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Chemical equilibrium modeling of cementitious materials requires aqueous-solid equilibrium constants of
the controlling mineral phases (K,) and the available concentrations of primary components. Inherent
randomness of the input and model parameters, experimental measurement error, the assumptions and
approximations required for numerical simulation, and inadequate knowledge of the chemical process con-
tribute to uncertainty in model prediction. A numerical simulation framework is developed in this paper to
assess uncertainty in K, values used in geochemical speciation models. A Bayesian statistical method is
used in combination with an efficient, adaptive Metropolis sampling technique to develop probability density
functions for K, values. One set of leaching experimental observations is used for calibration and another set
is used for comparison to evaluate the applicability of the approach. The estimated probability distributions
of K, values can be used in Monte Carlo simulation to assess uncertainty in the behavior of aqueous-solid
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partitioning of constituents in cement-based materials.
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1. Introduction and objectives

Cementitious materials exposed to aggressive environmental con-
ditions (e.g., sulfate and chloride attack, carbonation, leaching, aging)
degrade over time which eventually leads to performance degrada-
tion and potential failure of the structure or its intended characteris-
tics (e.g., as a hydraulic or contaminant release barrier). One of the
most important components in numerical modeling of the degrada-
tion of cementitious materials under chemical attack is accurate sim-
ulation of the chemical reactions between ingressing species and
cement hydration products. Challenging issues in this regard include
— (1) determining the cement hydration products present in a hard-
ened, matured structure before exposure to the environment, and (2)
selecting chemical reactions that may take place when the structure
is exposed to aggressive species. Determination of cement hydration
products initially present in a matured material can be performed ex-
perimentally [1,2] or using cement hydration models [3-6]. Most nu-
merical models only select a limited set of chemical reactions [7-9],
and a limited set of available numerical models include flexible plat-
forms that incorporate thermodynamic information for simulating
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chemical reactions [10,11]. None of these models accounts for the un-
certainty that may be present due to the various assumptions and ap-
proximations in the model (model uncertainty), variability in the
physical parameters or errors in experimental measurements.

A considerable amount of research has been reported on the for-
ward propagation of assumed uncertainty in the chemical equilibri-
um models in geochemistry and geophysics [12,13]; but the inverse
problem of uncertainty quantification in the chemical equilibrium
modeling has not received much attention. Two key uncertainties in
many currently available geochemical speciation and reactive trans-
port models are the phases selected to represent the chemical system
and the assumption of local equilibrium for estimating the equilibri-
um phases. A majority of these models treat the thermodynamic
data obtained from the literature deterministically. However, the
K,p values are always determined indirectly and these values do not
consider the inherent randomness of the physical parameters, uncer-
tainty in the laboratory conditions under which these values were de-
termined or human error. The uncertainty in chemical equilibrium
constants can also be observed in various thermodynamic databases
[14-16]. In addition, the mineral phases are most likely present as as-
semblages with impurities rather than pure phases, which may im-
pact the equilibrium constants. This introduces more uncertainty in
the aqueous-solid partitioning behavior. The inadequate description
of the chemical state of the materials further adds to the overall un-
certainty. Thus treating equilibrium constants deterministically may
not allow broader understanding of the domain of expected system
behavior. In this paper, the initial K, values are obtained from the
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literature and then they are calibrated to reflect the uncertainty aris-
ing from various sources such as (i) the assumptions and approxima-
tions in the model, i.e., the model uncertainty, (ii) physical variability
due to inherent randomness of the material and boundary conditions,
and (iii) measurement error. In this respect, it is important to men-
tion that the model chosen affects the calibration. Thus the results
obtained are dependent on the model features such as primary ions
chosen and mineral set chosen. Quantifying the overall uncertainty
in the K, values arising from the above-mentioned three sources
can help more fully explicate the uncertainty in predictions of poten-
tial system performance.

A numerical framework is developed in this paper for calibrating
the equilibrium constants of a geochemical speciation model for ce-
mentitious materials under uncertainty. The uncertainty quantifica-
tion is performed using a Bayesian statistical method in conjunction
with adaptive Markov Chain Monte Carlo (MCMC) simulation tech-
niques. First, the experimental data used for calibration of K, values
and evaluation of applicability of the method are described. Then
the geochemical speciation model used for estimating liquid-solid
equilibrium is described. Next, the Bayesian statistical approach is
used to calibrate the geochemical speciation model using one set of
experimental data on the leaching behavior of cementitious mate-
rials. Finally, the application of the resulting probability distributions
for K, values is compared with another set of experimental observa-
tions from a material with a different mix design.

2. Materials and aqueous-solid partitioning data

Two types of cementitious materials were selected for evaluation
in this paper

(i) cements mixed with slag (samples A1 and A2), and
(ii) cements mixed with slag and fly ash (samples B1, B2 and B3).

Notably, samples A1, B1 and B2 were of U.S. origin and testing
(Vanderbilt University, Nashville, TN) while samples A2 and B3
were of EU origin and testing (Energy Research Centre of The Nether-
lands, Petten, NL). Each of these materials was evaluated for equilib-
rium aqueous-solid partitioning of constituents using standard
leaching tests.

2.1. Cements with slag

The two samples evaluated that were formulated with Portland
cement and blast furnace slag were

(i) sample A1, composed of Type I/Il cement mixed with 40% (by
mass) ground granulated blast furnace slag with 1:1.6:2.6 (by
mass) binder to sand to gravel ratio and water-binder ratio of
0.38 (by mass), and

(ii) sample A2, prepared from CEM III/B 32.5N cement containing
66% (by mass) ground granulated blast furnace slag with

Table 1
Oxide compositions of the cement samples with slag.

Oxide Sample A1 60% cement + 40% Sample A2 34% cement + 66%
ground granulated blast ground granulated blast
furnace slag furnace slag

Si0, 28.21 31.00

Al,O3 6.98 9.41

Fe,03 2.25 1.28

Ca0 52.94 48.53

Na,O 0.14 0.32

K,0 0.33 0.34

MgO 5.59 5.85

SO; tot. 2.38 2.70

Table 2
Oxide compositions of the cement-based samples with slag and fly ash.

Oxide  Sample B1 30% cement Sample B2 23% Sample B3 48%
+40% ground cement + 52% ground cement + 32% ground
granulated blast granulated blast granulated blast
furnace slag +23% fly ~ furnace slag +25% fly ~ furnace slag + 20% fly
ash + 7% silica fume ash ash

Si0, 40.75 38.57 32.89

AlL,0; 1194 13.59 10.89

Fe,05 332 3.01 2.90

Ca0 33.51 33.49 40.49

Na,0 0.22 0.25 0.29

K,0 1.01 0.99 1.03

MgO 6.01 7.01 5.64

SOstot.  1.50 1.63 3.22

binder to sand ratio 1:3 (by mass) and water-binder ratio 0.5
(by mass).

The oxide compositions of the samples are given in Table 1. The
experimental data consist of the concentrations of 6 components
(i.e., Al,Ca,Fe Mg,Si and S) at 9 pH values between 1 and 13.

2.2. Cements with slag and fly ash

The three Portland cement-based samples mixed with slag and fly
ash were

(i) sample B1, composed of Type V cement mixed with 40% (by
mass) ground granulated blast furnace slag, 23% fly ash and
7% silica fume with binder to sand to gravel ratio 1:1.3:2.7
(by mass) and water-binder ratio 0.38 (by mass),

sample B2, prepared Type I/Il cement containing 52% (by mass)
ground granulated blast furnace slag and 25% (by mass) fly ash
with binder to sand ratio of 1:2.4 (by mass) and water to bind-
er ratio of 0.38 (by mass), and

sample B3, prepared from a Type V/A 32.5N cement containing
32% (by mass) of ground granulated blast furnace slag and 20%
(by mass) fly ash with binder to sand ratio 1:3 (by mass) and
water to binder ratio 0.5 (by mass). The oxide compositions
of the specimens are given in Table 2.

(ii

~—

(iii

~

Similar to Section 2.1, the experimental data consist of the concen-
trations of 6 components (i.e., Al,Ca,Fe Mg,Siand S) at 9 pH values
between 1 and 13.

2.3. Aqueous-solid partitioning experimental data

Aqueous-solid partitioning of selected components as a function
of pH was obtained using either EPA Method 1313 ([17]; for samples
A1, B1 and B2) or CEN/TS14429 ([18]; for samples A2 and B3). EPA
Method 1313 is an equilibrium-based leaching test designed to pro-
vide aqueous extracts representing the liquid-solid partitioning
(LSP) curves of constituents as a function of eluate pH. This parallel
batch procedure consists of nine extractions at targeted pH values
and one extraction at the natural pH! of the material at room temper-
ature (21+2 °C) [17]. The solid material is particle-size reduced to fa-
cilitate the approach to solid-liquid equilibrium. Dilute nitric acid or
base (sodium or potassium hydroxide) in deionized water with a
final L/S of 10 mL/g-dry is used to achieve final extract pH values at
specified target values ranging between 1 and 13. Eluate concentra-
tions for constituents of interest are plotted as a function of eluate
pH allowing for comparison to quality control and assessment limits.
Results also provide a pH titration curve for each material. CEN/

! The natural pH (also referred to as “own pH”) is the final eluate pH response of a
deionized water extraction of a solid material (i.e., no acid or base added) conducted
at an L/S 10 mL/g-dry.
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Mineral set chosen for geochemical speciation modeling [5,25].
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constituents have been compiled in a LeachXS database [20-23] and
the test results for the samples used in this study were drawn from

Mineral Phase Expanded Formula Common Name log10Ksp the LeachXS compilation.

CeASH3) 6Ca0-Al,03 31,0 Ettringite -57.09 . . . L
C3AHg 3Ca0- Ale}_SHZ; Hydrogarnet 8115 3. Geochemical speciation model for aqueous-solid equilibrium
C3FHg 3Ca0-Fey0361,0 Fe-Hydrogarnet -74.03

C,ASHg 2Ca0-AL05-Si02 80,0 Stratlingite -50.23 The geochemical speciation code, ORCHESTRA [24], was used to
GofSHs 2C0-Fe;03 5025110 Fe-Stratlingite -43.43 numerically model the leaching behavior of the materials evaluated
Cy67SH 1 1.67Ca0-Si05211,0 Jennite -29.42 . . . . . . .
cH Ca0-H,0 : Portlandite 22.80 in this paper. The chemical reaction equations were written in
CSH, €a0-503.2110 Gypsum 460 terms of the selected primary species Al*3Ca®2Fe*3 Mg*2,
Al(OH); (amorphous) - Gibbsite -9.24 H4Si04,504 2,H,CO5 and H™. The simulations were performed by in-
GoS24H32 2€a0-2.45i02 34,0 Tobermorite-I -28.03 cluding all aqueous complexes available for these components in
glf’SfH” 0.83€00-5102 13140 gﬁ?gmome'n ;71i26 the MINTEQ database [25], as well as the mineral phases chosen
Fe(OH)s . Ferric Hydroxide ~ -5.00 from Cemdata2007 [5] and MINTEQ database [25] as listed in
CsFSH3, 6Ca0-Fe;03 351,0 Fe-Ettringite -55.19 Table 3. The activity coefficients were calculated using Davies' equa-
Mg(OH), - Brucite -16.84 tion [26] at room temperature (25 °C) assuming a constant ionic
¢ao-C0; . Calcite . -7:20 strength of 0.1 mol/L. A preliminary sensitivity analysis showed that
M4ACHgy 4MgO0-Al,03-C0, 81,0 CO3-Hydrotalcite -67.53

TS14429 is very similar to EPA Method 1313. The main difference is
that the end pH values in CEN/TS14429 are not as fixed as those in
EPA Method 1313. It is stated in the CEN/TS14429 that the deviation
between pH at times 44 and 48 h from the start of the experiment
shall not exceed 0.3 pH units. Acid or base addition between cumula-
tive extraction times of 44 and 48 h shall not exceed 2% of maximum.
An inter-laboratory validation study has shown that both methods
provide results that cannot be distinguished within method uncer-
tainty [19]. Results for a wide range of materials, test conditions and

the difference in leaching behavior of the selected components with
and without the assumption of constant ionic strength of 0.1 mol/L
was insignificant for this simulation. Thus the constant ionic strength
was assumed in this paper. All mineral precipitation-dissolution re-
actions were assumed to be under local equilibrium condition. Reac-
tion kinetics was not taken into account in this work, as information
on kinetic rates for most of the minerals are not available in the exist-
ing literature. Alternatively, treating the kinetic rates as calibration
parameters would require more than the available data. In this
paper, K,p, values of the mineral phases are used as calibration param-
eters. On the other hand, K, values of the minerals as well as the
complex ions or only the complex ions could have been chosen to re-
flect the uncertainty arising from various sources. However,
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Fig. 1. Comparison of model predictions of total dissolved concentrations of six components with experimental results for sample Al.
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Fig. 2. Comparison of model predictions of total dissolved concentrations of six components with experimental results for sample B1.

calibrating all the K, values of the minerals as well as the complex
ions requires more data than was available. Therefore, only the min-
eral phases were chosen to reflect uncertainty. The general calibra-
tion framework as explained in this paper, would be equally
applicable in any of the aforementioned cases (only minerals, only
complex ions, both minerals and complex ions).

Initially, the mineral set (i.e., a set of precipitation-dissolution re-
actions) must be selected that represents the chemical composition of
the material, partitioning of chemical species between the pore solu-
tion and solid phases, and the minerals that may form as a result of
chemical reactions. The mineral set was represented as a set of

Prior distributions
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Fig. 3. General framework for model calibration under uncertainty using experimental
observations.

possible reactions and equilibrium constants (K, values) as obtained
from literature. The inputs to the ORCHESTRA geochemical speciation
model are the initial available concentrations of the components and
the pH of the solution in which the samples are immersed. The initial
available concentrations of the components were obtained by select-
ing the maximum leached amounts of the components within the pH
range of 1 to 13. These values were assumed to be the maximum
amounts available for chemical reaction and less than or equal to
the total amounts present in the system. The model calculates the lig-
uid-solid equilibrium phases given the set of minerals present in the
system and calculates the total dissolved amounts of the components
at different pH conditions.

A set of 17 minerals was chosen (Table 3) as the final set based on
literature reports [5,25] and by comparing the simulation results with
the experimental observations of samples A1 and B1 (Tables 1 and 2
in Section 2), after several preliminary trial runs with different miner-
al sets. Among these minerals, calcium silicate hydrate was modeled
using four phases, as a combination of two concurrent solid solution
system [5,27] — (i) mixture of amorphous silicon dioxide and
Tobermorite-I and (ii) mixture of Jennite and Tobermorite-II. The
rest of the minerals were treated as pure phases. The model predic-
tions of total dissolved concentrations of six components (i.e., Al,Ca,
Fe,Mg,Si and S) using the selected mineral set for the samples A1l
and B1 are shown in Figs. 1 and 2. It is important to mention that a
good model prediction could not be achieved for Silicon in the low
pH region (pH<7) using several combinations of mineral phases in-
cluding the combinations recommended for cementitious materials
in the literature [5,6,11]. A possible explanation would be that at
low pH range the Si concentration is not determined by equilibrium
but by slow reaction kinetics, which was not included in the current
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model set-up. However, the deviation at low pH does not affect the
calculations in the alkaline pH range. In municipal solid waste incin-
eration (MSWI), bottom ash clay formation has been observed during
aging under exposure to moisture and contact with the atmosphere
[28]. Similar processes may lead to formation of more soluble Si-
containing phases upon carbonation of cement-based products as
well, which could explain the dissolution behavior as well. However,
the lowest pH observed in low-pH cements is around pH 9 [29,30]
and remains about pH 7 even after carbonation. Therefore, the devia-
tion in the Si model predictions for pH<7 was not addressed in this
paper. However, the model reproduced the trends in the behavior of
the other components over the whole pH domain. Thus the experi-
mental results for the other components were kept in the simulation
for the sake of completeness. It can be observed from Figs. 1 and 2
that the model reproduced the trends in the leaching behavior of
the samples. However, the scatter in the data cannot be captured
using a deterministic model. The scatter in the data may come from
uncertainty in the experimental measurements and material hetero-
geneity; the differences between experimental results and model
predictions are further confounded by uncertainty in various model
parameters and assumptions. Quantification of uncertainty in directly
measurable parameters, such as concentrations of species and pH, is
generally performed by using measured data. Uncertainty in the
model parameters (unobservable or not directly measurable) can be
quantified by updating the model parameters using Bayesian statisti-
cal inference.

4. Bayesian calibration framework

In Fig. 3, G(0,s) represents a numerical model in general. The
model can be a simple equation, a set of simultaneous equations
(such as the chemical equilibrium model, ORCHESTRA, used here),
or a multi-scale, multi-physics coupled model. In the figure, 6 is an
array of model parameters (having one or more values), s is an
array of inputs (having one or more values), and y is a scalar array
or a matrix of output variables (such as aqueous concentrations as a
function of pH as in the problem being addressed in this paper). In
many cases, y = G(6, s) does not represent an explicit relationship be-
tween inputs and outputs (e.g., in the problem being addressed in this
paper). In this case, the expression represents a set of aqueous-solid
chemical equilibrium equations, containing several assumed un-
known coefficients denoted as model parameters (i.e., K, values).
The solution of the speciation calculation provides leached concentra-
tions (y) of one or more species. In the particular case addressed in
the paper, the model parameters are the equilibrium constants (6)
and the input parameters (s) are the concentrations of the species ini-
tially present in the system at time (t=0). The parameter y is a one
dimensional array of the model realizations composed of concentra-
tions of one species at the end of the simulation; it is a multidimen-
sional array if the model realization provides the concentrations of
more than one species. If experimental observations (a single value,
an array or matrix of values) are available (d), the model can be cali-
brated to obtain information about the unobservable model parame-
ters, 6.

There are typically three ways of calibrating a model

(1) The least squares method [31,32]: The sum of the squared er-
rors between model prediction and experimental observations
is minimized to obtain a single set of model parameters. This
method assumes symmetric error distributions and therefore
yields symmetric confidence intervals of the fitted parameters,
which may not be appropriate if there are asymmetric (non-
normally distributed) errors in the underlying chemical
model and experimental results.

(2) The maximum likelihood estimation: The probability of ob-
serving the model parameters is maximized to obtain a single

set of model parameters [31,33]. The drawbacks of this method
are the same as those in the standard least squares method.

(3) The Bayesian method: The input parameters and the errors as-
sociated with the observations are treated as random variables
[34] to obtain distributions of the model parameters instead of
a single set. The asymmetric error in the underlying model and
experimental observations can also be incorporated in this
flexible model calibration approach. In this paper, the Bayesian
model calibration approach is adopted to determine probabili-
ty distributions for the K, values of the mineral phases as-
sumed to be present in the cementitious material.

The Bayesian calibration method is based on Bayes' theorem [31]
expressed as

f(6)f(d]0)

Joh= [ fO(d6)do W

where 0 and d are the calibration parameters and the experimental
observations, respectively, f(6|d) is the probability of observing 6
given d (also known as posterior distribution of 6), f(0) is the prior
knowledge of 6 that may be extremely poor (also known as prior dis-
tribution of #), and f(d|0) is the probability of observing d given 6 (also
termed as the likelihood function of 6, i.e., L(6)). The relation between
the experimental observations and the model response is expressed
as

d=G(0,s)+¢ (2)

where ¢ is the overall error due to error in experimental observations,
physical variability in the parameters, and various assumptions and
approximations made during the modeling process, i.e., model uncer-
tainty. For unbiased observations, ¢ is generally assumed to have a
normal distribution with zero mean and a variance 0 where the var-
iance could be assumed, given or calibrated [34,35]. It can also be
modeled as a Gaussian process [35]. For this case, the likelihood func-
tion, L(0), is expressed as

L(6) = f(dlo) =

2
1 _m—c@g)} )

——ex
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For a multivariate model output, Eq. (2) transforms into
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Fig. 4. General framework of Metropolis algorithm for generating samples from an un-
known distribution.
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where d; is a multi-element array of observations of ith observable
parameter and ¢; is the corresponding error array. The likelihood
function is then given by

L(0) = q f(dijo) (5)

where f(d;|0) is given in Eq. (3). The process of evaluating the poste-
rior distribution, f(6|d), becomes challenging if the model is a com-
puter code where no analytical form is available for f(6|d). This has
been the most significant challenge in implementing the Bayesian
method in parameter updating [36]. In such cases, the Markov
Chain Monte Carlo sampling method [36,37] has been used to gener-
ate the posterior distributions of the parameters.

The denominator on the right hand side of Eq. (1) is a constant
and therefore the expression reduces to

f(61d)o<f (0)f (d]6). (6)

If the model parameters are assumed to be independent, the joint
prior distribution can be expressed as the product of the prior distri-
butions. Thus Eq. (6) transforms into

f(6]d)e ﬂf( i) ﬂf(d 16). )

4.1. Markov Chain Monte Carlo simulation

The Markov Chain Monte Carlo method is generally used to con-
struct an arbitrary distribution, m(x), by drawing samples from the
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Table 4
Model parameter values — prior and posterior medians.
Mineral phase  Prior medians Posterior Difference  Skewness
(means) log;oKsp  medians log;oKsp
Sio, 271 2.51 0.20 0.18
C5S5.4H35 —28.03 —2924 1.21 —1.22
Ci.67SH2.1 —29.42 —27.53 —1.89 0.08
Co.83SH1 3 —11.26 —12.56 1.30 —0.93
Mg(OH), —16.84 —17.07 0.23 —0.08
Ca0- CO, —7.20 —7.31 0.11 —0.14
Fe(OH)3 —5.00 —6.48 1.48 —0.18
CSH, 4.60 3.80 0.80 —0.63
CH —22.80 —22.64 —0.16 —0.58
CsASH3; —57.09 —67.71 10.62 —1.01
AI(OH)3 —9.24 —9.82 0.58 —0.04
C3AHg —81.15 —99.41 18.25 —0.33
CsFHe —74.03 —99.23 25.19 —0.50
CsFSH3; —55.19 —53.91 —1.28 —0.90
C,FSHg —43.43 —42.60 —0.82 —0.07
M4ACHg —67.53 —58.81 —8.73 0.30
C,ASHg —50.23 —46.99 —3.23 0.26

distribution. In this case, x is a specific value of the random variable
X. An example of an arbitrary distribution is f(6|d) as given in Eq. (6).
Here, 6 is a specific value of the distribution parameter © and d is the
observed data. In any time-dependent process, the state of the system
at time t is dependent on the previous states up to time t — 1. This is the
basic characteristic of a Markov process where the state of a system at
the current iteration step is only dependent on the previous iteration
steps. Thus samples drawn from a distribution at a particular iteration
step are dependent on the samples drawn at the previous iteration
steps. The details of the algorithm used to generate samples from an
arbitrary distribution are given next.

There are several algorithms available for generating samples
from an unknown distribution using the concept of a Markov process,
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Fig. 5. Prior and posterior distributions of chemical equilibrium constants used in aqueous-solid equilibrium modeling for Sample A1.
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e.g., Metropolis algorithm [38], Metropolis-Hastings algorithm [37],
Gibbs sampling [39], adaptive Metropolis algorithm [40], delayed re-
jection method [41]. In this paper, the adaptive Metropolis algorithm
combined with the delayed rejection method is used for calibrating
the model parameters.

The ultimate goal is to generate samples from the unknown target
distribution. As the form of the target distribution is not known, a dis-
tribution is proposed which is denoted as the proposal distribution. In
the original Metropolis algorithm [38], samples are generated from a
symmetric proposal distribution, g(x), such as from assumed uniform,
normal, or symmetric triangular distributions. If q(x) is a multivariate
distribution, the components of X can be generated sequentially; this
process is known as the single component Metropolis algorithm. Alter-
natively, all samples can be generated simultaneously, which is
known as the random walk Metropolis algorithm [42]. The framework
of the Metropolis algorithm, is a special case of the more general Me-
tropolis-Hastings algorithm [37], is shown in Fig. 4.

The algorithm is initialized with a sample, x; at t =0 (i.e., xo). Then,
the next sample, y, is generated from a symmetric proposal distribu-
tion, q(y|x.), centered at the current state. The following expression is
evaluated for the candidate sample [41,43]

Ty)qWx,)

M) = e ate )

(8)

with the condition that the proposal distribution be symmetric, i.e.
q(y|x:) = q(xy). Therefore, Eq. (8) reduces to r(x,y) =mn(y)/m(x,) as
shown in Fig. 4 for the general Metropolis algorithm. Here, q(x.|y) is
the probability of generating x, from a distribution centered at y and
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similarly, q(y|x,) is the probability of generating y from a distribu-
tion centered at x,. The sample, y, is accepted if the ratio, r(x;,
y)=1.1f r(x, y) <1, the sample is accepted with probability r(x, y).
The method for imposing this condition is to generate a random
sample, o, from a uniform distribution between 0 and 1 and if
r(X;, ¥) >, then the sample is accepted and if r(x;, y) <c, the sample
is rejected and then the process is repeated until a sufficient num-
ber of samples are generated.

The most common ways of checking the stability and convergence
of the algorithm are by evaluating the trace plots of the generated
samples and their characteristics. For example, the plots of generated
samples and their statistical parameters such as mean and standard
deviation, with respect to the number of iterations can be checked
for convergence. The distribution constructed from the generated
samples is said to have converged to the target distribution if the
samples manifest stationary behavior, i.e., statistical evaluation of
the samples indicates a constant mean and a constant standard
deviation.

The two most important requirements for efficiently executing the
algorithm are (i) a good initial value and (ii) a good proposal distribu-
tion. The most commonly used proposal distribution for the Metrop-
olis algorithm is a normal distribution with mean at the current
sample point and an assumed variance. Rigorous manual tuning is
often needed to find an optimum variance [42] for the algorithm to
perform efficiently. Several efficient sampling techniques have been
proposed to optimize the performance of the algorithm, e.g., adaptive
direction sampling [44], the adaptive Metropolis algorithm [42], the
adaptive Random Walk method [45], and the delayed rejection meth-
od [46]. The adaptive Metropolis algorithm combined with the
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delayed rejection method [47] is used in this paper to circumvent the
problem of manual tuning of the proposal distribution.

4.1.1. Adaptive metropolis algorithm

In the adaptive Metropolis algorithm, the proposal distribution
adapts itself automatically using samples generated during the sam-
pling process. Sample generation and acceptance/rejection are first
performed as in the original Metropolis algorithm for a certain num-
ber of iterations (tp) assumed by the analyst. Then, the samples are
generated from a k-dimensional Gaussian proposal distribution,
N(x,C;) with mean x; and covariance C; calculated as

C - Co t<t,
E7 | SqCoV(Xg, Xy, eeees Xeq) + Sgely >ty

9)

where Cp is the initial covariance matrix, s4 is a scaling parameter
taken to be 2.4%/k [40,48] because this value has been shown to opti-
mize the performance of Metropolis algorithm for Gaussian targets
and Gaussian proposal distributions, is a very small positive number
that prevents the covariance from being zero (in case of rejection of
all samples), and I, is a k-dimensional identity matrix. The covariance
matrix is updated after the initial burn-in period (t, = 1000 iterations
in this paper) at an interval of 100 iterations. The steps for calculation
of the acceptance ratio and the scheme for determining which of the
samples are accepted or rejected are the same as in the original Me-
tropolis algorithm (Fig. 4). This scheme can be applied both in single
component and in random walk methods of sample generation. The
single component sample generation method takes considerable
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computational time for high dimensional problems (>15), such as
the problem considered in this paper.

The random walk Metropolis algorithm is faster than the single
component Metropolis algorithm. A total of N samples (accepted +
rejected) are generated in N steps in the random walk scheme,
whereas the same number of samples is generated in Nx k steps for
the single component scheme, for k dimensional problems. The ran-
dom walk scheme is more economical than the single component
scheme when each simulation realization is computationally inten-
sive. Thus the random walk algorithm is chosen to reduce the number
of times the needed chemical equilibrium calculations are performed.
But the initial selection of a multivariate proposal distribution is more
challenging for the random walk scheme than the single component
scheme. The adaptive Metropolis algorithm circumvents the problem
of manual selection of the proposal distribution by adapting automat-
ically using generated samples. However, the adaptive Metropolis al-
gorithm is useful only when at least some samples can be generated
from the untuned proposal distribution. In this respect, the delayed
rejection scheme provides a way of addressing the issue. The adaptive
Metropolis method, in conjunction with the delayed rejection scheme
(as described in the next section) was selected to enhance the perfor-
mance of the random walk scheme as well as to gain computational
speed.

4.1.2. Delayed rejection method

The basic strategy of the delayed rejection method is that if the
newly generated sample from the proposal distribution (termed as
first stage proposal distribution) is rejected, instead of staying at the
previous sample point, another proposal distribution (termed as
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Fig. 8. Prior and posterior distributions of chemical equilibrium constants used in aqueous-solid equilibrium modeling for Sample B1.

second stage proposal distribution) is used to generate the next sam-
ple. This process can be repeated as many times as desired. If the
process is repeated n times, then the method is commonly known
as a n-stage delayed rejection method. Following is a description of
a n-stage delayed rejection method.

Let the first stage proposal distribution be q;(y1|x;) that is sym-
metric and centered at the previous sample x,. The probability with
which the sample is accepted is expressed as

T(y1)q: 4 \Xr)>

My = mi“(l" (%) ey (10)

Table 5

Model parameter values — prior and posterior medians.

Mineral Prior medians Posterior Difference Skewness
phase (means) medians

Si0, 2.71 2.59 0.12 0.02
C,S2.4H3 —28.03 —31.73 3.70 —1.03
C167SHa1 —29.42 —29.42 0.00 —1.04
Cog3SH13 —11.26 —1243 1.17 —1.17
Mg(OH), —16.84 —16.47 —0.37 0.15
Ca0- CO, —7.20 —6.81 —0.39 0.62
Fe(OH)3 —5.00 —6.49 1.49 —0.62
CSH, 4,60 3.88 0.72 —0.79
CH —22.80 —21.65 —1.15 —1.80
CsASH3; —57.09 —62.82 5.73 —0.69
Al(OH)3 —9.24 —8.53 —0.72 —0.04
C3AHg —81.15 —77.93 —3.23 —1.59
CsFHg —74.03 —74.15 0.11 —1.05
CFSH3; —55.19 —53.28 —1.91 —0.11
C,FSHg —4343 —40.22 —3.21 —0.03
M,4ACHg —67.53 —70.54 3.00 —0.51
C,ASHg —50.23 —49.91 —0.31 —137

which is similar to Eq. (8). If the sample is rejected, another sample,
y», is generated from a second stage proposal distribution, q»(ya|x;,
y1). The acceptance ratio then is calculated as

m(Y2)q: (V21Y1)q2
(X )q1 (X¢|Y1)42

(y2|y1?xt)[]_rl(y2ﬁyl)]> (11)

5 (X, V1,Y,) = min| 1,
2% Y1.Y2) ( (%l Y) 1= (g, 9]

Similarly, when all the samples from y, to y, _ ; are rejected, the n-
th stage acceptance ratio is calculated as

rn(xtayM.VZw---:yn)

— min( 1. Y% Y0018 V001 Yn2)---
L X)G (XY D (XY 1, Y2) - Gn (XY 1, Y2

qn(ynlynfl-r"'vxt)
+Yn)

_rZ(ymyn—]vyn—Z)]"'“_rn—l( n» yl]
=Ty 1 (X, Y15 -00:Yn—1)]
(12)

S Ll (V720D L
(1=ry (xe, YD1 =12(Xe, Y1, Y2

The sample, y, is accepted if the ratio, r,,(Xs, ¥1,....Vn) = 1. If (e,
Y1,..-,Yn)<1, the sample is accepted with a probability r,,(x;, y1,-..,Yn)-
The analyst may decide to continue with the search of a “good” sam-
ple based on the ratio becoming greater than or equal to one. Alterna-
tively, the analyst may decide to limit the number of attempts to a
certain value depending on the time requirement of the simulations.
In this paper, only two attempts were made to find a “good” sample.
If the “good” sample was not found at the end of second attempt, the
starting sample was kept at that iteration step. Following Haario et al.
[47], the first stage proposal distribution was assumed to be a multi-
variate normal distribution N(x, C;) where C; was the covariance
matrix as defined in Eq. (9), and the proposal distribution in the fol-
lowing stages was assumed to be a multivariate normal distribution
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Fig. 9. Median model predictions and 95% prediction intervals of total dissolved concentrations for six components compared to experimental observations of Sample B1.

Note: Experimental data at pH<7 for Si were not considered in the calibration.

N(x,, C;) where C;=vC, and 7y is any positive number less than 1.
Haario et al. [47] assumed vy to be 0.01 for a two stage delayed rejec-
tion adaptive Metropolis method.

5. Results and discussions

One set of materials was used for calibration of the chemical equi-
librium constants and then another set of materials, using the same
model and probability distributions for K, values as determined
from the calibration cases, was used as comparison cases to assess
the robustness of the approach. The MATLAB implementation of the
adaptive Metropolis and delayed rejection adaptive Metropolis
schemes (DRAM) by Laine [49] was used in this paper in conjunction
with the geochemical speciation code ORCHESTRA for numerically
simulating the liquid-solid equilibrium for the cementitious mate-
rials. It is important to mention here that even though it was assumed
that the model parameters were all independent at the beginning of
the simulations, the interdependency of the parameters are reflected
in the posterior distributions. Sets of equilibrium constants were gen-
erated simultaneously during the Markov Chain Monte Carlo simula-
tion and used in the chemical equilibrium calculations. The
interactions of the parameters are reflected through the solutions of
the set of simultaneous equations in the chemical equilibrium model-
ing. Thus the posterior distributions generated using the Markov
Chain Monte Carlo approach inherently incorporated dependencies
among the model parameters.

The input parameters of the model were the predetermined pH
values and the total leachable concentrations of the species obtained
from the LeachXS database. The outputs of the model were the total

dissolved concentrations of six components (ie. Al Ca,Fe,Mg,
Si and S) as a function of pH. The difference between the experimen-
tal results and model predictions were calculated on log-transformed
values as the concentration values vary orders of magnitude and log-
transformation allows equal emphasis to be placed on the whole
domain of the responses. The following subsections provide the
calibration and comparison results for the two cases — (1) cements
mixed with slag and (2) cements mixed with slag and fly ash.

5.1. Cements with slag

Sample A1 was chosen for calibration of the model parameters
using the Bayesian statistical method. It was assumed that the total
leachable concentrations are normally distributed with mean values
as obtained from the literature and a 10% coefficient of variation
(COV). pH was also assumed to have a normal distribution having
mean values at the measured values and 0.1 standard deviation. The
prior distributions of the log of the model parameters were assumed
to be independent and normally distributed with mean values
obtained from the literature and 50% coefficient of variation. A large
coefficient of variation was chosen so that the assumed initial prior
distribution was not completely non-informative, covered a large
range of values, and put more emphasis on the K, values obtained
from the literature. As mentioned previously, the plot of accepted
samples vs. iterations show convergence of the generated samples
to the target distribution. The posterior (calibrated) distributions
were created by using the last 30,000 samples generated after con-
vergence. The calibrated distributions constructed from the gene-
rated samples (histograms) were treated as refined distributions.
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Alternatively, smooth distributions can be constructed using well-
known parametric distributions or nonparametric kernel-density
functions. However, the generated samples were directly used in
the paper to preserve the correlations among the parameters. Fig. 5
shows the prior (assumed) and posterior (calibrated) distributions
of the model parameters. Table 4 shows the medians of prior and pos-
terior distributions (in log-scale), the differences between them, and
the skewness of the posterior distributions (a measure of asymmetry
of the posterior distributions). It can be observed from Fig. 5 and
Table 4 that most of the posterior distributions are much narrower
than the prior distributions indicating that very narrow regions of
the posterior distributions are supported by the experimental obser-
vations. Additionally, none of the posterior distributions except for
Calcite retained its original shape. This result suggests low impact of
this mineral on the solid-liquid equilibrium of this particular system.
Some of the posterior distributions (e.g., Tobermorite-I, Tobermorite-
II, Gypsum, and Al-Ettringite) show asymmetry in the figure as well
as in the measure of asymmetry (i.e., skewness) in Table 4. This con-
firms the capability of the Bayesian approach to discover asymmetry,
which is not possible with least squares-based calibration. This result
also indicates that the mineral-dissolution/precipitation may be ki-
netically retarded leading to undersaturation of the pore solution
with respect to these minerals. 3000 Monte Carlo simulations were
then performed by using 3000 sets of equilibrium constants from
the posterior distributions of the model parameters. The model pre-
dictions were used to calculate 2.5th and 97.5th percentile values to
obtain 95% prediction intervals. This method of prediction interval
estimation (nonparametric) does not require any assumption regard-
ing the underlying population. Fig. 6 shows the median model
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predictions and the prediction intervals compared to the experimen-
tal results. It can be observed from the figure that the median model
predictions capture the trends in the experimental results and the
95% prediction intervals encompass much of the scatter in experi-
mental values.

As cement chemistry is primarily governed by the ratio of the
availabilities of various species, the second sample (Sample A2), sim-
ilar in composition to Sample A1 (Table 1), was used as a comparison
case for the calibration results. Fig. 7 shows the 95% prediction inter-
vals, median model predictions and experimental results for Sample
A2. As before, it can be observed from the figure that the median
model predictions reproduce the trends in the experimental results.
The 95% model predictions also encapsulate the majority of the ex-
perimental data. Therefore, this approach adequately quantified the
uncertainty in the chemical equilibrium modeling and propagated it
to represent the uncertainty in the chemical behavior of a similar ce-
mentitious material.

5.2. Cements with slag and fly ash

Similar to the previous subsection, Sample B1 was used to cali-
brate the equilibrium constants. As before, prior distributions of the
model parameters were assumed to be Gaussian with mean values
obtained from the literature and 50% COV. The available/leachable
concentrations of species were assumed to have normal distributions
with mean values obtained from the experimental data and 10% COV;
pH was assumed to be normally distributed with mean values at the
experimental data points and 0.1 standard deviation. Similar to
Section 5.1, posterior (calibrated) distributions were created from
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Fig. 10. Median model predictions and 95% prediction intervals of total dissolved concentrations for six components compared to experimental observations of Sample B2.

Note: Experimental data at pH<7 for Si were not considered in the calibration.
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the last 30,000 samples generated (histograms) after convergence of
the generated samples to the target distribution. The generated sam-
ples were directly used as the refined distributions to preserve the
correlations among the parameters. Fig. 8 shows the prior (assumed)
and the posterior (calibrated) distributions. The median values of the
equilibrium constants as obtained from the literature, the median
values obtained from the posterior distributions, the difference in
the median values, and skewness of the posterior distributions are
given in Table 5. Similar to the results in Section 5.1, most of the pos-
terior distributions are much narrower than the prior distributions
indicating that a very narrow region in the parameter space is sup-
ported by the experimental observations. Except Calcite, none of the
posterior distributions retained its originally assumed shape. This
may be caused by the possibility of low impact of Calcite on the chem-
ical equilibrium simulation. The asymmetry in some of the posterior
distributions (e.g., Tobermorite-I, Jennite, Tobermorite-II, Gypsum,
and Al-Ettringite) may be caused by kinetic retardation in the forma-
tion of the minerals. 3000 Monte Carlo simulations were performed
by using 3000 sets of equilibrium constants obtained from the poste-
rior distributions. Fig. 9 shows the 95% prediction intervals estimated
from the 2.5th and 97.5th percentile values of the model predictions,
median model predictions and the experimental data for Sample B1.
The figure shows that the model prediction captures the trends in
the experimental data and the prediction interval captures most of
the observed data as should be the case for a robust calibration
method.

Finally, Samples B2 and B3 (similar in composition to Sample B1)
from Table 2 were used as comparison cases for the calibrated distri-
butions of the equilibrium constants. Figs. 10 and 11 show the 95%
prediction intervals, median model predictions, and the experimental
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data for the samples. It is evident from the figures that the model pre-
dictions reproduce the trends in the experimental results and the pre-
diction intervals capture most of the scatter in the data.

The results as shown in Figs. 5 and 8 provide useful information
regarding the uncertainty in the equilibrium constants obtained
from the literature and used in the assumed chemical model, the ef-
fect of measurement errors, and the state of knowledge represented
by the chemical equilibrium model. The uncertainty arising from the
inherent variability in the physical parameters is irreducible. Model
uncertainty due to various assumptions and approximations can
only be eliminated by improving the knowledge of cement chemistry
including kinetics, which would likely require significant experimen-
tal and modeling endeavors. Using the current state of knowledge,
the uncertainty in the model parameters as quantified using the
Bayes' calibration method, combined with the likely impact of exper-
imental errors and physical variability can provide useful information
regarding the uncertainty in the chemical equilibrium model. In addi-
tion to physical variability of the parameters, chemical parameters
(i.e., equilibrium constants) introduce significant additional uncer-
tainty in the model predictions as shown in the model predictions
in this section (Figs. 6, 7, 9-11). This may also include the possibility
of having an inadequate set of minerals (contributing to model uncer-
tainty). Therefore, it is important to quantify uncertainty in the chem-
ical equilibrium model and incorporate that in the chemical response
assessment of cement-based structures.

6. Conclusions

A Bayesian calibration method was used in this paper to quantify
uncertainty in the chemical equilibrium model used for cement-
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based materials. A set of 17 mineral phases was chosen to describe
the chemical behavior of the materials studied after a preliminary in-
vestigation with several mineral sets. First, one set of experimental
results on the leaching behavior of cement-based materials was
used for calibration of the equilibrium constants, and then another
set of experimental data was used for comparison purposes to assess
the robustness of the resultant probability distributions for the equi-
librium constants. The uncertainty attributed to the chemical equilib-
rium constants accounts for mainly three sources of uncertainty —
(i) physical variability in the material properties and the boundary
conditions, (ii) model uncertainty due to various assumptions and ap-
proximations in the model, and (iii) measurement error. The key
sources of uncertainty in the geochemical speciation of cementitious
materials contributing to the model uncertainty are (i) selection of
mineral phases, (ii) local equilibrium assumption, (iii) presence of as-
semblages of mineral phases and probable absence of pure phases,
and (iv) uncertainty in the laboratory conditions under which the
Ksp values were measured. Upon calibration, most of the posterior
distributions of the equilibrium constants were observed to be
much narrower than the assumed prior distributions, and the asym-
metry in some of the posterior distributions may indicate kinetic re-
tardation in the respective mineral precipitation/dissolution. The
95% prediction intervals of the model responses described the scatter
in the experimental data, and the median model predictions agreed
with the trends in the experimental behavior. Therefore, the uncer-
tainty in the material response as captured by the prediction intervals
can be used to assess uncertainty in the chemical behavior of the ce-
mentitious materials. The quantified uncertainty in turn, can also be
used to inform uncertainty assessment in the prediction of durability
of cement-based materials under chemical attacks in a range of appli-
cations. However, more cases should be evaluated to assess the appli-
cability of this approach to a wider range of materials and cases.
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