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Abstract: Double torsion tests were performed to study subcritical crack growth
of a 3Y-TZP ceramic. A significant variation of stress intensity factor K| with
crack length was observed. In order to take into account this variation a correction
factor is introduced into the well-known analytical expression of stress intensity
factor in mode I. This has enabled us to obtain accurate crack growth parameters
i.e. an accurate measurement of (i) the three propagation stages of the subcritical
crack growth and (ii) a threshold value equal to K;g = 3-5 MPa,/m. Analytical
expression of K, based on a compliance analysis was shown to be unsatisfactory
for slow crack growth analysis because of the influence of the unbroken ligament
on the compressive side arising from the curved crack front.

1 INTRODUCTION

The time-dependent slow propagation of pre-existing
cracks is one of the most important failure mecha-
nisms of brittle materials, in particular ceramics,
under long-term loading. Thus a detailed and precise
understanding of this mechanism and eventually a
corresponding quantitative analysis is necessary to
predict life-time of ceramics accurately. The tech-
nique of double-torsion (DT) proposed by Kies
and Clark! has received considerable attention as
a direct method to determine toughness and sub-
critical crack growth (SCG) laws of ceramics, due
to its simple geometry and the possibility of con-
ducting extensive stable crack propagation in a
wide range of velocities under constant loading or
in a stress-relaxation mode.>* Studies based on a
compliance analysis® show that the stress intensity
factor is independent of the crack length. There-
fore, the DT test theoretically offers a significant
advantage in comparison with other methods.
However, recently the authenticity of the test
has been questioned.® The most important aspect
was the effective constancy of the stress intensity
factor (K;) over the specimen length. Indeed, the
non-uniform stress distribution across the specimen
thickness leads to a curved crack front,” while
analytical calculation of K; assumes a straight
front. Several investigators have shown a relatively
strong dependence of K| on crack length. Multiple
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relaxation tests performed on different polycrys-
talline ceramics present a shift to lower values of
K; as the initial crack length of the test increases,
indicating an increase in the K| value* with crack
length during SCG tests.

Experiments on a soda-lime glass have shown a
range of crack lengths where the stress intensity
factor was constant.* Therefore this dependence of
K, on the crack length in polycrystalline materials
has been attributed to the interaction of the crack
with the microstructure.* At the same time the
said dependence has also been argued as the con-
sequence of a change in the compliance formula.”®
We believe that the unbroken ligament on the
compressive side of the specimen due to the
curved crack front may have a significant role and
this has to be taken into consideration when
determining the stress intensity factor.

The variation of K| with the crack length has
been studied using a finite element stress analysis
proposed by Trantina,” and has been shown to
depend greatly on the profile of the crack front.
Corrections have also been proposed which con-
sidered the influence of the curved crack front on
the determination of crack velocity.*'*!!" However,
these studies failed to account for the variation of
K; with crack length.

In the present investigation, a simple way of
obtaining accurate slow crack growth parameters
1s proposed, keeping in mind the variation of K
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with crack length. It is well known that slow crack
velocities are directly related to stress intensity
factor at the crack tip in ceramics. Therefore, slow
crack growth tests have been performed to study
the influence of crack extension on crack velocities,
and thence on K. Possible parameters which might
be responsible for the observed variation of K| will
be discussed.

2 THEORETICAL BACKGROUND

A schematic view of the double-torsion specimen
is shown in Fig. 1. The determination of K; is based
on a compliance analysis.’ The first assumption (i)
is that compliance C, given as the ratio of load-
point displacement to the load, varies linearly with
crack length a:

C=Ba+D (1)

with B and D constant, dependent on the material
properties.

The driving force for failure, G, is related to the
applied load P and to the variation of compliance
in the following expression:

o=(3) (%] ®

where dA is the increment of crack surface area
with crack extension.’

Thus, following the assumption (i), eqn (2)
becomes:

_ PB

G =
(@gj )
2 Ba P

A second assumption (ii) leads to a simple expression
for G (eqn (4)) where dA4/da corresponds to the
thickness, 7, of the specimen (this implies that the
crack front is invariant with crack extension, and
passes through the specimen thickness).

Thus eqn (3) can be rewritten as:

P’B
2T

Considering (iii) that the failure occurs in mode I,
one can calculate K; with the following expression:

K=V 2u(l +»)G )

where » is the Poisson’s Ratio, and w the elastic
shear modulus.

Theoretical analysis of the compliance of the
DT specimen? also gives:

G= @)

B :[ I WT33‘IL'IZ’I/2W) ]

where W and Wm are the width of the specimen
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and the moment arm, and W(7/W) is a calibrating
factor.* Then, the expression for K; finally
becomes:

K, = HP )
. W, [ 31+ 2
with H= 72— [W:’ (8)

We must note that the analytical stress intensity
factor is therefore independent of the crack length.
However, a number of assumptions are involved
in this analysis and these will be discussed in
detail later (see Section 5).

3 EXPERIMENTAL PROCEDURE
3.1 Material

The material studied in this work was an yttria-
stabilized zirconia (3Y-TZP) sintered at 1450°C.
A density of 6:06 g/cm® was measured by the
Archimedes method and the average grain size
was 0-58 um. 3Y-TZP has a homogeneous fine-
grained tetragonal microstructure and thus can be
considered as a model material for brittle poly-
crystalline ceramics. At the same time it exhibits a
steeply rising R-Curve over few microns (~10 pum),
and a subsequent plateau toughness.'>'3 Therefore,
the DT study in the present investigation using
specimens containing large cracks was not per-
turbed by rising toughness.

3.2 Specimen geometry

The geometry of the DT specimen is shown in Fig. 1.
No groove was machined on the tensile side in
order to avoid any residual stress intensity factor.
The tensile surface was polished down to 1 um in
order to observe the crack with a precision of + 2
pm. The notch of dimension: length a, = 10 mm and
root p = 0-1 mm was machined with a diamond
saw. Subsequent pre-cracking induced a sharp
‘natural’ crack of length of ~13 mm in each test
specimen. A good alignment in the jig, associated

Tensile side /
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2Wrh=17mm #:
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W=20mm 72 |W(TIWrwW

Fig. 1. Double-torsion specimen and loading configuration.
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Fig. 2. Compliance C versus crack length a.

with a good control of the specimen parallelism,
allowed straight propagation through the specimen
to be achieved.

3.3 Testing methods

The experimental work consisted of constant loading
and relaxation tests. In constant loading tests,
specimens were subjected to static loads for different
durations. The crack speed in each case was calcu-
lated as a ratio of crack increment to the loading
time. SCG laws were recorded in the graphical
form of the well-known (V-K)) relation. In the
relaxation tests the pre-cracked specimens were
subjected to fast loading, followed by subsequent
stopping of the crosshead at certain load value.
Hence the crack propagation induced a load
relaxation. The load versus time curve allowed the
determination of the V-K; curve.’

4 EXPERIMENTAL RESULTS
4.1 Compliance analysis

In the range of crack lengths investigated (10-30
mm), the variation of the compliance C(a) was
measured (Fig. 2). It is to be noted that in the pre-
sent range of crack lengths C(a) is defined as a
straight line that has been fitted by a linear regression
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Fig. 3. Crack kinetic versus ratio of crack length to notch

length for three applied loads. ll: P = 110 N, @: P = 105 N,

¢: P =100 N, with ¢, = 10 mm, (O: P = 105 N, after
renotching (a, = 21 mm).
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analysis using eqn (1). This resulted in values of
B=18 X 10°N'and D = 59 X 10®¥mN". Cal-
culation of the theoretical value of B (B,) from
eqn (6) leads to: B, = 2-:0 X 10° N\, In the pre-
sent study, possible changes in K; with crack
length therefore cannot be attributed to a change
in compliance formulation, and this is relevant to
assumption (1) (see Section 2).

4.2 Constant loading test

Constant loading tests were performed in order to
investigate the relationship between crack length
and crack velocity during subcritical crack extension
in the linear region of compliance. For this purpose,
a unique specimen was loaded alternatively by
three loads (100 N, 105 N and 110 N) and crack
velocity V' was recorded as a function of crack
length for each load. The results are presented in
a log (V) versus log (a/a,) plot (full symbols in
Fig. 3). It appears that crack velocity increases
with crack length for the three applied loads. The
experimental results define three parallel straight
lines.

Therefore, in the range of crack velocities inves-
tigated (10°-10° m/s), and for a given applied
load, the velocity V appears to be linked to the
crack length by:

V= KP)ala,)" )

where a, is the notch length, F(P) depends on the
applied load and m appears to be independent of
P.

We therefore defined a corrected velocity, Vcorr,
which is a function only of the applied load P,
and 1s independent of the crack length. Vcorr is
related to V by:

Veorr = Wa,/a)" (10)

4.3 Multi-relaxation test

In order to investigate the relationship between P
and Vcorr, multi-relaxation tests were performed
on a single specimen for crack velocities in the
range of 107-10° my/s.

The results are presented in the form of log (V) or
log (Vcorr) as a function of log (P) in Fig. 4. The
effect of crack length is obvious from the shifting of
log (V) vs log (P) curves, although all of them show
similar slopes. The increase of initial crack length in
the relaxation test results in a shift to lower values
of P, due to the influence of crack extension on
K. Interestingly, the plot of log (Vcorr) vs log (P)
does not present this shift, as the effect of crack
length is now being taken into account. Note that
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Fig. 4. V (full symbols) and Fcorr (empty symbols) versus P

for three successive relaxations on the same sample. l and

[0: Final crack length: ¢ = 15-9 mm, 4 and ¢: Final crack

length: a; = 20-0 mm, @ and O: Final crack length: q; = 27-2
mm.

the slope of log (Vcorr) vs log (P) is different from
those of the log (V) vs log (P) curves.

Veorr can therefore be expressed as a function
of P by:

Veorr = L(P)* (11)*
4.4 Correction factor forK,

Combining eqns (10) and (11) gives:

V= Lpk (ai)“ (12)

Under the assumptions that (i) both the relaxation
tests and the constant loading tests were per-
formed in the first stage of the subcritical crack
propagation law (crack velocity typically less than
10~ m/s), that is to say for velocities given by the
power law relationship:'4

V= AK/ (13)

and (i) the stress intensity factor is related to P
and a by an empirical relationship of the form:

K = HP (i} (14"

Replacing the value of K; from eqn (14) in (13)
and comparing (14) with (12), we have:

*It is to be noted that the calculation of Vcorr during the
relaxation requires the knowledge of crack length at each
time of the test, which cannot directly be measured. Crack
length can be calculated, by means of the following expression:

y = Cste = C(a)P = ClapP, (1b)
where y is the displacement (constant) during the relaxation
test, and a;, P; are, respectively, crack length and load at the

end of the test.
Inserting eqn (1) in (1b), one can easily obtain:

P{Ba; + D)
(2850
B

(2b)

a=
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Fig. 5. V-K; graph resulting from the three relaxation tests

with (empty symbols) and without (full symbols) correction.

B and [ Final crack length: a; = 159 mm, 4 and ¢: Final

crack length: a; = 20-0 mm, @ and O: Final crack length:
a; = 27-2 mm.

n=k and x=m/n

Thus eqn (14) can be rewritten in the form:

k
K, = HP (ijw
aO

Hence K; can be conveniently calculated from
constant loading and multi-relaxation tests.

(14b)

4.5 Application

In the present section we will estimate values of m
and k of eqn (14b). These values can be easily
obtained using Figs 3 and 4, resulting in k£ = 32
and m = 6. Therefore, the stress intensity factor is
correctly given by:

a 6/32
K, = HP (—J (14c)
aO

Figure 5 shows the results of the relaxation tests
in the form of two sets of (log V) vs (log K;) plots.
The usual values of K| (eqn (7)) are used in the
case of first set (full symbols), whereas the
second set (empty symbols) of results is plotted
using the corrected values of K| from eqn (14c).
Poor reproducibility is observed in the resulting
V-K; curves using the K; value from eqn (7). On
the contrary, we can have a single curve representing
the V-K; relation using the other set of results
where the change in K, as a function of crack
length was taken into account in the form of cor-
rected values of K, defined in eqn (14c). It is clear

*The expression of K; in the form of eqn (14) implies that eqn
(7) is still valid for a = a,. This hypothesis seems to be realistic
because the notch defines an approximately straight crack
front through the thickness, and the specimen in this case
really consists of two independent beams. This assumption
will be addressed later (see Section 5).
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Fig. 6. Complete V-K; curves on 3Y-TZP. Ik Relaxation

method, no correction. []: Relaxation method, with correc-

tion of K;. @: Constant load technique, no correction, O:
Constant load technique, with correction.

Table 1. Determination of crack growth parameters of
the 3Y-TZP ceramic with and without correction

Method n A Kio
(MPa,/m)

Relaxation, no correction 21 1.4x107"

Constant load, no correction 355 7.5 x 107%  =3.1

Relaxation, corrected 315 1.8x 102

Constant load, corrected 316 1.8x10% 35

that the correction leads to a much better repro-
ducibility.

Additional stress relaxation and constant loading
tests were performed at higher loads in order to
determine the complete V-K; curve of the material,
and the presence of a threshold K, was investigated
with the constant load technique at low stress levels.

The ‘classical’ V-K, curves (using K; values from
eqn (7)) and the ‘corrected’ V-K; curves (using K
values from eqn (14c)) are presented in Fig. 6. It is
evident that the discrepancies involving the ‘classical’
curves can be conveniently taken into account in
the case of ‘corrected’ curves owing to their good
reproducibility at all the values of crack length.
The presence of a threshold Kjq is also more pro-
nounced in the later results. The measured crack

precrack

notch (ac=10mm)
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Fig. 8. dA/da versus crack length a.

growth parameters (4 and » in the first stage of
slow crack growth, K|,) listed in Table 1 appear
to be significantly different with and without cor-
rection. Thus one should be careful in choosing a
value of K; from eqn (7) when predicting the life-
time of ceramics, and the choice of eqn (14) seems
to be more appropriate.

5 DISCUSSION

So far we have shown that the classical expression
of K, (eqn (7)) is far from accurate as K is signifi-
cantly dependent on crack length, accordingly a
more precise estimation is obtained by means of
eqn (14).

The observed increase of K; was firstly thought
to be due to a decrease of dA4/da with crack extension
(non-verification of assumption (it) in Section 2).
Investigating this aspect further, a specimen was
broken after several subcritical crack extension
tests, and the fractured surface was analyzed using
scanning electron microscopy. Figure 7 shows
the schematic evolution of the crack profile from
a = 10 mm to ¢=21 mm. After an initial evolution of
the crack geometry from 10 mm to 13-15 mm, the
shape of the crack front remains unchanged during
propagation. dA/da has been calculated as the
ratio of increment of crack surface area to the
increase in crack length and its variation as a
function of a is presented in Fig. 8. After an initial
increase corresponding to the pre-cracking, dA/da
is constant over the present range of crack

stable crack front regime

\%

2mm unbroken ligament

(b)

Fig. 7. Evolution of the crack front with crack extension. (a): notch length 10 mm, (b) notch length 21 mm.
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lengths. The increase of K| with crack extension
cannot therefore be due to a decrease of dA4/da.

In a further argument we note that theoretical
analysis of the DT specimen considers a straight
crack front over the thickness, while obviously
this is not valid in the experimental case. There-
fore K; must locally vary along the crack front.
This has been quantified by Pollet and Burns,!!
who have introduced a calibration function ¢ on
crack velocities. True velocities (V) were related to
the experimentally measured crack velocities on
the tensile surface by:

V= ¢ Vmeasured (l 5 )

For a constant crack front geometry, as is the case
in the present study, ¢ is constant, which implies
that the true velocity is proportional to measured
crack velocity for a given applied load. Since ¢ is
constant, the observed variations of measured
crack velocities with crack length cannot be cor-
rected with the help of the so-called calibration
function ¢. The value of ¢ has been calculated for
our crack front geometry, and leads to a correction
factor value of 0-9 on crack velocities, independent
of crack length. It therefore does not imply a
significant change in the V-K| law for the present
material. It is also to be noted that other similar
corrections proposed in the literature®'® on crack
velocities do not lead to more optimistic results.
To investigate the role of the unbroken ligament
on the compressive side of the specimen, further
renotching and subsequent constant loading
experiments at 105 N were conducted on the sample
previously used in constant loading tests (Section
4.2). The specimen was first renotched (a, = 21
mm), and subsequently pre-cracked (@ = 24 mm),
and this ensured identical configuration of the
crack front previously obtained for the constant
loading test in Section 4.2 (Fig. 7). Note that this
renotching induces a decrease of the unbroken
ligament area. It was interesting to note that,
presently (¢, = 21 mm, ¢ = 24 mm), the crack
velocity strongly decreased compared to the ear-
lier case (a, = 10 mm, ¢ = 20 mm). However, the
present crack velocity was observed to be similar
to the velocity obtained with ¢, = 10 mm and a =
13 mm. Thus the significant controlling factor for
the variation of crack velocity is not the individual
values of either a or a, but rather the relation
between a and a, Additional constant loading
tests were therefore performed at 105 N from a =
24 to a = 30 mm. Crack speed was recorded as a
function of crack length in the same manner as in
Section 4.2, and the results are plotted in Fig. 3. It
appears that crack velocity, i.e. stress intensity
factor, depends directly on the a/a, ratio. Indeed,

J. Chevalier et al.

for the same applied load 105 N, log (V) versus
log (a/a,) defines the same straight line for the two
notch lengths (namely 10 and 21 mm). This con-
firms the choice of the K| expression on the form
of eqn (14), and also gives an insight into the
important role of the unbroken ligament on the
compressive side of the specimen. We believe that
the unbroken ligament induces contact stresses
that act to create an additional moment arm on the
tensile side. These contact stresses are inoperative
in the case of a notched specimen without a natural
crack, where the theoretical value of K; in the
form of eqn (7) is relevant, but they increase with
the unbroken ligament area during crack extension.
This increase induces a modification of stress
intensity factor which is accurately taken into
account in eqn (14).

6 CONCLUSIONS

(1) A vanation of K; of about 20% with crack
length has been observed in a 3Y-TZP in the
so-called linear region of the double torsion speci-
men.

(2) A correction is proposed for the stress intensity
factor determination. This correction, which takes
into account the influence of the crack length,
appears to be important for accurate V-K; law
determination. Although this work was done on a
3Y-TZP ceramic, we believe that such a correction
can be applied to other ceramic or non-ceramic
materials. It should be noted that the exponent
m/k in the corrected K expression is function of
both material and specimen geometry.

(3) Variation of K; in the range of crack length
investigated is neither due to the change in the
compliance formula, nor to a decrease in the ratio
of crack surface area increment to crack length
increment 0A4/da. The correction function ¢ which
takes into account the variation of local stress
intensity factor over the thickness does not lead to
a sufficient correction of V-K; law. Renotching
experiments provide important clues to the role of
the unbroken ligament on the compressive side of
the specimen. We believe that contact stresses play
a significant role on the observed variation of K;.

These arguments have to be further confirmed
with other materials, particularly with glass or
monocrystalline ceramics to avoid microstructural
effects, and other polycrystalline ceramics with a
good control of microstructure.
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