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Abstract

A ®ber toughening model of ®ber-reinforced ceramic matrix composites is presented. The constitutive equation is obtained

through micromechanical considerations based on two kinds of ®ber toughening mechanisms, crack bridging and ®ber pullout. The
calculated results show that two di�erent zones in the R-curve and Load/displacement curve exhibit notable nonlinear behavior.
Calculated toughness of 50 vol%SiCf/LAS composites is in good agreement with experimental results. # 1999 Elsevier Science

Limited and Techna S.r.l. All rights reserved

1. Introduction

Fracture toughness of ceramic materials can be
improved remarkably by incorporating ®bers [1±4].
When a macroscopic crack propagates in ceramic
matrix, some ®bers with higher strength will bridge the
crack, and some ®bers with lower strength will break
either within the crack faces or within the matrix. It
shows that intact ®ber bridging and broken ®ber pullout
operate simultaneously. The fracture resistance is pro-
vided by the development of ®ber bridging and ®ber
pullout in the crack wake, so the intervening fracture
resistance curve, or R curve in ®ber-reinforced ceramics
is of great interest. Several theoretical analyses of the
®ber bridging process have been proposed [5±7], and a
model of ®ber pullout based on weakest-link statistics is
also provided by Thouless and Evans [4]. Nevertheless
all these works are for a static crack. In this study, a
model including both ®ber bridging and ®ber pullout
was provided and used to calculate R-curve of a propa-
gating crack.

2. Theoretical model

When a crack propagates perpendicularly to the
®bers in unidirectional ®ber-reinforced ceramics with a
weak ®ber/matrix interface, ®bers debond from the
matrix and slip over a certain distance, ls (Fig. 1). The

relation between the ®ber stress, �b, and the crack
opening displacement, u, can be obtained according to
the shear-lag model [8]

�b � �Ef��1� ��=r�1=2
���
u
p �1�

where Ef and r are the Young's modulus and the radius
of the ®ber, � is the ®ber/matrix shear stress, and
� � EfVf=�EmVm� and with Em being the matrix mod-
ulus, and Vm � 1ÿ Vf the volume fraction of the matrix.

As the crack extends and opens, the intact ®bers will
eventually fail. For these broken ®bers, the pullout
stress, �p, at the crack plane is

�p � 2�

r
�hhi ÿ u� �hhi > u�

�p � 0 �hhi < u�
�2�

where hhi denotes the mean pullout length of the ®bers.
Fiber strength distribution is presumed to satisfy the

weakest-link statistics, and the explicit form is given by
the two-parameter Weibull distribution, S and m;S is
the scale parameter and m is the shape parameter. Then
the mean strength [4], h�i, of all ®bers is

h�i � sÿ��2�m�=�1�m�� �3�

If there are enough ®bers in the crack wake zone to
apply the statistical analysis, the expression for the
average stress, �, at an opening, u, is thus
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��u�
Vf
� eÿ��u��b � �1ÿ eÿ��u���p �u < uc�

��u�
Vf
� 0 �u > uc�

�4�

where ��u� � 4�Ef�1���u
S2r

h im�1
; eÿ��u� is the fraction of

non-broken ®ber at opening displacement, u, and �p is
the average value of the pullout stress [Eq. (2)] based on
the average failure length, hhi, associated with all prior
failure, which is

hhi � r

2�

S
� ��u�
0 �1=�m�1�eÿ�d�
2��m� 1���� 1�

Fig. 2 shows a single notch tension specimen, the
stress intensity factor, Kp due to an external load, P, is
given as

Kp�a� � P
������
a�
p
BW

F�a=W� �5�

where a is the crack length, B is specimen thickness and
W is the width, as shown in Fig. 2. F�a=W� is a weight
function [9].

Similarly, stress intensity �Kb for the unbroken ®bers
is

�Kp �
�a
ao

2Vfe
ÿ��u��b�u�x��������

�a
p H�a=W; x=a�dx �6�

and stress intensity factor, due to the pullout stress of
the failed ®bers is

�Kp �
�a
ao

2Vf�1ÿ eÿ��u���p�u�x��������
�a
p H�a=W; x=a�dx �7�

where x is as shown in Fig. 2, and H�a=W; x=a� is a
corresponding weight function [9].

For the notched specimen geometry, the initial notch
length, a0, is much longer than the growing crack
length, �a�� aÿ a0�, as long as the crack propagation
is unstable. We assume that the crack faces remain
straight during crack propagation, thus the opening
displacement at point x is

2u�a; x� � ��aÿ x� �a0 � x � a� �8�

with a being the angle between the crack faces. Then the
crack tip opening displacement, CTOD, is obtained by

CTOD � 2u�a; a0� � Cp�a; a0�

Pÿ
�a
a0

Cx�a; a0; x���u�a; x��dx �9�

where

Cp�a; a0� � 2

E
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������
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E

�a
x

2������
�a
p H�a=W; x=a�
� �

2

E
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As a crack propagates, the fracture resistance, Kr, of
the material is given by

Kr�a� � Km ��Kb�a� ��Kp�a� �10�

where Km is the matrix toughness, Kb and Kp represent
the e�ects of ®ber bridging and ®ber pullout, respec-
tively. The condition for crack propagation is

Kp�a� � Kr�a� �11�

Fig. 1. Schematic of ®ber bridging matrix crack.
Fig. 2. Single edged notch tension specimen.
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Eq. (10) combines the ®ber bridging and ®ber pullout
e�ects. The complete fracture resistance curve, or R-
curve, and load/displacement curve can be obtained
using Eqs. (10) and (11), The fracture toughness, KIC,
and the contributions,Kb andKp, are given at the point of
maximum load,Pmax, where crack propagating instability
will occur under increasing load control condition.

3. Results and discussion

A typical lithium-alumino-silicate ceramic matrix
reinforced with Nicalon silicon carbide ®bers (SiCf/
LAS) is used to carried out the quantitative analysis of
®ber toughening e�ect. Its microstructure and mechan-
ical properties have been studied in detail [1,2,10]. Fiber
properties are Ef � 200GPa, r=0.6mm, and Vf � 0:5.
The Young's modulus of the matrix is Em � 85GPa,
and the fracture toughness is Km � 2MPam1/2. The
tensile strength of this composite is about 600MPa [2],
which implies that the mean strength of the ®bers in this
composite is 1200GPa or so, much lower than the as-
fabricated strength (2060MPa) of the ®ber. So h�fi is
taken as 1200MPa. The ®ber ¯aw distribution parameter
is m=3.2. The measured value of ®ber/matrix interface
shear stress, �, is 3.5±3.6MPa in the ®rst time push mea-
surement [3], which is higher than the values (2.0MPa) of
subsequent measurements. We take � as 3.5MPa.

For a tensile specimen (Fig. 2), the initial crack length
is a0=20mm, the width, W=40mm, and the thickness,
B=10mm. The load, P, associated with an applied
stress intensity, Kp, is given by Eq. (5), the crack resis-
tance, Kr, can also be obtained by Eq. (10). If Kp < Kr,
P increases, the stress calculations are repeated. If
Kp � Kr , the main crack, a, extend a small increment,
da, and then all the stress calculation are repeated
again. The whole calculation process is redone until the
main crack propagates in an unstable manner.

The crack growth curve exhibits two stages char-
acterized by a signi®cant change in slope (Fig. 3). Initi-
ally, the fracture resistance increases rapidly with crack
propagating due to intact ®bers behind the crack tip.
The relation between stress, s, and displacement, u, for
a crack surface bridged by ®ber is depicted in Fig. 4,
where the ®ber bridging is the dominant mechanism
immediately behind the crack tip, and the crack opening
displacements are of the order of a few microns. The
end of ®rst stage is attained when the cohesive stress at
the notch tip reaches its peak value. In the second stage,
many intact ®bers will break with further crack propa-
gation, which lowers bridging toughening but enhances
®ber pullout toughening. The overall toughening con-
tribution during the second stage is usually small com-
pared with the fracture resistance at the instability
point. It implies that the bridging is the dominant
toughening mechanism in ®ber-reinforced ceramics.

However, most of the stable crack growth take place in
the second stage. The corresponding load/displacement
curve is shown in Fig. 5. At the peak load, Pmax, the
crack tip opening displacement, CTOD, is 9.8 mm, lower
than the average ®ber pull length, hhi (=75mm).
Because more ®bers fail which lowers the ®ber bridging

Fig. 3. Fracture resistance curve versus crack propagating length.

Fig. 5. Load/displacement curve.

Fig. 4. Crack close stress versus crack plane opening displacement.
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contribution when the crack propagates continuously,
the load P will be gradually decreased after the peak
load, Pmax.

In the ®rst zone of the R-curve, the external load, P,
increases fast with crack tip opening. While in the sec-
ond zone, P increases slowly until reaching the peak
point, Pmax, where the fracture toughness, KIC, and the
contributions from ®ber bridging toughening and ®ber
pullout toughening, �Kb, �Kp, are 15.71MPam1/2,
11.5MPam1/2 and 2.21MPam1/2, respectively. In this
study, the toughening due to ®ber bridging is more sig-
ni®cant than that of ®ber pullout, and the calculated
fracture toughness, 15.71MPam1/2, is close to the
experimental result [1], 17MPam1/2.
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