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A material model for calcium dissolution/diffusion in cement-based materials is presented, taking the in-
crease of porous space due to calcium leaching into account. The so-called differential-scheme is employed
to link the underlying effective diffusive properties to the pore-space volume. The so-obtained material de-
scription is used within an analysis scheme based on the finite element method for the simulation of calcium
dissolution/diffusion processes at the macroscopic scale. The re-analysis of leaching tests on cement-paste
specimens in deionized water and ammonium nitrate solution, respectively, in terms of the rise in calcium
concentration in the sample-enclosing aggressive solution, is used for assessment of underlying model as-
sumptions, such as the material function relating calcium concentration bound in solid material skeleton to
calcium concentration in the pore fluid. Moreover, the diffusion coefficient of the electrolyte solution in the
pore space of cement-based materials, serving as input for determination of the effective diffusion properties,
is investigated.

© 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Calcium leaching is a severe chemical softening mechanism in
cement-based materials characterized by a significant increase of po-
rosity, leading to substantial stiffness and strength loss (see, e.g., [1])
accompanied by an increase of pore pressure sensitivity [2,3]. There
are numerous papers dealing with durability of cement-based mate-
rials as regards this mode of chemical softening (by deionized
water), see, e.g., [4–18,1,2,19–25]. Hereby, instantaneous dissolution
of calcium bound in the solid skeleton and Fick-type diffusion of cal-
cium ions in the pore solution are considered. The diffusion tensor
Deff [dm2/h], characterizing the macroscopic material behavior, with
Deff=DeffI in case of material isotropy, may be determined

• by empirical relations, e.g., Deff ¼ exp aϕð ÞD [12], with a [–] and �D
[dm2/h] representing fitting parameters obtained from backcalcula-
tion of macroscopic data and ϕ [dm3/(dm3 concrete)] denoting the
connected pore space saturated with pore solution, or

• from the diffusion coefficient of the solute in the interstitial pore so-
lution Dsol by volumetric averaging Deff=ϕDsol (see, e.g., [20]),

• numerical homogenization schemes giving Deff=Deff(Dsol,ϕ), see,
e.g., [22] for a two-scale approach considering triangular or spheri-
cal inclusions in a matrix material, i.e., a two-phase representation
of concrete.
er).

rights reserved.
• homogenization schemes based on continuum micromechanics
providing Deff=Deff(Dsol,ϕ), e.g., two-scale representation based
on the differential scheme [26,27] or multiscale representation
based on the composite sphere assembly method [28–32].

As regards the underlying material function describing the equi-
librium state, relating the calcium concentration in the pore solution
c [mol/(l solution)] to the (apparent) calcium concentration bound
in the solid skeleton s [mol/(dm3 concrete)], a phenomenological ap-
proach based on dissolution data of synthesized C–S–H1 prepared at
different C/S molar ratios collected by [33] (see Fig. 1(a)) is common-
ly employed in the literature (see, e.g., [18,12,20,21]), giving s=s(c).
In [34–36] a leaching kinetics law originally proposed by [18] is
employed, with the previously mentioned equilibrium curve serving
as the limiting dissolution state, allowing a more realistic modeling of
calcium dissolution from the solid skeleton upon a fast calcium concen-
tration decrease in the pore fluid. Recently, [37] conducted experiments
fittingwell within the data summarized in [33]. Assuming (i) local ther-
modynamic equilibrium and (ii) that the Si-concentration in the solid
remains constant, an equilibrium function giving the Ca-concentration
in the dissolved solid s as a function of the Ca-concentration in the aque-
ous solution c is obtained (originally proposed by [5,7], see Fig. 1(b)).
The equilibrium function has been interpreted such that with decreas-
ing Ca-concentration c,

• portlandite CH (∼0.020 mol/lbcbceq),
1 Standard cement chemistry abbreviations are used throughout this paper: C=CaO,
=SiO2, A=Al2O3, F=Fe2O3, �S=SO3, H=H20.
S
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Fig. 1. (a) Dissolution data collected and analyzed by [33], figure taken from [33] and (b) equilibrium function proposed by [5,7] and used in numerical analyzes by [20,21], figure
taken from [20] with the calcium concentration in the pore solution c given in [mmol/l] and the calcium concentration in the dissolved solid s given in [mol/dm3].
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• sulfoaluminates (monosulfate and ettringite) (∼0.002 mol/lb
cb∼0.020 mol/l), and

• C–S–H (0bcb∼0.002 mol/l)

are dissolved/decalcified subsequently from the solid skeleton (see,
e.g., [20]), with the equilibrium calcium concentration of a solution
saturated in CH as ceq=0.022 mol/l. Experimental evidence by XRD
and SEM investigations, validating this sequential dissolution/decalci-
fication of the listed calcium-bearing hydration products (in the order
CH, monosulfate, ettringite, and C–S–H) can be found in [4] (see also
Fig. 1 in [18]), with the chemically softened region composed of four
zones with quasi-constant mineralogy. This characteristic equilibrium
function (with a steep increase at c∼0.002 mol/l attributed to the
dissolution of Ca from C–S–H) has been used in most publications
dealing with numerical simulation of calcium leaching (see, e.g.,
[18,12,20,21,34–36]).

In this paper, the porous space associated to the various leaching
states is taken into account within the framework of non-periodic ho-
mogenization schemes. Hereby, in an engineering approach, simple
analytical homogenization schemes based on continuum microme-
chanics [26,38,39] are assessed, and finally the differential scheme is
employed for determination of the diffusion coefficient characterizing
the macroscopic material behavior, Deff.

The paper is structured as follows: in the following section, the
model for determination of diffusive properties is presented, includ-
ing comments on the interstitial electrolyte diffusion coefficient serv-
ing as input for the homogenization scheme. In Section 3, the material
model is used in a finite element program for the simulation of calcium
dissolution/diffusion, allowing the re-analysis of leaching tests in
both deionized water and in ammonium-nitrate solution (accelerated
leaching), respectively. These analyses will provide the basis for the
assessment of basic model assumptions, such as the equilibrium func-
tion shown in Fig. 1(b) and the underlying diffusion coefficient of the
electrolyte solution introduced in Section 2.

2. Estimation of effective diffusion coefficient

2.1. Hydration stoichiometry model for initial composition of material
system

The following set of stoichiometric reactions are employed for the
four main clinker phases of Portland cement, i.e., tricalcium silicate
(C3S), dicalcium silicate (C2S), tricalcium aluminate (C3A), and tetra-
calcium aluminate ferrite (C4AF) [40]:

C3Sþ 5:3H→ 0:5C3:4S2H8 þ 1:3CH ð1Þ

C2Sþ 4:3H→ 0:5C3:4S2H8 þ 0:3CH ð2Þ

C4AFþ 2CHþ 10H→ 2C3 A; Fð ÞH6 ð3Þ

C3Aþ 3CSH2 þ 26H→ C6AS3H32 ð4Þ

C3Aþ 0:5C6AS3H32 þ 2H→ 1:5C4ASH12 ð5Þ

C3Aþ CHþ 12H→ C4AH13 ð6Þ

Eqs. (4) to (6) describe the subsequent formation of calcium alumi-
nate hydrates from C3A in the presence of gypsum, which is added to
prevent rapid setting of C3A. Initially, C3A reacts with gypsum to form
ettringite [Eq. (4)]. After all gypsum is consumed, C3A reacts with the
previously formed ettringite to form monosulfoaluminates [Eq. (5)].
Following depletion of the ettringite supply, C3A reactswith portlandite
CH (one of the products of C3S and C2S hydration).

Eqs. (1) to (6) combined with the molar masses and densities of
material phases given in [40] (see Table B.4 in Appendix B) and the
mix design, i.e. w/c-ratio, aggregate/cement-ratio, and aggregate
density provide access to the volume fractions of the phases in
cement paste, mortar or concrete, for details see [41]. In addition to
the solid material phases (hydration products), the stoichiometry
model predicts a value for the capillary pore space, i.e., the space
not occupied by hydration products and aggregates. This value is
mainly influenced by the value employed for the saturated C–S–H
density. The latter is associated to Jennings colloidal C–S–H model
[42–45] with the largest gel pores in the C–S–H gel approximately
20 nm wide ([45], page 282). Accordingly, the capillary pore space
estimated in this paper may be characterized by pore widths of
>20 nm.

2.2. Methodology for micro-to-macro transition based on classical
schemes from continuum micromechanics

As regards upscaling of the diffusive transport properties of het-
erogeneous, non-periodic media, analytical homogenization schemes



Fig. 2. Homogenization schemes for effective diffusion properties of a two-phase medium.
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based on continuummicromechanics (derived for upscaling of elastic
properties) may be employed due to the similarities in the underlying
field equations. Fig. 2 shows results for a two-phase medium consist-
ing of (i) a continuous, permeable matrix, representing the saturated,
connected porous space in the material system, and (ii) impermeable
inclusions [39,38]. Considering spherical inclusions and a connected
pore space (volume fraction ϕ),

• the Mori–Tanaka scheme [46],2 equivalent to the Hashin–Shtrikman
upper bound, yields the effective diffusion coefficient as [26]

Deff ¼ Dsol
2ϕ
3−ϕ

; ð7Þ

• the self-consistent scheme [47,48]3 gives [38]

Deff ¼ Dsol
3ϕ−1

2
for ϕ≥1=3; Deff ¼ 0 for ϕb1=3; ð8Þ

• the so-called differential scheme [49,26]4 represents an incremen-
tal formulation of the self-consistent scheme, with

Deff ¼ Dsolϕ
3=2

: ð9Þ

The pore-space dependent part of the relations for the effective
diffusion coefficient are classically split into twomultipliers accounting
for (i) the respective value of the pore spaceϕ and (ii) the so-called tor-
tuosity Tϕ capturing the effect of the geometry of the microstructure
[38], i.e.,

Deff=Dsol ¼ ϕTϕ; ð10Þ

giving, e.g., the tortuosity for the differential scheme as Tϕ=ϕ1/2.
All three homogenization schemes presented above coincide for

ϕ→1, with ∂(Deff/Dsol)/∂ϕ|ϕ=1=3/2. Hence, for ϕ→1 the response
of the non-periodical homogenization schemes can be written as
Deff/Dsol=(3ϕ−1)/2=ϕTϕ (see Eq. (8)). The respective tortuosity
is given as

Tϕ→1 ¼ 3
2
− 1

2ϕ
¼ 1; ð11Þ
2 The Mori–Tanaka may be employed for matrix/inclusion-type morphologies with
moderate values for the inclusion volume fraction of b∼0.2.

3 The self-consistent scheme is best-suited for microstructures where none of the
material phases plays a specific morphological role, such as, e.g., in polycrystals.

4 The model configuration for the self-consistent scheme is characterized by the con-
sideration of the different material phases as inclusion surrounded by the homoge-
nized medium. The differential scheme represents an incremental formulation of the
self-consistent scheme: consideration of a homogeneous medium embedding an inclu-
sion phase with infinitesimal increase of the volume fraction of the latter. After each
incremental increase the effective material behavior, i.e., the behavior of the embed-
ding material phase, is updated using the result of the micromechanical homogeniza-
tion scheme for dilute defect distributions [39].
i.e., no ‘detours’ imposed by the geometry of the microstructure,
which eventually vanishes for ϕ→1.

The prediction for the effective diffusion coefficient for small values
of ϕ is quite different, with the self-consistent scheme giving an effec-
tive value for the diffusion coefficient only forϕ exceeding a percolation
threshold of 1/3. In case of the differential scheme, Deff/Dsol has a hori-
zontal tangent at ϕ=0, whereas the Mori–Tanaka scheme yields
∂(Deff/Dsol)/∂ϕ|ϕ=0=2/3. Accordingly, in the range of the small values
for the porosity ϕ, such as that encountered in mortar or concrete, the
Mori–Tanaka scheme (coinciding with the Hashin–Shtrikman upper
bound for spherical inclusions) may significantly underestimate Dsol

assessed based on a experimentally determined Deff.5 On the other
hand, for a given value ofDsol, theMori–Tanaka schememay significant-
ly overestimate the tortuosity and, thus, the effective diffusion coeffi-
cient in this porosity range [26,32].

Finally, when employing the volumetric average for the effective dif-
fusivity, i.e.,Deff=ϕDsol, hence, underlying Tϕ=1, the Hashin–Shtrikman
upper bound is violated (for the considered pore space configuration). In
case of the theoretical case of parallel poreswith constant cross-sectional
area of the individual pores, the latter estimation is adequate.

Within this paper, the differential scheme is employed to link the
effective diffusion coefficient of cement basedmaterialsDeff to the inter-
stitial diffusion coefficientDsol representing thematerial behaviorwith-
in the porous space of the material. For the situation encountered for
cement-based materials under chemical attack (by deionized water or
6 M NH4NO3 solution) investigated in this paper, characterized by a
rapid increase of the porous space by dissolution of CH, decalcification
of sulfoaluminates, etc. in the zone where the ionic transport is taking
place, the differential scheme may provide an adequate engineering
tool to assess the transport behavior of the chemically softened mate-
rials investigated, which are, furthermore, characterized by w/c≥0.5,
i.e., by a large value for the initial capillary pore space. In this paper, per-
colation of the initial pore space is assumed to be established by “pore
families” with widthsb200 nm6 (see [32] and references therein).
2.3. Additional porosity caused by chemical degradation

Whereas the additional capillary pore space due to complete dis-
solution of CH, ϕCH

max, is straight-forwardly estimated as the initial
5 Suppose a macroscopic experiment gives access to Deff of a porous material and the
Mori–Tanaka scheme and the differential scheme, respectively, are used to identify Dsol.
Considering the right hand sides of Eqs. (7) and (9) givesDsol

MT=[ϕ1/2(3−ϕ)/2]Dsol
DS. Hence,

e.g., for ϕ=0.1, Dsol determined by theMori–Tanaka scheme amounts to 45.9% of the value
determined by the differential scheme, Dsol

MT=0.459Dsol
DS. For ϕ=0.2: Dsol

MT=0.626Dsol
DS, and

for ϕ=0.3: Dsol
MT=0.739Dsol

DS.
6 According to [32] (and references therein) only “pore families” with

widthb200 nm form a percolation path through the material system. These “pore fam-
ilies” are denoted as gel porosity in [32]; note this width was defined in [32] and does
not necessarily represent gel porosity in the scopes of Jennings model (see Section 1);
the porosity denoted as capillary porosity in this paper includes “pore families” with
width>20 nm, hence, is percolated throughout the material system.



Fig. 3. Results from different homogenization schemes for Young's modulus of a porous
medium.

8 The viscosity η shows a pronounced temperature dependency (decreasing with in-
creasing temperature) characterized by [53]

η ¼ 1:002� 10−3 � 10−A=B in Pa s½ �
with A ¼ 1:37023 T−20ð Þ þ 8:36� 10−4 T−20ð Þ2 in ∘C½ � ð15Þ
and B ¼ 109þ T in ∘C½ �;
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volume fraction of CH, the assessment of the additional pore space
due to C–S–H decalcification, ϕC− S−H

max , is more complex. In this
paper, nanoindentation results on intact and completely decalcified
cement-paste samples presented in [50] are employed. Hereby,
Young's modulus E of the two material phases, low-density C–S–H
(C–S–H-LD) and high-density C–S–H (C–S–H-HD), constituting C–S–
H in the cement-based material system, amount to 21.7 and
29.4 GPa, respectively. After calcium leaching, Young's modulus de-
creased to 14% (C–S–H-LD) and 41% (C–S–H-HD) of the initial values.
Fig. 3 shows results from classical homogenization schemes based on
continuum micromechanics for a porous medium (spherical pores),
with fm and Em denoting the volume fraction and Young's modulus
of the matrix material. Poisson's ratio of the latter was set to
νm=0.24 (value for C–S–H, see [50]). Employing the generalized
self-consistent scheme [51,52], the porous material with an effective
Young's modulus, Eeff, of 14% of Em is characterized by fm=0.29,
hence yields a porosity of ϕ=1− fm=0.71 for decalcified C–S–H-LD
(see Fig. 3). For Eeff/Em=41%, the porosity results in ϕ=0.39 for
decalcified C–S–H-HD. Considering volume fractions of C–S–H-LD
and C–S–H-HD in C–S–H as 0.7 and 0.3 [50,40], respectively, the over-
all porosity after complete C–S–H decalcification is estimated as
�ϕmax
C−S−H=0.7×0.71+0.3×0.39=0.6. In contrast to the microstruc-

tural representation employed for estimating effective diffusive prop-
erties (Subsection 2.2), the percolated material phase is assigned to
the solid material phase. None of the classical homogenization
schemes for non-periodic media seems to satisfactorily capture both
(i) transport properties and (ii) mechanical properties of cement-
based materials when underlying the identical microstructural repre-
sentation. This may be explained by the colloidal nature of C–S–H gel
[42–45] [and probably (partially) decalcified C–S–H gel].

2.4. Determination of Dsol in bulk aqueous solution

The molar conductivity Λm=κ/c [Sm2/mol], where the conductivity
κ [S/m] is scaled by the molar concentration7 of dilute solutions of
strong electrolytes varies linearlywith the square root of the electrolyte
concentration c according to Kohlrausch's law (empirical relation)

Λm ¼ Λ0
m−K ffiffiffi

c
p

; ð12Þ
7 For Portlandite Ca(OH)2, the molar concentration of the electrolyte is equal to the
concentration of the cation Ca2+, as the number of cations per stoichiometric unit of
the electrolyte is one.
where the constant K depends more on the stoichiometry of the elec-
trolyte than on its specific identity [53]. In Eq. (12), Λm0 is the limiting
molar conductivity for zero concentration, which is given by Kohl-
rausch's law of independent migration of ions, reading

Λ0
m ¼ νþλ

0
þ þ ν−λ0

−; ð13Þ

where λ+
0 (λ−0 ) is the molar conductivity of the cation (anion) at zero

ion concentration, and ν+(ν−) is the number of cations (anions) per
stoichiometric unit of the electrolyte (see Table 1 for some investigated
electrolytes). λ+0 (λ−0 ) is determined based on the elementary charge
z+(zi) of the cation (anion) and the so-called ionic mobility u+(u−) of
the respective ion as

λ0
� ¼ z�u�F; ð14Þ

with F denoting the Faraday constant (see Table B.5 in Appendix B). The
ionic mobility characterizes the ionic motion in an electric field (i.e., of
cations towards the negative electrode and of anions towards the posi-
tive electrode) which is retarded by frictional forces. Hence, u± is in-
versely proportional to the radius a of the cation (anion) and the
viscosity of water8 η [Pa s] [53]:

u� ¼ z�e
6πηa

; ð16Þ

where e is the elementary charge (see Table B.5 in Appendix B).
Kohlrausch's phenomenological law (Eq. (12)) is improved by the

Debye–Hückel–Onsager theory, taking into account the reduction of
ionic mobility by ion–ion interaction, i.e.,

• by the so-called relaxation effect (distortion of the spherical sym-
metric ionic atmosphere when an electric field is present, no coinci-
dence of centers of positive and negative charge); and

• by the so-called electrophoretic effect (enhancement of viscous
drag due to movement of central ion in opposite direction of ionic
atmosphere);

(see, e.g., [54,55]), with9

Λm

ν�z�
¼ Λ0

m

ν�z�
−�κ A

Λ0
m

ν�z�
þ B

 ! ffiffiffi
c

p ð17Þ

with ν±z±=ν+z+=ν−z− and

�κ ¼ e2N
�kT

 !1=2

νþz
2
þ þ ν−z2−

� �1=2
; A ¼ zþz−e2

24π�kT
2q

1þ ffiffiffi
q

p ; and B ¼ Ne2 zþ þ z−
� �
6πη

:

ð18Þ

In Eq. (17), κA and κB consider the relaxation and the electropho-
retic effect, respectively. In Eq. (18), N is the Avogadro number, k is
the Boltzmann constant (see Table B.5 in Appendix B), T is the tem-
perature in [K], and � [C2/(J m)] the electric permittivity of water.
The latter shows a temperature dependency as

� Tð Þ ¼ �0�rel Tð Þ; ð19Þ
giving η(T=25°C)=0.89×10−3 Pa s.
9 In standard text books, Λm/(ν±z±) and Λm

0 /(ν±z±) are denoted as “equivalent” and
“limiting equivalent” conductivity, respectively (see, e.g., [55]).



Table 1
Number of cations and anions per stoichiometric unit, number of elementary charges of cation and anion, ionic mobilities at T=298 K, conductivities of ions at T=298 K for inves-
tigated electrolytes [53].

Electrolyte ν+ ν− z+ z− u+ u− λ+
0 λ−

0

[–] [–] [–] [–] [10−8 m2/(sV)] [10−3Sm2/mol]

NaOH→Na++OH− 1 1 1 1 5.19 20.64 5.01 19.91
KOH→K++OH− 1 1 1 1 7.62 20.64 7.35 19.91
NaCl→Na++Cl− 1 1 1 1 5.19 7.91 5.01 7.63
CuSO4→Cu2++SO4

2− 1 1 2 2 5.56 8.29 10.72 16.00
CaCl2→Ca2++2Cl− 1 2 2 1 6.17 7.91 11.90 7.63
Ca(OH)2→Ca2++2OH− 1 2 2 1 6.17 20.64 11.90 19.91
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where �0 is the vacuum permittivity (see Table B.5 in Appendix B) and
the relative permittivity �rel(T) is given for different temperatures in
Table B.6 (see Appendix B). Finally, q is a constant dependent on the sym-
metry (z+=z−) or asymmetry (z+≠z−s) of the electrolyte with [54,55]

q ¼ zþz−
zþ þ z−

λ0
þ þ λ0

−
zþλ

0
− þ z−λ0

þ
: ð20Þ

Fig. 4(a) and (b) shows a comparison between test results (sym-
bols) and model prediction (solid lines) for some symmetrical and
asymmetrical electrolyte solutions. Hereby, test data for KOH and
NaOH was taken from [56], test data for CuSO4 and Ca(OH)2 from
[57]. In order to highlight the pronounced temperature influence on
the molar conductivity, the model prediction for temperatures rang-
ing from 10 to 30 °C is shown for NaCl and Ca(OH)2.

2.4.1. Estimation of Dsol from molar conductivity
For the borderline case of the molar concentration approaching

zero, Einstein's relation gives access to the diffusion coefficient of
the cations/anions as [53]

D0
� ¼ u�RT

z�F
¼ λ0

�
z�F

RT
z�F

: ð21Þ
b

a

Fig. 4. Molar conductivities of (a) symmetrical and (b) asymmetrical aqueous electro-
lyte solutions.
For Ca(OH)2 (at T=298 K, see Table 1), the diffusion coefficient of
the cation Ca2+ and the anion OH− becomes D+

0 =7.9×10−10 m2/s
and D−

0 =53×10−10 m2/s, respectively. The diffusion potential creat-
ed by the different diffusion coefficients of cations and anions speeds
up the cations while it slows down the anions and the electrolyte dif-
fusion coefficient is given as [58,27]

D0
sol ¼

D0
þD

0
− zþ þ z−
� �

zþD
0
þ þ z−D0

−
ð22Þ

and amounts to 18.2×10−10 m2/s for Ca(OH)2 (at T=298 K).
In order to estimate the diffusion coefficient for higher molar con-

centrations, Dsol=Dsol(c), a function describing the concentration de-
pendency, α(c), is introduced based on the molar conductivity of the
electrolyte solution (Eq. (17)):

Λm cð Þ ¼ α cð ÞΛ0
m → α cð Þ ¼ 1−κ Aþ B

ν�z�
Λ0
m

� � ffiffiffi
c

p
: ð23Þ

Assuming that the molar conductivity of the electrolyte solution
for higher molar concentrations, Λm, can be written in the same
form as the limiting molar conductivity of the electrolyte solution,
Λm
0 , (see Eq. (13)) gives

assumption ið Þ : Λm cð Þ ¼ νþλþ cð Þ þ ν−λ− cð Þ: ð24Þ

Multiplying Eq. (13) by α(c) gives

α cð ÞΛ0
m ¼ Λm cð Þ ¼ α cð Þνþλ

0
þ þ α cð Þν−λ0

−: ð25Þ

The right hand sides of Eqs. (24) and (25) coincide if

λ� cð Þ ¼ α cð Þλ0
�: ð26Þ

Here, we further underlie that the concentration dependent diffu-
sion coefficient of cations/anions and of the electrolyte solution (com-
pare to Eqs. (21) and (22)) can be written as

assumption iið Þ : D� cð Þ ¼ λ� cð Þ
z�F

RT
z�F

: ð27Þ

and

assumption iiið Þ : Dsol cð Þ ¼ Dþ cð ÞD− cð Þ zþ þ z−
� �

zþDþ cð Þ þ z−D− cð Þ : ð28Þ

Hence, inserting Eq. (26) into Eq. (27) gives

D� cð Þ ¼ α cð Þλ0
�

z�F
RT
z�F

;¼ α cð ÞD0
� ð29Þ
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and the concentration dependent diffusion coefficient of the electro-
lyte solution can be written as

Dsol cð Þ ¼ α cð ÞD0
þα cð ÞD0

− zþ þ z−
� �

zþα cð ÞD0
þ þ z−α cð ÞD0

−
¼ α cð ÞD0

sol: ð30Þ

Fig. 5(a) shows a comparison between test data for NaCl and CaCl2
[55] (symbols) and the estimation based on Eq. (30) (solid lines),
showing good agreement especially for cb∼1 mol/m3. Fig. 5(b) de-
picts the temperature dependency of Dsol(c) for Ca(OH)2. The average
value (e.g. for c=0.5ceq at T=20 °C) of 13.5×10−10 m2/s is, how-
ever, approximately an order of magnitude larger than Dsol deter-
mined by backcalculation of leaching experiments on cement paste
in deionized water based on the differential scheme (see Section 2).
Hence, the rather low value for Dsol cannot solely be explained by
its concentration dependency (see Fig. 5(b)), as suggested previously
in the open literature (see, e.g., [20]).

2.5. Subsequent leaching/decalcification

As already stated in the Introduction, for leaching in deionized
water,

1. portlandite CH;
2. hydration products from C3A and C4AF hydration: ettringite

( C6AS3H32), monosulfate ( C4ASH12), C4AH13, and hydrogarnet
(C3(A,F)H6); and

3. C–S–H

are considered to be dissolved/decalcified subsequently from the solid
skeleton.

By conducting leaching experiments on cement paste and mortar
in 6 molar (6 M) ammonium nitrate (NH4NO3) solution, the duration
of experiments can be reduced significantly, with leaching rates two
orders of magnitude larger than leaching rates in deionized water.
a

b

Fig. 5. Electrolyte diffusion coefficient Dsol for (a) NaCl and CaCl2 (test data taken from
[55]) and (b) Ca(OH)2 at different temperatures.
The equilibrium calcium concentration of a solution saturated in CH
increases from 0.022 mol/l in water to 2.9 mol/l in a 6 M NH4NO3 so-
lution [2] (respective values given in [12]: from 0.021 mol/l to
2.73 mol/l); the characteristics of leaching in 6 M NH4NO3 solution
may be summarized as:

• the effects of NH4NO3 leaching on the microstructure of cement
paste are similar to the effects of water leaching; however, there
are differences in the progressed state of leaching, i.e., when the
Ca/Si or C/S molar ratio of the decalcified solid drops below 1;

• recent research on the solubility on white Portland cement paste
[59] indicates that the part of Ca bound in sulfoaluminate phases
(ettringite, monosulfate, …) is relatively insoluble in 6 M NH4NO3

solution (see dissolution experiments on white Portland cement
paste at Ca/Si molar ratios b1 in [59]); according to [60], ettringite
is not dissolved.

Hence, for leaching in 6 M NH4NO3 solution

1. portlandite CH and
2. C–S–H

are considered to be dissolved/decalcified subsequently from the sol-
id skeleton. Hydration products from C3A and C4AF hydration are con-
sidered as insoluble in the analyzes.

3. Re-analysis of leaching experiments

The field equation for calcium dissolution and diffusion reads for
material isotropy [12]:

∂
∂t ϕcð Þ þ ∂

∂t s ¼ cϕ
: þϕ c

: þ s
: ¼ −∇⋅q ¼ ∇⋅ Deff I⋅∇cð Þ; ð31Þ

with q [mol/(dm2h)] as the molar flux linked to the concentration
gradient in the pore solution by Fick's law. In Eq. (31), porosity ϕ
and solid calcium concentration s are functions of the calcium con-
centration in the pore solution, ϕ=ϕ(c) and s=s(c), respectively.
For the re-analysis of leaching experiments, field Eq. (31) is solved
by means of the finite-element method (FEM), see Appendix A.

These leaching experiments were characterized by placing either
disc-, plate-, or cylinder-shaped specimens (age>2 month) in a res-
ervoir containing the aggressive solution (deionized water or 6-
molar ammonium-nitrate (6 M NH4NO3) solution). While the calcium
concentration in the reservoir was recorded at discrete time instants,
the reservoir was continuously stirred in order to prevent a concen-
tration gradient within the reservoir. Fig. 6 shows the employed 1D
and axisymmetric models for the respective specimens, characterized
by the partial sealing by epoxy (circumference of disc- or plate-
shaped specimens, bottom and top of cylinder-shaped specimens).

3.1. Leaching experiments on white cement paste specimens

The mass fractions of the main clinker phases in the employed
white cement were determined by Rietveld analysis of XRD data
(see Table 2). In a differential thermal analysis, the CH content of
the hydrated cement paste used for the leaching experiments with a
w/c=0.53 was determined as mCH=21.3 m-% for dried samples.
Using the molar weights of CH, with MCH=74 g/mol and a (dried)
paste density10 of ρ=1653 g/dm3, the calcium concentration in the
solid attributed to CH amounts to s0CH ¼ m CH=MCH � ρ=0.213/
74×1653=4.8 mol/dm3. This compares well to the value predicted
by the hydration stoichiometry model (see Eqs. (1) to (6)) of sCH0 =
4.7 mol/dm3. Other key values predicted by the stoichiometry model
relevant for leaching analyzes are: total amount of calcium bound in
10 Unit weight from hydration stoichiometry model=1797 g/dm3; saturated capil-
lary pore space=14.4%, giving ρ=1797−0.144×998=1653 g/dm3.



b

a

Fig. 6. (a) 1D and (b) axisymmetric model for re-analysis of leaching tests on disc- and
plate-shaped and cylinder-shaped specimens, respectively.
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the solid skeleton s0=13.9 mol/dm3, sC−S−H
0 =7.8 mol/dm3, initial

capillary pore space ϕcap=20.1%, ϕCH
max=15.5%, ϕC−S−H

max =31.4%
(using a maximum phase porosity �ϕmax

C−S−H of 0.6, see Section 2.3). For
the re-analysis of leaching experiments, two differentmodes of sequen-
tial CH dissolution/C–S–H decalcification are considered (see Fig. 7):

1. CH dissolution within 0.95≤c/ceq≤1 (“fast CH dissolution”), C–S–H
decalcification within 0≤c/ceqb0.95;

2. CH dissolutionwithin 0.65≤c/ceq≤1 (“slowCHdissolution”), C–S–H
decalcification within 0≤c/ceqb0.65.

Based on Dsol=2.5×10−10 m2/s, the evolution of calcium con-
centration in the sample enclosing reservoir from the leaching test
is represented satisfactorily (see Fig. 8). Only the first few measure-
ments are overestimated by the analysis. For these rather small time
instants the data is, however, characterized by a slope in the
double-logarithmic diagram greater than 1/2.

3.2. Leaching experiments on ordinary Portland cement paste and mortar
specimens

The ordinary Portland cement (OPC) employed for sample prepara-
tion was already characterized by a CH content of 2.8 m-% and a free
lime content of 1.5 m-% (see Table 3). For paste with w/c=0.50
Table 2
Rietveld analysis of white Portland cement.

Phase Mass fraction mx [m-%]

C3S 66.2
C2S 17.2
C3A 6.4
C4AF 2.0
Gypsum 1.0
Halfhydrate 3.2
Anhydrite 0.3
Dolomite CaMg(CO3)2 3.9
Calcite CaCO3 0.3
this amounts11 to a Ca-content of sCH, init0 =0.8 mol/dm3. This result to-
gether with the hydration stoichiometry model gives s0=sCH, init

0 +
shyd
0 =0.8+13.7=14.5 mol/dm3, sCH

0 =sCH, init
0 +sCH,hyd

0 =0.8+4.1=
4.9 mol/dm3, sC−S−H

0 =7.2 mol/dm3, initial capillary pore space
ϕcap=19.6%, ϕCH

max=2.6+13.7=16.3%, ϕC−S−H
max =29.0% (using

ϕ
max
C−S−H of 0.6).
In a differential thermal analysis the CH content of the hydrated

cement paste was determined as 19.8 m-%. Employing a paste unit
weight (dried)12 of ρ=1712 g/dm3, the calcium concentration in the
solid attributed to CH amounts to s0CH ¼ m CH=M CH� ρ=0.1982/
74×1712=4.6 mol/dm3 comparing well to the value of 4.9 mol/dm3

predicted by the hydration stoichiometry model.
The linear material functions employed for accelerated leaching ex-

periments on paste specimens with w/c=0.50 are given in Fig. 9. On
the other hand, leaching experiments were conducted on mortar speci-
mens characterized by mix proportion of 225 g water, 450 g cement,
and 1350 g quartz sand, hence w/c=0.50 and a volume fraction of
cement paste in the material system of 0.42.13 Thus, for re-analysis of
accelerated leaching experiments, the material functions for mortar cor-
respond to the material functions for paste (with the same w/c=0.50)
scaled by a factor of 0.42 (see Fig. 9). Employing Dsol=2.5×10−10 m2/s,
as identified by the accelerated leaching experiments on white cement
paste specimens, both accelerated leaching experiments on OPC paste
(Fig. 10(a)) and mortar (Fig. 10(b)) were re-analyzed showing good
agreement with the test data.

Besides the accelerated leaching experiments, a disc-shaped OPC
paste specimen characterized by w/c=0.5 was leached in deionized
water (see Fig. 11). For backcalculation of test data, polylinear equilibrium
functions for s=s(c/ceq) and ϕ=ϕ(c/ceq) (see Fig. 12) were considered,
with the location of the kinks along the c/ceq axis set according to the
data given in Fig. 1(b) [33] at c=0.001; 0.002; 0.018; 0.020 mol/l, i.e., at
c/ceq=0.045; 0.091; 0.818; 0.909 with ceq=0.022 mol/l (see Fig. 12).
The values for s0, sCH0 , sC−S−H

0 ,… ϕcap, ϕCH
max, ϕC−S−H

max , defining the loca-
tion of the kinks of the aforementioned polylinear functions s=s(c/ceq)
and ϕ=ϕ(c/ceq) along the s and ϕ axis, respectively, were determined
from the hydration stoichiometrymodel. Hereby, the amount of calcium
bound in sulfoaluminates and hydrogarnet amounts to 2.4 mol/dm3.
Akin to decalcification of CSH, the phase porosity of sulfoaluminates
and hydrogarnet after complete decalcification was set to ϕx ¼ 0:6.
The other key values needed for defining the equilibrium curves have
already been listed previously in the context of the material function
employed for the accelerated tests. In accordancewith [4] CH,monosul-
fate, ettringite, and CSH are dissolved or decalcified subsequently
during leaching (see Fig. 12).

When using a value for Dsol describing diffusive transport in bulk
water (Dsol=10×10−10 m2/s), the evolution of the calcium concentra-
tion in the reservoir is crudely overestimated (see Fig. 11). A possible
explanation, already reasoned for NaCl diffusion, is so-called structuring
of water in charged porous media including bentonite clays [61] and
cement-based materials [27]. For the latter, the diffusion coefficient in
the pore fluid and the one in bulk solution (Dsol∼16×10−10 m2/s, see
Fig. 5(a)) differs by the factor 15. Structuring of water refers to layering
of watermolecules along charged surfaces, e.g., in clay–water–NaCl sys-
tems [61] resulting in an increase of viscosity η of near-surface water.
Molecular dynamics calculations reported in [61] give a thickness of
11 Molar weight of Ca=40 g/mol, molar weight of free lime=56 g/mol, molar weight
of CH=74 g/mol; Ca-content in cement from CH and free lime of 2.8×40/74+
1.5×40/56=1.51+1.07=2.59 m-%; cement mass in 1 dm3 cement paste (with w/
c=0.5)=1000/(1000/3150+500/998)=1222 g/dm3; Ca mass content=2.59/
100×1222=31.6 g/dm3; Ca molar fraction=31.6/40=0.8 mol/dm3.
12 Unit weight from hydration stoichiometry model=1838 g/dm3; saturated capil-
lary pore space=12.65%, giving ρ=1838−0.1265×998=1712 g/dm3.
13 resulting material volume of mortar employing unit weights of water, cement, and
quartz sand of 998, 3150, and 2650 g/dm3: 225/998+450/3150+1350/
2650=0.878 dm3 giving the volume fraction of cement paste: (225/998+450/
3150)/0.878=0.42.



Fig. 8. Re-analysis of accelerated leaching test on white cement paste cylinders (diameter 28.8 mm, length 130 mm, surface in contact with the aggressive solution
28.8 π130=11,762 mm2): evolution of calcium concentration in reservoir (5000 ml 6 M NH4NO3 solution, ceq=2.9 mol/l).

Fig. 7. Material functions employed for analysis of accelerated leaching experiment on white cement paste specimens, ceq=2.9 mol/l.

Table 3
Rietveld analysis of ordinary Portland cement.

Phase Mass fraction mx [m-%]

Alite C3S monoclinic 64.7
Belite C2S 10.65
C3A cubic 2.0
C4AF Brownmillerite 11.8
Bassanite 2CaSO4∙H2O 1.4
Anhydrite 3.8
Free lime CaO 1.5
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the structurally ordered water layer in contact with the surface of ap-
proximately 0.5 nm for pure water (see Fig. 2 and its discussion in
[61]). According to [61], viscosity and diffusion coefficient change rapid-
ly in a 3–4 nm thick layer, with the viscosity η decreasing from ∼15 Pa s
toward its value in bulk condition of∼1 Pa s and diffusion coefficient in-
creasing from zero to its value in bulk solution (see Fig. 2 in [61]).

The ionic mobility is inversely proportional to η (see Eq. (16)), D±
0

and consequently Dsol
0 will decrease by the same factor by which η

increases.14 In [62], the internal surface of white cement paste with
w/c=0.5 was determined by small angle neutron scattering (SANS)
and nitrogen BET (Brunauer Emmett Teller gas adsorption theory)
at different leaching states (leaching in ammonium-nitrate solution).
Hereby, the internal surface area increased from ∼1.1×108 m2/m3

(SANS for unleached state, Ca/Si-ratio=3, value for BET:
0.8×108 m2/m3) to ∼1.8×108 m2/m3 (SANS for leached state with
Ca/Si-ratio=1, value for BET: 1×108 m2/m3). Underlying a mean
value for the internal surface area of 1.2×108 m2/m3 (see Fig. 9 in
[62]) and a thickness of the layer influenced by structuring of
3 nm=3×10−9 m, the volume fraction of the latter amounts to
0.36 m3/m3=36%. Hence, a fair amount of the pore liquid in
cement-based materials may be characterized as influenced by struc-
turing with increased viscosity and, hence, decreased diffusivity.

When employing Dsol=0.3×10−10 m2/s in the analysis (see
Fig. 11), justified by the decreased diffusivity in the case of layered
pore water with increased viscosity, the test data is represented
well with an initial slope in the double-logarithmic diagram of 1/2.
14 See molecular dynamics calculations in [61], where an increase of η=0.001 Pa s to
0.007 Pa s results in a decrease of Dsol from 17×10−10 m2/s to 2.5×10−10 m2/s, i.e.,
0.007/0.001=(2.5/17)−1=7.
Only for small time instants (i.e., at t=2, 4, 8 h), the numerical
result exceeds the experimental result. This behavior can be
explained by a dissolution kinetics law recently proposed by [34],
with the characteristic time of leaching denoted as τ (for the algorith-
mic treatment within the underlying finite-element formulation see
Appendix B). Hereby the equilibrium curves in Fig. 12 characterize the
limiting dissolution state, hence, they are not reached immediately (as
assumed until now) upon a decrease of c in the pore liquid. When
employing the dissolution kinetics law with a characteristic time τ of
200 h, the test data for small time instants is represented better, while
for larger times the result coincides with the re-analysis underlying
instantaneous dissolution. Note, that the used value of τ is about two or-
ders of magnitude larger than the values given in [34], with e.g.
τ=3.25 h. The latter value was, however, estimated based on the
diffusion coefficient representing transport in bulk water with
Dsol∼10×10−10 m2/s, what is in turn two orders of magnitude larger
CaCO3 0.3
Periclase MgO 0.9
Portlandite 2.8
Quartz 0.1



Fig. 9. Linear material functions employed for analysis of accelerated leaching experiment on ordinary Portland cement paste/mortar specimens, ceq=2.9 mol/l.
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than the diffusion coefficient employed in the present analysis with
Dsol=0.3×10−10 m2/s, accounting for layers of structured water in
the pore structure of cement-based materials.

In order to experimentally validate the material function ϕ(c), the
porosity of (i) sound cement paste and (ii) completely leached cement
paste (6 M NH4NO3 leaching) was determined by water saturation
under vacuum and oven drying at 105 °C (see [3] for outline of experi-
mental method). Two successive wetting–drying cycles were per-
formed, i.e., wetting–drying–wetting–drying, with C–S–H-LD expected
to transform into its stable form [63] after the first drying. For sound ce-
ment paste, the density decrease between the saturated and oven-dried
states amounts to Δρexp=0.391 g/cm3 in the second wetting–drying
cycle (in first cycle: Δρexp=0.406 g/cm3). Scaling by the density of
water ρH=1 g/cm3 gives access to the porosity with contributions
from the capillary porosity ϕcap and the release of gel water in C–S–H
and of crystal water from ettringite and monosulfate:

Δρexp

ρH
¼ ϕcap þ

ΔρC−S−H

ρH
f C−S−H þ 0:529f ett þ 0:338fmono: ð32Þ

Hereby, the porosity induced by ettringite dehydration was estimat-
ed based on the molar volumes given in [40] for the saturated state of
b

a

Fig. 10. Re-analysis of accelerated leaching tests, evolution of calcium concentration in
reservoir (1000 ml 6 M NH4NO3 solution, ceq=2.9 mol/l): (a) ordinary Portland ce-
ment paste disc (diameter 29.0 mm, thickness 5.8 mm, surface in contact with the
aggressive solution 2×29.02π/4=1321 mm2) and (b) ordinary Portland cement mor-
tar plate (39.9×40.4×5.07 mm, surface in contact with the aggressive solution
2×39.9×40.4=3224 mm2).
717 cm3/mol and for the dried state of 338 cm3/mol as 1–338/
717=0.529 (formonosulfate 1–229/346=0.338). The density decrease
of C–S–H gel due to dryingwas determined as 0.30 g/cm3 for C–S–H-HD
and 0.35 g/cm3 for stable C–S–H-LD (see Table 4 in [63] and [45]).
Considering volume fractions of C–S–H-LD and C–S–H-HD in C–S–H
as 0.7 and 0.3 [50,40], respectively, appropriate for w/c=0.5, the
density decrease of C–S–H is estimated as ΔρC−S−H=0.7×0.35+
0.3×0.30=0.335 g/cm3. With volume fractions of C–S–H, ettringite,
and monosulfate of fC−S−H=0.483, fett=0.064, and fmono=0
obtained from the hydration kinetics model, Eq. (32) gives a value
for the capillary porosity ϕcap of the sound material of 0.391–
0.335×0.483–0.529×0.064=0.195 compared to the value used in the
numerical analysis of 0.196 (see Figs. 9 and 12), derived from the hydra-
tion kinetics model solely.

For completely leached cement paste (6 M NH4NO3 leaching), the
density decrease between saturated and oven-dried state was deter-
mined experimentally as Δρexp=0.744 g/cm3 in the second wetting–
drying cycle (in first cycle:Δρexp=0.777 g/cm3). Since – to the authors'
knowledge – no studies on the density decrease due to drying of
decalcified C–S–H gel are available, the same density decrease as for
sound C–S–H gel of 0.335 g/cm3 is assumed. The volume fraction of
decalcified C–S–H is reduced to fC−S−H=(1−0.6)×0.483=0.193, ac-
counting for �ϕmax

C−S−H=0.6 as determined in Section 3. Finally, Eq. (32)
gives ϕ(c/ceq=0)=0.744−0.335×0.193−0.529×0.064=0.645 as
compared to 0.649 used in the numerical analyzes, derived from the hy-
dration kinetics model solely (see Fig. 9(a), ϕ(c/ceq=0) for cement
paste).
4. Summary and outlook

In this paper, a differential-scheme based formulation for diffusive
transport of calcium in the (micro)porous space of cement-basedmate-
rials, accounting for the actualmaterial compositionwith regards to the
calcium content bound in the solid skeleton and the increase of porous
space due to calcium leaching, was presented. Considering this material
model within an axisymmetric finite element formulation, leaching
tests on cement paste andmortar were re-analyzed. Hereby, the formu-
lation based on non-periodic homogenization methods constitutes a
sound description of changing material composition and morphology
in the course of material degradation due to calcium leaching. In addi-
tion to (i) the micro-to-macro transition of diffusive transport proper-
ties established by the differential scheme, (ii) the equilibrium
function relating calcium concentration bound in the solid material
skeleton to the calcium concentration in the pore fluid s(c), and (iii)
the diffusion coefficient characterizing the interstitial pore fluid, Dsol,
constitute key quantities for the analysis.

Whereas s(c) is well established and generally agreed upon in the
open literature, Dsol in bulk aqueous solution was estimated based on
standard physical chemistry arguments. The re-analysis of leaching
tests, however, revealed that Dsol characterizing the interstitial pore



Fig. 11. Re-analysis of leaching test (deionized water) on ordinary Portland cement paste disc (diameter 28.9 mm, thickness 1.15 mm, surface in contact with the aggressive solution
2×28.92π/4=1312 mm2): evolution of calcium concentration in reservoir (2290 ml deionized water, ceq=0.022 mol/l); a medium (smeared) degradation depth can be determined
as [depth in mm]=[concentration in reservoir in mol/l]×[reservoir volume in l]/[sample surface in mm2]/[initial calcium concentration bound in solid skeleton s0 in mol/mm3].
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fluid in cement paste is by a factor of ~1/45 smaller than Dsol of aqueous
solutions. A similar reduction was observed for chloride diffusion in the
pore systems of cement-based materials and may be explained by the
increased viscosity of water due to layers of so-called structured water
along the charged internal surface of cement-based materials.

For re-analysis of the initial part of leaching experiments, charac-
terized by a rapid drop in the interstitial calcium concentration, the
use of the kinetics law proposed in [18,34] has proved beneficial.
Hereby, the equilibrium functions s(c) and ϕ(c) represent the limiting
dissolution state.

Futureworkwill focus on the extension of the described dissolution/
diffusion model towards the prediction of mechanical performance
after leaching with a multiscale representation of the porous space,
i.e., separation in two or several species. As pointed out in [3], the sub-
stantial stiffness and strength degradation is accompanied by an in-
crease of pore pressure sensitivity. In the scopes of a description as a
poroelastic material, the (macroscopic) Biot's coefficient is expected to
rise with the increase of the capillary porosity due to CH leaching. On
the other hand, decalcification of C–S–H alters Biot's coefficient at the
smallest scale of observation, making the material extremely pressure
sensitive [3,2].
b

a

Fig. 12. Material functions employed for analysis of leaching experiment (deioni
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Appendix A. Algorithmization in the scope of axisymmetric
FE formulation

The field equation for the axisymmetric dissolution/diffusion
problem (with radial coordinate r) is given by

∂q
∂r þ

q
r
þ ∂ϕ

∂t cþ ϕ
∂c
∂t þ

∂s
∂t ¼ 0; ðA:1Þ
zed water) on ordinary Portland cement paste specimens, ceq=0.022 mol/l.
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where q is the ionic flux. Inserting Ficks's law specialized for axisym-
metric conditions, q=−Deff∂c/∂ r into Eq. (A.1) finally gives

−Deff
∂2c
∂r2

−Deff
1
r
∂c
∂r þ

∂ϕ
∂t cþ ϕ

∂c
∂t þ

∂s
∂t ¼ 0: ðA:2Þ

Field Eq. (A.2) is supplemented by initial conditions c(r,0)=c0(r)
and boundary conditions at the inner and the outer surface of the
considered body, i.e., at r=r1 and r=rn+1. At each boundary, either
the concentration in the pore fluid or the ionic flux qn=q n=
−Deff∂c/∂ r n, where n is the outward normal on the surface, can be
prescribed, i.e.,

c1 ¼ �c1 on Sc or Deff
∂c
∂r

				
r1

¼ �q1 on Sq;

cnþ1 ¼ �cnþ1 on Sc or −Deff
∂c
∂r

				
rnþ1

¼ �qnþ1 on Sq:
ðA:3Þ

In Eq. (A.3), n1 and nn+1 were set equal to −1 and +1, respec-
tively; �q is a prescribed ionic flux.

Weak formulation and discretization in space and time

Introducing an arbitrary virtual (continuous) concentration field
δc such that δc=0 on Sc, a weak form of the differential Eq. (A.2)
and the boundary conditions (A.3) is obtained as

∫rnþ1

r1
δc −Deff

∂2c
∂r2

−Deff
1
r
∂c
∂r þ

∂ϕ
∂t cþ ϕ

∂c
∂t þ

∂s
∂t

" #
2πrð Þdr

þδc1 −Deff
∂c
∂r
			
r1
þ �q1


 �
2πr1ð Þ þ δcnþ1 Deff

∂c
∂r
			
rnþ1

þ �qnþ1


 �
2πrnþ1
� � ¼ 0:

ðA:4Þ

Integration by parts of the first term in Eq. (A.4) results in

−2π∫rnþ1

r1
rδcð ÞDeff

∂2c
∂r2

dr ¼

−2π rnþ1δcnþ1
� �

Deff
∂c
∂r

				rnþ1
þ 2π r1δc1ð ÞDeff

∂c
∂r

				r1
þ2π∫rnþ1

r1
δc Deff

∂c
∂r dr þ 2π∫rnþ1

r1
r
∂δc
∂r Deff

∂c
∂r dr:

ðA:5Þ

Inserting Eq. (A.5) into Eq. (A.4) gives

∫rnþ1

r1

∂ δcð Þ
∂r Deff

∂c
∂r þ δc

∂ϕ
∂t cþ δcϕ

∂c
∂t þ δc

∂s
∂t


 �
2πrð Þdr þ δc1q1 2πr1ð Þ

þδcnþ1qnþ1 2πrnþ1
� � ¼ 0: ðA:6Þ

Discretization in space (c=Nv, giving Δc=NΔv and δc=Nδv)
and time (∂c/∂ t→Δc/Δt, ∂ϕ/∂ t→Δϕ/Δt, and ∂s/∂ t→Δs/Δt) gives

δvT RD þ Rϕ þ Rs þ Rbc

� �
¼ 0 ðA:7Þ

with

RD ¼ A
n

e¼1
∫reþ1

re

∂NT

∂r Deff
∂N
∂r

 !
2πrð Þdr

" #
v;

Rϕ ¼ A
n

e¼1
∫reþ1

re
NT Δϕ

Δt
N

� �
2πrð Þdr


 �
v

þ A
n

e¼1
∫reþ1

re
NT ϕ

Δt
N

� �
2πrð Þdr


 �
Δv;
Rs ¼ A
n

e¼1
∫reþ1
re

NT Δs
Δt

� �
2πrð Þdr


 �
;

Rbc ¼ 11q1 2πr1ð Þ þ 1nþ1qnþ1 2πrnþ1
� �

: ðA:8Þ

In Eq. (A.8), 11 and 1n+1 are auxiliary vectors with n+1 compo-
nents given by 11T= ⌊…,1,0,0,⌋ and 1n+1

T = ⌊…,0,0,1⌋. RD+Rϕ+Rs+
Rbc=0 is solved for discrete time instants by means of a standard
incremental-iterative solution strategy [64,65],

R kð Þ þ dR
dv

kð ÞΔv kþ1ð Þ ¼ 0;
			 ðA:9Þ

where (k) is the number of the iteration step and the consistent tangent
is given as

dR
dv

				 kð Þ
¼ A

n

e¼1
∫reþ1

re

∂NT

∂r Deff
∂N
∂r

 !
2πrð Þdr

þ A
n

e¼1
∫reþ1

re
NT Δϕ

Δt
N

� �
2πrð Þdr

þ A
n

e¼1
∫reþ1

re
NT ϕ

Δt
N

� �
2πrð Þdr

þ A
n

e¼1
∫reþ1

re
NT 1

Δt
ds
dc

				 kð Þ
N

 !
2πrð Þdr: ðA:10Þ

Note: for 1D dissolution/diffusion along the spatial coordinate x,
the terms (2πr), (2πr1), and (2πrn+1) in Eqs. (A.8) and (A.10) are
replaced by 1, and ∫reþ1

re
⋯dr is replaced by ∫xeþ1

xe
⋯dx.

Extension towards kinetics law for the dissolution process
Recently, a dissolution kinetics law (using considerations from

[18]) was proposed in [34,35], where the equilibrium function ~s ¼
~s cð Þ serves as the limiting dissolution state. According to [34], the ki-
netics law reads

∂s
∂t ¼

1
τ
T
T
ln

c
~c

ðA:11Þ

with τ denoting the characteristic time of micro-diffusion of calcium
in the pore systems, T is the reference temperature of 288 K and ~c ¼
~c sð Þ is the inverted equilibrium function given, e.g., in Fig. 12. In [34]
different characteristic times for the individual calcium bearing hy-
dration products were used; in this paper, however, a single charac-
teristic time is employed. The term ds/dc required within the
incremental-iterative solution strategy (Eq. (A.10)), previously deter-
mined directly from the equilibrium function ~s cð Þ, is now determined
from time discretization of the kinetics law for the (m+1)-st time
step Δtm+1= tm+1− tm, using ∂s/∂ t→Δs/Δt:

G s; cð Þ ¼ −Δsmþ1

Δtmþ1
þ 1

τ

�T
T
ln

cmþ1
~cmþ1 smþ1

� � ¼ 0; ðA:12Þ

G s; cð Þ ¼ 0 ⇔ dG ¼ ∂G
∂c dcþ

∂G
∂s ds ¼ 0

⇔
ds
dc

¼ −∂G
∂c

∂G
∂s

� �−1

⇔
ds
dc

¼
1
τ
T
T

1
cmþ1

1
Δtmþ1

þ 1
τ
T
T

1
~cmþ1

∂~cmþ1

∂smþ1

:

ðA:13Þ



Table B.4
Density ρ and molar mass M of the different phases in Portland cement paste (taken
from [40]).

Density ρ Molar mass M
[kg/m3] [kg/mol]

Tricalcium silicate C3S 3150 0.228
Dicalcium silicate C2S 3280 0.172
Tricalcium aluminate C3A 3030 0.270
Tetracalcium aluminate ferrite C4AF 3730 0.486
Water H 998 0.018
Gypsum CSH2 2320 0.172
Calcium hydroxide CH 2240 0.074
Hydrogarnet C3(A,F)H6 2670 0.407
Trisulfate ettringite (saturated) C6AS3H32 1750 1.255
Monosulfate (saturated) C4ASH12 1990 0.623
Calcium aluminate hydrate C4AH13 2050 0.560
Calcium silicate hydrate (saturated) C3.4S2H8 1990 0.454

Table B.5
Elementary constants appearing in derivation.

Constant Unit Description

F=9.64853×104 [C/mol] Faraday constant
R=8.31451 [J/(K mol)] Universal gas constant
N=6.02214×1023 [–] Avogadro number
k=1.380650×10−23 [J/K] Boltzmann constant
e=1.602177×10−19 [C] Elementary charge
�0=8.85419×10−12 [C2/(J m)] Vacuum permittivity

Conversion of units/constants:

1 C(oulomb)=1 A s
1 S(iemens)=1 s3A2/(m2kg)
1 J=1 m2kg/s2

1 C2/(J S)=1 s
k=R/N, F=Ne.
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Appendix B. Notation, intrinsic material parameters, and
constants used in paper

The following symbols are used in the paper:

1 auxiliary vector;
a fitting parameter in [12], ionic radius;
A, B parameters in Debye–Hückel–Onsager theory, parameters in

function describing temperature dependency of viscosity;
A assembly operator;
c calcium concentration in pore solution, molar concentra-

tion of electrolyte;
�c prescribed calcium concentration in pore solution,
~c equilibrium material function for c when dissolution kinet-

ics law is used;
c0 initial calcium concentration in pore solution,
ceq equilibrium calcium concentration of solution saturated in CH;
Deff effective diffusion tensor;
D diffusion coefficient for isotropic behavior;
D+
0 , (D−

0 ) limiting diffusion coefficient of cation (anion) for ion con-
centration approaching zero;

Deff effective diffusion coefficient for isotropic behavior;
Dsol diffusion coefficient in interstitial pore solution;
Dsol
0 electrolyte diffusion coefficient for ion concentration

approaching zero;
D fitting parameter in [12];
e elementary charge;
E Young's modulus;
Eeff effective Young's modulus;
Em Young's modulus of matrix material;
F Faraday constant;
fC− S−H volume fraction of C–S–H;
fett volume fraction of ettringite;
fm volume fraction of matrix material;
fmono volume fraction of monosulfate;
I (second-order) unity tensor;
k Boltzmann constant; number of iteration step
K constant in Kohlrausch's law;
mCH CH mass fraction;
MCH molar weight of CH;
n outward normal;
n, n+1 number of elements, number of nodes;
m time step of incremental analysis scheme;
N Avogadro number
N matrix of shape functions
q constant dependent on symmetry/asymmetry of electrolyte;
q, q molar flux;
�q prescribed molar flux;
r radial coordinate;
R universal gas constant;
Rx residuum vector;
s (apparent) calcium concentration bound in solid skeleton;
~s equilibrium material function for s when dissolution kinet-

ics law is used;
s0 initial (apparent) calcium concentration bound in solid

skeleton;
sCH
0 (apparent) calcium concentration from CH bound in solid

skeleton;
sC− S−H
0 (apparent) calcium concentration from C–S–H bound in

solid skeleton;
Sc boundary with prescribed calcium concentration in pore

fluid;
Sq boundary with prescribed ionic flux;
t time;
T temperature;
T reference temperature;
Tϕ tortuosity;
u+, (u−) ionic mobility of cation (anion);
v vector of nodal concentrations;
w/c water/cement mass ratio;
x spatial coordinate;
z+, (z−) elementary charge of cation (anion);
α function describing concentration dependency of molar

conductivity;
δc virtual concentration field;
ΔρC− S−H density decrease of C–S–H gel due to oven drying;
Δρexp experimentally determined density decrease;
� electric permittivity of water;
�0 vacuum permittivity;
�rel relative permittivity;
η viscosity of water;
κ conductivity of electrolyte solution;
κ parameter in Debye–Hückel–Onsager theory;
λ+
0 , (λ−

0 ) limiting molar conductivity of cation (anion) for zero ion
concentration;

Λm molar conductivity of electrolyte solution;
Λm
0 limitingmolar conductivity for zero electrolyte concentration;

νm Poisson's ratio of matrix material;
ν+, (ν−) number of cations (anions) per stoichiometric unit of

electrolyte;
ρ density;
ρH density of water;
τ characteristic time;
ϕ pore space;
ϕCH
max additional pore space due to complete CH dissolution;

ϕC−S−H
max , �ϕmax

C−S−H additional pore space due to complete C–S–H

decalcification, scaled to volume fraction of C–S–H;
ϕcap initial capillary pore space;



Table B.6
Relative permittivity of water [66].

T [°C] �rel [–]

0 87.90
10 83.95
20 80.18
30 76.58
40 73.15
50 69.88
60 66.76
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