters are summarized in Table 1. The properties
of the microstructure phases are the same as the ones used by Ulm et
al. [8]. The volumetric thermal expansion coefficient of Portlandite
αCH is taken equal to 7.0×10−5(°C)−1 [40]. Note that assuming the
complete hydration of the cement paste (fCK=0), the properties of
the clinker phase are not required. The principal unknown parameters
are ks, gs, αs, αf, HD and αf, LDV. The calibration of these parameters is
done by minimizing the error between the experimentally evaluated
parameters and the results of the homogenization model using a
least-squares method. From the calibration of the mechanical
properties in [7] we have ks=25.0 GPa and gs=18.4 GPa. The
known macroscopic parameters are αd

exp=6×10−5(°C)−1 and Λexp

given by Eq. (17). The calibration procedure is done in three steps.
Note that αf, HD and αf, LDV are different and can vary with temperature
but αs is assumed to be constant. In Section 2.2 we have seen that the
thermal expansion of confined fluids increases with decreasing pore
size. Knowing that the size of pores in HD C–S–H is smaller than the
pores in LD C–S–H [41,42], it seems that αf, HD should be greater than
αf, LDV. The first calibration step is performed at 50 °C assuming that at
this temperature αf, HD=αf, LDV, i.e. the pore fluid thermal expansion is
no more influenced by confinement in nanoscale pores. Based on the
discussion in Section 2.2, this assumption is compatible with the
negligible pressure dependency of water thermal expansion at this
temperature and also with the experimental results of Xu et al.
[15,16]. The calibration of αs and αf, HD=αf, LDV at 50 °C is done by
minimizing the error defined below:

Er =
αexp

d −αhom
d

αexp
d

 !2

+
Λexp−Λhom

Λexp

 !2

: ð29Þ

The calibration is done using a computer program which calculates
the homogenized properties and the error for different combinations of
αs and αf,HD=αf, LDV. The minimum error is found for αs=4.2×10−5

(°C)−1 and αf, HD=αf, LDV=4.8×10−4(°C)−1 (Fig. 2(a)). The calibrated
pore fluid thermal expansion coefficient at 50 °C is very close to the one
of pure bulk water at the same temperature that is 4.57×10−4(°C)−1.
This is compatible with the assumption made above concerning the
negligible effect of the confinement in nanoscale pores at 50 °C. The
small difference of about 5% between the two thermal expansion
coefficients can be attributed to the effect of dissolved ions.

The second step concerns the calibration of αf, HD. Knowing the
value of αs which is assumed to be constant, the only unknown
variable for evaluation of αd

hom at each temperature is αf, HD. This
parameter is needed for evaluation of αu, HD

hom from Eq. (22). Neglecting
the variations of αd

exp with temperature between 25 and 50 °C, αf, HD

should also remain constant equal to 4.8×10−4(°C)−1.
The last calibration step is performed for αf, LDV. Knowing αs and αf,HD

from theprevious steps,αf, LDV for different temperatures canbe evaluated
by minimizing the error between Λhom from Eq. (28) and Λexp from
Eq. (17). The variations of the error between Λhom and Λexp for three



Fig. 2. (a) Contour plot of calculated error for different values of thermal expansion
coefficients αs and αf, LDV=αf, HD at 50 °C. Theminimum error is equal to 1.88×10−7 for
αs=4.2×10−5(°C)−1 and αf, HD=αf, LDV=4.8×10−4(°C)−1. (b) Variations of error for
evaluation of αf, LDV for different temperatures.
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different temperatures are presented in Fig. 2(b). The calculatedαf,HD and
αf, LDV are presented in Fig. 3 and compared with the thermal expansion
coefficients of pure bulk water and 0.5 mol/l NaOH bulk solution.We can
see that αf,HD and αf, LDV are greater than the thermal expansions of bulk
Fig. 3. Calibration of thermal expansion of cement paste pore fluid. Comparison with
the thermal expansions of pure bulk water and 0.5 mol/l NaOH bulk solution.
fluids. This anomalous thermal expansionof the cementpasteporefluid is
due to the confinement in the nanoscale pores and the presence of
dissolved ions. The effect of confinement can be analysed by calculating
the confined /bulk ratio of thermal expansion. This ratio reflects the effect
of pore structure on the thermal expansion and is almost independent of
presence of dissolved ions in the case of cement porefluidwhich ismainly
composed of univalent ions [1,17]. The confined/bulk ratio for the cement
paste porefluid can be calculated by assuming that the thermal expansion
of the bulk fluid in the cement paste is equal to the thermal expansion of
0.5 mol/l NaOH solution [1]. The results are presented in Fig. 4 and
comparedwith the confined/bulk ratio for pure water confined in 5.0 nm
and 7.4 nmpores of silica glass [15,16].We can see that the confined/bulk
ratio for HD C–S–H is greater than the one of 5.0 nm pores, meaning that
the average pore size in HD C–S–H should be smaller than 5.0 nm. This is
compatiblewith the estimationof pore sizes inHDC–S–H from the results
of mercury intrusion porosimetry. The mercury intrusion porosimetry
does not basically permit to differentiate between LD and HD C–S–H
porosity. However, a simple evaluation may be done assuming that the
mercury cannot access HD C–S–H porosity. This is similar to the
assumption made by Tennis and Jennings [43] for evaluation of the
volume fraction of LD C−S−H by analysing the results of surface area
measurements by nitrogen sorption. These authors assumed that none of
the pores in HD C−S−H are accessible to nitrogen. The empirical relation
obtained using this assumption for volume fraction of LD C−S−H is
widely used in the literature. Assuming that HDC–S–H is not accessible to
mercury, from the results of this test as presented in Section 4, it seems
thatHDC–S–Hiscomposedofpores smaller than6 nm.Theconfined/bulk
ratio for LD C–S–H is smaller than the one of 5.0 nm pores and is closer to
the one of 7.4 nm pores.

By calibration of necessary parameters, now we can proceed with
extrapolation of the experimentally evaluated thermal expansion and
thermal pressurization parameters to cement pastes with different
water-to-cement ratios.

5.3. Effect of water-to-cement ratio

The lowerw/c limit is chosenequal to0.4 as this is approximately the
lowest w/c for which a complete hydration can be obtained. Fig. 5
presents the variations of αd and αϕwithw/c. The pore volume thermal
expansion αϕ is calculated as αϕ

hom=(bhomαd
hom−Qhom)/ϕact. Like for

the modulus Kϕ presented in [7], the possibility of evaluation of αϕ is a
considerable advantage of the presented association between the
results of macroscopic experimental study and the homogenization
method, as experimental evaluation of theseparameters is very difficult.
We can observe the decrease of αd and more significant decrease of αϕ

with w/c. This decrease of thermal expansion coefficients by increasing
w/c is mainly due to the decrease of Portlandite volume fraction in the
Fig. 4. Thermal expansion anomaly for cement paste pore fluid. Comparison with
experimental results of Xu et al. [15,16] for thermal expansion anomaly of pure water
confined in the pores of silica glass.



Fig. 5. Effect of water-to-cement ratio on drained thermal expansion αd and pore
volume thermal expansion αϕ.

Fig. 7. Effect of water-to-cement ratio on undrained thermal expansion αu and thermal
pressurization coefficient Λ .
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microstructure, as presented in Fig. 6. Note that Portlandite thermal
expansion αCH=7.0×10−5(°C)−1 , evaluated in [40] using time-of-
flight neutron diffraction, is greater than the calibrated thermal
expansion of C–S–H solid αs=4.2×10−5(°C)−1. Consequently a
reduction of the Portlandite fraction results in a decrease of the
homogenized thermal expansion coefficients. Fig. 6 shows also the
increase of active porosity with w/c increase. This is mainly due to
increase of thequantity of remainingwater after the complete hydration
of cement clinker. The available water is completely consumed in
hydration reactions for w/c close to 0.4. For higher w/c a quantity of
water is not consumed and forms the macro-porosity of the cement
paste. For w/c lower than 0.56, the evaluated αϕ is greater than αd but
becomes smaller than αd for higher w/c. The difference between these
parameters is smaller than 11% and shows that the assumption αϕ=αd

made in [1] for back analysis of the undrained heating test is acceptable.
The induced error on evaluation of the thermal pressurization
coefficient Λ assuming αϕ=αd is smaller than 1%. This is mainly due
to significant difference between the thermal expansion of water and
the ones of the material, αd and αϕ. The assumption αϕ=αd is
commonly made in the literature due to the difficulty of experimental
evaluation of αϕ. It should be mentioned that the coefficients αd and αϕ

in Fig. 5 do not vary with temperature, because the calibrated pore fluid
thermal expansion forHDC–S–H is constant. This is due to themeasured
αd which shows negligible temperature dependency.

Fig. 7 shows the variations of undrained thermal expansion
coefficient αu and the thermal pressurization coefficient Λ with w/c
for two different temperatures, 25 °C and 40 °C. Both parameters
increase with temperature due to the increase of thermal expansion
Fig. 6. Variations of Portlandite volume fraction and active porosity with water-to-
cement ratio.
coefficient of the pore fluid. A higher w/c results in a higher Λ and a
lower αu, mainly due to the significant reduction of Kd and the resulting
increase of bwithw/c increase. Kd reduces from9.81 GPa atw/c=0.4 to
3.97 GPa at w/c=0.65 and results in an increase of b from 0.54 to 0.81
[7]. The significant increases of the terms b2/Kd in Eq. (28) and b/Kd in
Eq. (6) cause the reduction ofΛ and increase ofαuwithw/c increase. The
reduction of Kd with w/c increase is mainly due to the increase of
porosity with w/c, as presented in Fig. 6. It would be ideal to compare
these predictions of thermal expansion and thermal pressurization
parameters with experimentally evaluated values, but unfortunately
such experimental results for different w/c are not currently available.

6. Conclusions

This paper is presented in the continuity of the approach introduced in
[7] for association of the results of amacro-scale experimental studywith
the micromechanics modelling and homogenization technique. This
approach is applied here to the results of drained and undrained heating
tests performed on a hardened class G cement paste with w/c=0.44 [1].
Themain purpose is to extrapolate the experimentally evaluated thermal
expansion and thermal pressurization parameters to cement pastes with
differentwater-to-cement ratios. Theusedmulti-scalemodel is capable of
predicting themacroscopic thermo-poroelastic parameters of a hardened
cement paste by knowing the volume fractions and the thermo-elastic
properties of the constituents of itsmicrostructure. Themodel calibration
for thermal parameters is performed by means of some simplification
assumptions, but revealed interesting information about the anomalous
thermal expansion behaviour of cement paste pore fluid. The calculated
thermal expansion anomaly for the porefluid inHDC–S–Hand also in LD
C–S–H and macro-porosity show a good compatibility with the
experimental results of Xu et al. [15–17] on thermal expansion of
confined fluids. The calibrated model permits to calculate the thermal
expansion and thermal pressurization parameters for cement pasteswith
different w/c. Moreover, it permits to evaluate the pore volume thermal
expansion coefficient αϕ which is very difficult to measure experimen-
tally. This capacity of parameter prediction for different conditions and
thebetter understandingof the results of the tests, as alsopresented in [7],
clearly demonstrate the advantages of the association of macroscopic
laboratory experiments and micromechanics modelling. This approach
reduces significantly the number of laboratory tests needed to charac-
terize the complete set of thermo-poroelastic parameters of a cement
paste. This is agreat advantage for experimental studies, asdue to thevery
low permeability of the material, the laboratory tests are usually long.
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Appendix A. Homogenization of thermo-poroelastic parameters

This appendix is dedicated to derivation of the equations of micro-
thermo-poroelasticity and homogenization method. The aim of
classical homogenization techniques is to replace an actual heteroge-
neous complex body by a fictitious homogeneous one which behaves
globally in the same way. Continuum micromechanics is mainly
concerned with statically homogeneous materials for which it is
possible to define a representative elementary volume (REV). Over
the REV, the average values of local stress and strain fields in the
actual heterogeneous body are equal to the macroscopic values of
stress and strain fields derived by solving the boundary value problem
of a homogeneous body constituted by this fictitious homogeneous
material [31]. This requires that, for the mechanical behaviour under
investigation, the characteristic length d of the considered heteroge-
neity and deformation mechanism to be much smaller than the size
l of the studied volume element. Moreover, l must be sufficiently
smaller than the characteristic dimension L of the whole body.

After the scale separation, the three stepsof homogenizationmethod
as mentioned by Zaoui [31] are: description (or representation),
concentration (or localization) and homogenization (or upscaling). The
description step deals with identification of different “mechanical”
phases of the microstructure in the REV of the considered heteroge-
neous material, and both geometrical and mechanical characteristics of
these phases. A phase, in the sense of continuum micromechanics, is a
material domain that can be identified, at a given scale, with on-average
constant material properties. The concentration step is concerned with
the mechanical modelling of the interactions between the phases and
the link between the local stress and strain fieldswithin the REV and the
macroscopic quantities of stress and strain. The last step deals with the
homogenization of the macroscopic properties by combining the local
constitutive equations, averaging the stresses and the strains over the
REV and the concentration relations. Homogenization delivers estimat-
ed values of macroscopic poroelastic properties of the REV as a function
of the geometrical and mechanical properties of different phases of the
microstructure of the material.

A.1. Representation

The volume V0 of the REV of a heterogeneous material is composed
of n different phases with volumes Vr, r=1…n, and volume fractions
denoted by fr=Vr/V0. We consider that there is only one porous phase
with volume Vϕ and porosity ϕ=Vϕ/V0. The number of solid phases is
therefore m=n−1 with total volume Vs. The tensor of elastic moduli
of each phase is denoted by cr . In the case of isotropy of the solid
phases, the tensor of elastic moduli can be written as the sum of a
volumetric and a deviatoric part:

cr = 3krJ + 2grK ðA:1Þ

where kr and gr are the bulkmodulus and shearmodulus of the phase r
respectively. Jijkl = 1 = 3δijδkl is the volumetric part of the fourth-order
symmetric unit tensor I and K = I−J is the deviatoric part. I is defined
as Iijkl = 1 = 2 δikδjl + δilδjk

� �
and δij stands for Kronecker delta. The

tensor of thermal expansion coefficients of each phase is denoted by
αr which is reduced to αr1 in the isotropic case with 1ij = δij.

A.2. Concentration

The concentration problem is presented by assuming homoge-
neous boundary conditions on the REV [36,37]. Homogeneous stress
boundary conditions correspond to prescribed surface tractions T on
the boundary ∂Vof the REV:

on ∂V : T = Σ⋅n ðA:2Þ
where Σ is the macroscopic stress tensor and n is the unit outward
normal at the boundary. From (A.2) it can be shown that the
macroscopic stressΣ is equal to the volume average of themicroscopic
equilibrated (i.e., divergence free) stress field σ xð Þ in the REV [31].

Σ = σh iV ðA:3Þ

where zh iV = 1 = Vð Þ∫V z xÞdVð stands for the volume average of
quantity z over domain V. Similarly, homogeneous strain boundary
conditions are associated to prescribed displacements u at the
boundary:

on ∂V : u = E⋅x ðA:4Þ

where x− is the microscopic position vector and E is the macroscopic
strain tensor which is equal to the volume average of the
microscopic compatible (i.e., derived from a displacement field)
strain field ε xð Þ in the REV [31].

E = εh iV ðA:5Þ

For the homogeneous boundary conditions (A.2) or (A.4) Hill's
lemma is presented in the following form [30,31]:

σ : εh i = σh i : εh i = Σ : E: ðA:6Þ

The Hill lemma is relevant for any stress and strain compatible
with either a homogeneous stress boundary condition (A.2) or a
homogeneous strain boundary condition (A.4), irrespective of a link
between σ and ε through a constitutive law.

In the framework of linear elasticity, the local strain and stress
fields, ε xð Þ and σ xð Þ, are related to macroscopic strain and stress, E
and Σ, through fourth-order localization tensors A xð Þ and B xð Þ
respectively:

ε xð Þ = A xð Þ : E ; σ xð Þ = B xð Þ : Σ ðA:7Þ

By inserting Eq. (A.7) in Eqs. (A.5) and (A.3), the following
relations for localizations tensors are obtained:

Ah iV = I ; Bh iV = I: ðA:8Þ

For a heterogeneousmaterial composed of homogeneous phases, a
linear phase strain localization tensor can be introduced [8]:

εh iVr
= Ah iVr

: E ; ∑
n

r=1
fr Ah iVr

= I: ðA:9Þ

In the isotropic case Ah iVr
is reduced to Ah iVr

= Av
r J + Ad

rK where
Ar
v and Ar

d are volumetric and deviatoric strain localization coefficients.
For an Eshelbian type morphology [38], i.e. an spherical inclusion
embedded in a reference medium, an estimate of the strain
localization tensor of phase r, assuming the isotropy of the local and
the reference medium is given by [31]:

Av
r =

1 + α0 kr =k0−1ð Þð Þ−1

∑r fr 1 + α0 kr =k0−1ð Þð Þ−1 ; Ad
r =

1 + β0 gr =g0−1ð Þð Þ−1

∑r fr 1 + β0 gr =g0−1ð Þð Þ−1

ðA:10Þ

with

α0 =
3k0

3k0 + 4g0
; β0 =

6 k0 + 2g0ð Þ
5 3k0 + 4g0ð Þ ðA:11Þ

where k0 and g0 are bulk modulus and shear modulus of the reference
medium. According to the choice of the reference medium in these



529S. Ghabezloo / Cement and Concrete Research 41 (2011) 520–532
equations one can distinguish two different homogenization schemes:
theMori-Tanaka scheme [44] inwhich the referencemedium is chosen
to be the matrix phase; the Self-consistent scheme [45] in which the
reference medium is the homogenized medium. The Mori-Tanaka
scheme is mostly adapted to the composite materials in which the
continuous matrix plays a prominent morphological role in the
behaviour of the material. In this case, k0 and g0 are taken equal to
the elastic parameters of thematerial phasewhich is considered as the
reference medium. The Self consistent scheme is adequate for
materials, such as polycrystals, whose phases are dispersed in the
RVE so that none of them plays any specific morphological role [31]. In
the case of self-consistent scheme, k0 and g0 are taken equal to the
homogenized elastic properties which are unknown in advance. This
point is further explained in Section A.3.1.

A.3. Homogenization

The equations of micro-poroelasticity and the homogenization of
the poroelastic properties can be derived on a REV submitted to a
homogeneous strain boundary condition and two eigenstressesσp and
σT corresponding respectively to application of a pore pressure and a
temperature variation. The constitutive relation in themicrostructure is
given in the form:

σ xð Þ = c xð Þ : ε xð Þ + σp xð Þ + σT xð Þ ðA:12Þ

where c xð Þ is the tensor of local elastic moduli which is equal to zero
in the pore volume:

c xð Þ = cr xð Þ in Vs
0 in Vϕ

�
ðA:13Þ

σp xð Þ is an eigenstress applied to the pore volume of the material:

σp xð Þ = 0 in Vs
p1 in Vϕ

�
ðA:14Þ

σT xð Þ is an eigenstress applied to the solid phase of the material:

σT xð Þ = κ xð ÞT in Vs
0 in Vϕ

�
ðA:15Þ

where κ = c : α. The linear elastic nature of the microscopic
behaviour allows decomposing the problem in three sub-problems.
In the first sub-problem the eigenstresses σp and σT are equal to zero
and the REV is submitted only to the homogeneous strain boundary
conditions. The displacement on the boundary of the REV is equal to
zero in the second and third sub-problems and the system is subjected
to the eigenstressesσp andσT respectively. These three sub-problems
are denoted respectively by ()′, ( )″and ()‴ superscripts.

A.3.1. Sub-problem 1
In the first sub-problem the eigenstresses are equal to zero and the

local strain is given using Eq. (A.7):

σ′ xð Þ = c xð Þ : ε′ xð Þ ; ε′ xð Þ = A xð Þ : E: ðA:16Þ

The macroscopic stress Σ′ is equal to the volume average of the
microscopic equilibrated stress field Σ′ = σ′h iV . By inserting
Eq. (A.16) in this relation the following expression is obtained
where Chom can be viewed as the tensor of the overall effectivemoduli
of the heterogeneous porous material.

Σ′ = Chom : E ; Chom = c : Ah iV = ∑
n

r=1
frcr : Ah iVr

: ðA:17Þ
In the isotropic case Chom can be presented in the following form:

Chom = 3Khom
d J + 2GhomK: ðA:18Þ

The homogenized bulk and shear moduli in the isotropic case are
calculated using following relations:

K hom
d = ∑

n

r=1
frkrA

v
r ; Ghom = ∑

n

r=1
frgrA

d
r : ðA:19Þ

In the case of anEshelbian typemorphology, the strain concentration
coefficients Ar

v and Ar
d can be evaluated using Eq. (A.10). The self-

consistent homogenization scheme is associated with the choice of
k0=Kd

hom and g0=Ghomwhich are unknown in advance. Consequently,
Eq. (A.19) cannot be solved directly and the homogenized elastic
properties should be calculated using iterative calculations.

The porosity change dϕ=ϕ−ϕ0 can be calculated from the
average volumetric strain in the pore volume, dϕð Þ′ = −ϕ01 : ε′h iVϕ

.
By using Eq. (A.16) in this equation we can identify the tensor of
effective Biot's coefficients bhom:

dϕð Þ′ = −bhom : E ; bhom = ϕ01 : Ah iVϕ
= 1 : I− ∑

m

r=1
fr Ah iVr

� �
ðA:20Þ

For the isotropic case, Biot's coefficient is obtained from the
following simplified equation:

bhom = 1− ∑
m

r=1
frA

v
r : ðA:21Þ

The average local stress in the solid phase is obtained using Eq. (A.16)
equal to σ′h iVs

= c : ε′h iVs
= c : Ah iVs

: E. From Eq. (A.9) the average
local strain in the solid phase is equal to ε′h iVs

= Ah iVs
: E. Using these

equations the relation between the average local stress and strains in the
solid phase permits to evaluate the tensor of effective solid moduli Chom

s :

σ′h iVs
= Chom

s : ε′h iVs
; Chom

s = c : Ah iVs
: Ah i−1

Vs
: ðA:22Þ

In the isotropic case the expression of effective unjacketed
modulus is written as:

K hom
s = ∑

m

i=1
frkrA

v
r = ∑

m

i=1
frA

v
r : ðA:23Þ

From Eqs. (A.17) and (A.13) we have Chom = 1−ϕ0ð Þ c : Ah iVs
.

Moreover, from Eq. (A.8) we have ϕ0 Ah iVϕ
= I− 1−ϕ0ð Þ Ah iVs

. Insert-
ing these relations in Eq. (A.22) and using Eq. (A.20) we can obtain the
following expression for the tensor of effective Biot's coefficients:

bhom = 1 : I−Chom : C hom
s

� �−1
� �

: ðA:24Þ

In the isotropic case this relation is reduced to the well-known
relation bhom=1−Kd

hom/Ks
hom.

A.3.2. Sub-problem 2
In the second sub-problem the displacement on the boundary of the

REV is equal to zero (E″ = ε″h iV = 0) and the system is subjected to the
eigenstress σp defined in Eq. (A.14). The local stress tensor is given by:

σ″ xð Þ = c xð Þ : ε″ xð Þ + σp xð Þ ðA:25Þ

Themacroscopic stress tensor for this sub-problem is calculated by
application of Hill's lemma, Eq. (A.6), on the stress field of second sub-
problem σ″ and the strain field of first sub-problem ε′:

E : Σ″ = ε′ : σ″
	 


V = ε′ : c : ε″
	 


V + ε′ : σp	 

V : ðA:26Þ
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Using Eq. (A.16) and then, by application of Hill's lemma the first
term in the right-hand side of Eq. (A.26) is found to be equal to zero:

ε′ : c : ε″h iV = σ′ : ε″h iV = Σ′ : ε″h iV = 0 ðA:27Þ

Now by introducing Eq. (A.16) in the second term of the right-
hand side of Eq. (A.26) and then, using Eq. (A.14) one finds the
following equations which permit to identify the tensor of effective
Biot's coefficients, as presented in Eq. (A.20):

Σ″ = σp : A
	 


V = ϕ01 : Ah iVϕ
p = pbhom ðA:28Þ

Knowing that E″ = ε″h iV = 0, the variation of the porosity is given
by following expression:

dϕð Þ″ = −ϕ01 : ε″h iVϕ
= 1−ϕ0ð Þ1 : ε″h iVs

= 1 : ∑
m

r=1
frc

−1
r : σ″h iVr

ðA:29Þ

The average local stress in the REV is given by

σ″h iV = ϕ0 σ″h iVϕ
+ ∑

m

r=1
fr σ″h iVr

; σ″h iV = Σ″ ðA:30Þ

Using Eqs. (A.20), (A.28) and (A.30) and knowing that σ″h iVϕ
= p1

we find:

∑
m

r=1
fr σ″h iVr

= p b hom−ϕ01
� �

= p1 : ∑
m

r=1
fr I− Ah iVr

� �
: ðA:31Þ

From this equation we can obtain the average strain over a phase
of the solid volume [8]:

σ″h iVr
= p1 : I− Ah iVr

� �
in Vs ðA:32Þ

Inserting Eq. (A.32) in Eq. (A.29) we obtain the following
expression for the effective Biot skeleton modulus Nhom:

dϕð Þ″ =
p

Nhom
;

1
Nhom

= 1 : ∑
m

r=1
frc

−1
r : 1−1 : Ah iVr

� �
: ðA:33Þ

In the isotropic case this relation is reduced to:

1
Nhom

= ∑
m

r=1

fr 1−Av
r

� �
kr

: ðA:34Þ

A.3.3. Sub-problem 3
In the third sub-problem the displacement on the boundary of the

REV is equal to zero (E‴ = ε‴h iV = 0) and the system is subjected to the
eigenstress σT defined in Eq. (A.15). The local stress tensor is given by:

σ‴ x�
� �

=c x�
� �

: ε‴ x�
� �

+ σT x�
� �

: ðA:35Þ

Themacroscopic stress tensor for this sub-problem is calculated by
application of Hill's lemma, Eq. (A.6), on the stress field of the third
sub-problem σ‴ and the strain field of first sub-problem ε′:

E : Σ‴ = ε′ : σ‴h iV = ε′ : c : ε‴h iV + ε′ : σT
D E

V
: ðA:36Þ

Using Eq. (A.16) and then, by application of Hill's lemma the first
term in the right-hand side of Eq. (A.26) is found to be equal to zero:

ε′ : c : ε‴h iV = σ′ : ε‴h iV = Σ′ : ε‴h iV = 0: ðA:37Þ
By introducing Eq. (A.16) in the second term of the right-hand
side of Eq. (A.36) and then, using Eq. (A.15) one finds the following
equations which permit to identify the tensor of effective coefficients
κhom:

Σ‴ = σT : A
D E

V
= κhomT ; κhom = κ : Ah iV = ∑

n

r=1
frκr : Ah iVr

:

ðA:38Þ

Knowing that E‴ = ε‴h iV = 0, the variation of the porosity is
given by following expression:

dϕð Þ‴ = −ϕ01 : ε‴h iVϕ
= 1 : ∑

m

r=1
fr ε‴h iVr

: ðA:39Þ

Using Eqs. (A.35) and (A.15) the average local stress in the REV is
given by:

σ‴h iV = ∑
m

r=1
frcr : ε‴h iVr

+ T ∑
m

r=1
frκr ; σ‴h iV = Σ‴: ðA:40Þ

Using Eq. (A.38) in Eq. (A.40) we obtain:

∑
m

r=1
frcr : ε‴h iVr

= −T ∑
m

r=1
frκr : I− Ah iVr

� �
: ðA:41Þ

Knowing that α = c−1 : κ we can evaluate the average strain in a
phase of the solid volume:

ε‴h iVr
= −αr : I− Ah iVr

� �
T in Vs: ðA:42Þ

Inserting Eq. (A.42) in Eq. (A.39) we obtain the following
expression for the effective coefficient Qhom:

dϕð Þ‴ = −QhomT ; Qhom = 1 : ∑
m

r=1
frαr : I− Ah iVr

� �
: ðA:43Þ

In the isotropic case this relation is reduced to:

Qhom = ∑
m

r=1
frαr 1−Av

r

� �
: ðA:44Þ

A.3.4. Macroscopic equations
The summation of the macroscopic stresses and porosity

variations of the three sub-problems permit to retrieve the equations
of macro-poroelasticity. From Eqs. (A.17), (A.28) and (A.38) we
have:

Σ = Σ′ + Σ″ + Σ‴ = Chom : E + bhomp + κhomT: ðA:45Þ

Similarly, from Eqs. (A.20), (A.33) and (A.43) we find:

dϕ = dϕð Þ′ + dϕð Þ″ + dϕð Þ‴ = −bhom : E +
p

N hom
−QhomT : ðA:46Þ

A.4. Multi-scale porous material

A particular situation, mentioned by Ulm et al. [8] and Dormieux et al.
[35], which is not addressed directly in the standardmicro-poroelasticity
as presented in the previous section is the case of a porous material in
which the pore volume manifests itself at two or several different scales.
These two pore volumes are connected and there is one homogeneous
pore pressure in all parts of the pore volume. The homogenization of
poroelastic properties of such a porous material needs a multi-step
homogenization technique. The first step of this procedure is the
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homogenization of the porous phases which have the smallest-length
scalesporosity. This step is performedusing the standardhomogenization
equations as presented in the previous section. The next step of
homogenization procedure is concerned with a heterogeneous material
composed of some porous phases, some solid phases and a pore volume
with a greater length scale than the one inside the porous phases. Let us
consider a two-scale porous material in which the pore volume exhibits
two different scales I and II (Vϕ=Vϕ

I +Vϕ
II), i.e. a micro-porosity and a

macro-porosity. Thismaterial is composed of l (l≤m) porous phaseswith
the porosities ϕr

I,m− l solid phases and a pore volume with the porosity
ϕII. The total porosity of the material is therefore given by:

ϕ = ∑
l

r=1
frϕ

I
r + ϕII

: ðA:47Þ

Standard homogenization permits to evaluate the poroelastic
properties of the l porous phases of level I (cIr , b

I
r , Nr

I, Qr
I ). Referring to

the sub-problems defined in the previous section, using Eqs. (A.47) and
(A.46), the variation of the porosity in the first sub-problem is given by:

dϕð Þ′ = ∑
l

r=1
fr dϕI

r

� �
′ + dϕII

� �
′ = − ∑

l

r=1
frb

I
r : ε′h iVr

−ϕII
01 : ε′h iV II

ϕ
:

ðA:48Þ

Using Eq. (A.9) and knowing that bI
r = 0 for the non-porous

phases, Eq. (A.48) can be re-written as:

dϕð Þ′ = − ∑
m

r=1
frb

I
r : Ah iVr

: E− I− ∑
m

r=1
fr Ah iVr

� �
: E: ðA:49Þ

Consequently the homogenized tensor of Biot effective stress
coefficients is found to be:

dϕð Þ′ = −bhom : E ; bhom = 1− ∑
m

r=1
fr Ah iVr

: 1−bI
r

� �� �
: ðA:50Þ

It can be verified that Eq. (A.50) is reduced to Eq. (A.20) when all
solid phases are non-porous (bI

r = 0), i.e. the porosity is taking effect
in a single length scale. For the isotropic case Eq. (A.50) is presented in
the following simplified form:

bhom = 1− ∑
m

r=1
frA

v
r 1−bIr
� �� �

: ðA:51Þ

The variation of the porosity for the second sub-problem can be
obtained using Eqs. (A.47) and (A.46):

dϕð Þ″ = ∑
l

r=1
fr dϕI

r

� �
″ + dϕII

� �″

= ∑
l

r=1
fr −bI

r : ε″h iVr
+

p
NI
r

� �
−ϕII

01 : ε″h iV II
ϕ
:

ðA:52Þ

Using the right-hand side equality of Eq. (A.29) in Eq. (A.52) and
noting that bI

r = 0 and 1/Nr
I =0 in the non-porous phases, the

following expression can be obtained:

dϕð Þ″ = ∑
m

r=1
fr 1−bI

r

� �
: ε″h iVr

+
p
NI
r

� �
: ðA:53Þ

From Eq. (A.45) for the first homogenization step of each solid
phase we have:

ε″h iVr
= cIr
� �−1

: σ″h iVr
−pbI

r

� �
in Vs : ðA:54Þ
The average local stress in the phase r of the solid phase can be
evaluated using Eqs. (A.28) and (A.30) and bhom of multiscale porous
material from Eq. (A.50):

σ″
D E

Vr

= p 1−1 : Ah iVr
+ bI

r : Ah iVr

� �
in Vs: ðA:55Þ

This relation is equivalent to Eq. (A.32) for simple porous
materials. Replacing Eqs. (A.55) and (A.54) in (A.53) and using the
relation 1−bI

r

� �
: cIr
� �−1 = 1 : cIsr

� �−1 from Eq. (A.24) we obtain:

dϕð Þ″ = p
Nhom

;
1

Nhom
= ∑

m

r=1
fr 1 : cIsr

� �−1
: I− Ah iVr

� �
: 1−bI

r

� �
+

1
NI
r

� �
:

ðA:56Þ

When all solid phases are non-porous (bI
r = 0, 1/Nr

I =0, cIsr = cr),
Eq. (A.56) is reduced to (A.33). For the isotropic case (A.56) can be re-
written as:

1
Nhom

= ∑
m

r=1
fr

1−Av
r

� �
1−bIr
� �
kIsr

+
1
NI
r

0
@

1
A ðA:57Þ

The porosity variation for the third sub-problem is obtained using
Eqs. (A.47) and (A.46):

dϕð Þ‴ = ∑
l

r=1
fr dϕI

r

� �
‴ + dϕII

� �
‴

= ∑
l

r=1
fr −bI

r : ε″h iVr
−Q I

rT
� �

−ϕII
01 : ε″h iV II

ϕ

ðA:58Þ

Using the right-hand side equality of Eq. (A.39) in Eq. (A.58) and
noting that bI

r = 0 and Qr
I =0 in the non-porous phases, the following

expression can be obtained:

dϕð Þ‴ = ∑
m

r=1
fr 1−bI

r

� �
: ε‴h iVr

−Q I
rT

� �
: ðA:59Þ

Using (A.45) for the first homogenization step of each solid phase
and Eqs. (A.38) and (A.40) the average local strain in phase r of the
solid phase is evaluated as:

ε‴h iVr
= −αI

r : I− Ah iVr

� �
T in Vs: ðA:60Þ

This relation is equivalent to (A.42) for simple porous materials.
Replacing Eq. (A.60) in Eq. (A.59) we obtain:

dϕð Þ‴ = −QhomT ; Qhom = ∑
m

r=1
fr α I

r : I− Ah iVr

� �
: 1−bI

r

� �
+ Q I

r

� �
:

ðA:61Þ

When all solid phases are non-porous (bI
r = 0, Qr

I =0), Eq. (A.61)
is reduced to Eq. (A.43).
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List of symbols

A: Strain localization tensor
Av: Volumetric strain localization coefficient
Ad: Deviatoric strain localization coefficient
b: Biot's effective stress coefficient
b: Tensor of Biot's effective stress coefficients
B: Skempton's coefficient
c: Microscopic tensor of elastic moduli
cs: Microscopic tensor of solid moduli
C: Macroscopic tensor of elastic moduli
Cs: Macroscopic tensor of solid moduli
E: Macroscopic strain tensor
E: Macroscopic volumetric strain
f: Volume fraction of microstructure phase
g: Microscopic shear modulus
G: Shear modulus
k: Microscopic bulk modulus
Kd: Drained bulk modulus
Kp: Drained pore volume modulus
Ks: Unjacketed modulus
Kϕ: Unjacketed pore volume modulus
K

u
: Undrained bulk modulus

Kf: Pore fluid bulk modulus
m: Number of solid phases
n: Number of phases
N: Biot's skeleton modulus
p: Pore pressure
Q: Thermal porosity change coefficient
T: Temperature
V: Total volume
Vϕ: Pore volume
Vs: Solid volume
x−: Position vector
αd: Drained thermal expansion coefficient
αϕ: Pore volume thermal expansion coefficient
αu: Undrained thermal expansion coefficient
αf: Pore fluid thermal expansion coefficient
α: Tensor of thermal expansion coefficients
ε: Microscopic strain tensor
ϕ: Lagrangian porosity
ϕact: Active porosity
κ: Thermal stress coefficient
Λ: Thermal pressurization coefficient
σ: Microscopic stress tensor
σp: Eigenstress related to pore pressure
σT : Eigenstress related to temperature
Σ: Macroscopic mean stress
Σd: Macroscopic Terzaghi effective stress
Σ: Macroscopic stress tensor
CH: Subscript for Portlandite
CK: Subscript for cement clinker
CP: Subscript for cement paste
HD: Subscript for high density C–S–H
LD: Subscript for low density C–S–H
CSH: Subscript for C–S–H
s: Subscript for C–S–H solid
V: Subscript for macro porosity
hom: Superscript for homogenized parameter
exp: Superscript for experimentally evaluated parameter
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