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Abstract

The elastic moduli and Vickers hardness of porous 3Y-TZP ceramics have been measured and related to a computed model. At
the low porosity level (less than 8%), the spherical model can best represent the e�ect of porosity on the elastic moduli. As the

porosity content increases, the oblate spheroid model needs to be used to interpret the more complex morphology of the porosity
and its e�ect on the elastic moduli. The empirical expressions are also important in a description of the e�ect of porosity on the
elastic moduli. The e�ect of porosity on hardness is very similar to that on the bulk modulus, which contributes to the body stress,
and consequently to the densi®cation taking place beneath the hardness indenter. # 1999 Elsevier Science Limited and Techna

S.r.l. All rights reserved

1. Introduction

Over the past 40 years, extensive experimental and
theoretical work has been undertaken to determine the
e�ect of porosity on the elastic moduli of engineering
ceramics. A number of expressions for the relationship
between elastic moduli and porosity have been pro-
posed, and several attempts have been made to relate
the complex interaction of microstructure and mechan-
ical properties [1,3]. The following expressions are those
most frequently employed to describe this behaviour:

M �M0 exp �ÿbP� �1�

M �M0 �1ÿ fP�n �2�

M �M0 �1ÿ C1P� C2P2� �3�

M �M0 �1ÿ P�=�l� aP� �4�

where M0 and M usually represent the Young's mod-
ulus of dense materials and porous materials, respec-

tively and P is the volume fraction of porosity.
b; c1; c2; f; n; and a are constants, and can be determined
from experimental results by data ®tting. The Young
modulus is widely accepted as the de®nitive elastic
modulus for a material, with the consequence that the
e�ect of porosity on the relevant Poisson's ratio has
often been ignored. This leads to the inference that the
equations listed above could well have less physical
signi®cance. In contrast to the Young's modulus, the
bulk modulus allows for the possibility of a volume
change and the shear modulus for the possibility of a
shape change in mathematical descriptions of elastic
behaviour. In the present study, Eqs. (1)±(3) are also
used to express the e�ect of porosity on the bulk and
shear moduli. Recently the application of micro-
mechanics has made it possible to calculate the
relationship between the elastic moduli and porosity [4±
10]. The e�ect of inclusions (pores) on elastic moduli
of the materials can be expressed by Eq. (4). The
equation was originally derived by Hasselman [11]
based on Hashin's results [12] and also by Wu [13]
using the self-consistent method. Luo and Stevens [4]
and Zhao et al. [10] have extended to a general case
independently using slightly di�erent approaches.
The parameter a in Eq. (4) is related to morphology
and Poisson ratio of the matrix. A simple case is
that for spherical porosity and the constant a is
given by:
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a � �13ÿ 15���1ÿ ��=�14ÿ 10�� for Young's modulus

a � �1� ��=�2ÿ 4�� for bulk modulus

a � �8ÿ 10��=�7ÿ 5�� for shear modulus

where v is the Poisson ratio. The spherically shaped
pores have the least e�ect on the elastic moduli, but a
more signi®cant e�ect occurs with the presence of oblate
spheroidal pores. Fig. 1 shows the e�ect of pore shape
on the constant, a [4]. The more signi®cant e�ect occurs
in changes to the bulk modulus, whereas the e�ect is less
marked for the shear modulus.

When the porosity content increases to a certain level,
the e�ect of interaction between adjacent pores can
become signi®cant, and even more so when the pores
interconnect with each other to form open porosity.
When this occurs, a quantitative evaluation becomes
di�cult. Nevertheless, Hashin's bounds of the e�ective
elastic moduli could be still valid [14±16]. Namat-Nasser
and Hoii have published a comprehensive review on the
subject of such bounds [5].

Hardness is a further important parameter. In the
elastic±plastic system, both the form and size of a sharp
indentation are related to the elastic moduli and the
yield stress in the guise of hardness, whereas the ratio of
fracture toughness and indentation hardness is used to
express brittleness in non-ductile materials. The indenta-
tion method is also widely used to evaluate the toughness
of ceramics [17], and the technique can be extended to
determine residual stress [18] and elastic modulus [19].
Nevertheless, whereas the e�ect of elastic modulus has
been extensively investigated, much less attention has
been paid to the e�ect of porosity on the hardness of

materials, with the exception that an exponential rela-
tionship between hardness and porosity has been
reported [20]. In the present study, the e�ect of porosity
on the elastic moduli and Vickers hardness of 3Y-TZP
ceramics has been examined. Speci®c established models
have been used to ®t the experimental results, and the
relationship between hardness and elastic moduli are
discussed.

2. Experimental

A commercial as-received 3Y-TZP nano-size powder
(Tioxide Specialties, England) was used in the present
study. The green bodies were prepared using single
action die pressing followed by cold iso-static pressing.
The pellets were ®red at di�erent temperatures in the
range 1150±1450�C, in order to obtain the 3Y-TZP
ceramic with various levels of porosity. The elastic
moduli of the sintered pellets were measured using an
ultrasonic velocity method, in which the longitude and
shear velocities were measured by a pulse echo overlap
technique. The Vickers hardness of the pellets were
measured by indentation of a polished surface of the
pellet.

The microstructure and morphology of the porosity
was examined using polished and thermally etched spe-
cimens in a scanning electron microscope (SEM).

3. Results and discussion

Fig. 2 shows the values obtained for the measure-
ments of the three elastic moduli (Young, shear and
bulk) of the 3Y-TZP ceramics. The solid circles are
experimental results, each calculated from the measure-
ments of ultrasonic velocity and density. The elastic
moduli were ®tted to curves using Eqs. (1±3), by means
of the least squares technique and the results listed in
Table 1. The R-squared values determined for all three
of the equations are higher than 0.95, indicating that all
the equations employed to analyse the results have a
very good ®t with the experimental data. The values
predicted for the porosity-free elastic moduli are close
to the measured values, (Young 215GPa, shear 81GPa,
and bulk 200GPa, respectively). The most signi®cant
e�ect of the porosity occurs on the bulk modulus and
the lowest on the shear modulus. This observation was
predicted by spheroid model, (see Fig. 1). It is di�cult
to determine which equation is the most representative,
since all three equations have been empirically derived.
In addition, the curve ®tting was carried out using the
three elastic moduli, but only two of the moduli are
mutually independent. The Young's modulus E, for
example, can be expressed by bulk (K) and shear (G)
moduli as:

Fig. 1. The shape e�ect of the spheroid porosity on the constant a in

Eq. (4). A value of Poisson's ratio for the porosity-free material of 0.32

was applied in the calculation.
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E � 9KG=�3K� G�

Therefore, the three elastic moduli cannot indepen-
dently relate to one expression at the same time, with
the exception of Eq. (4). In addition none of the ®rst
three equations and their relevant constants indicate
any obvious physical signi®cance. Phani has discussed

the usefulness of Eq. (2) in his series of papers [2,3,21],
but it is quite di�cult to ®nd any convincing evidence to
suggest that Eq. (2) is superior to the other equations in
describing the e�ect of porosity on the elastic moduli,
the reasons for which can be attributed to the complex-
ity of morphology of porosity in real materials.

Unlike the ®rst three equations, Eq. (4) has a limited
theoretical basis and is physically acceptable; the three
moduli (bulk, shear and Young's) can be expressed by
the same equation with the exception that the constant
employed di�ers in each case.

The constant a in Eq. (4) re¯ects the shape e�ect of
porosity on the elastic moduli. Earlier investigation of
the e�ect of porosity on Young's modulus of a limited
selection of engineering ceramics showed that the por-
osity can be considered as an oblate spheroid [4,22], the
ratio of long radius and short radius being as large as 10
[4]. At low porosity levels, below 8 %, the isolated pores
are close to a spherical shape, which is in accord with
observations on ceramics in the ®nal stages of sintering,
whereas a value for the ratio of long and short radii of
the ellipsoid of 5 is in good agreement with the experi-
mental results at porosity levels below 20%, since at
such a porosity level, the pores exist in the sintering
materials in various shapes, even as open porosity. At
high porosity contents, greater than 25%, percolation
starts and increasingly open pores are formed. For this
range of porosity, any predictions made by the model
could result in large errors, since the model has been
developed on the assumption that inclusions (i.e. pores)
are present in the material as a minor constituent.

Recently, Martin et al. [23] employed a similar model
[9,10] and examined the e�ect of porosity on the elastic
moduli in zinc oxide. Their results also showed the
e�ectiveness of oblate shape in the description of pore
morphology and their e�ect on the elastic moduli.
Similar to our observation [4], the aspect ratio for a
wide range of porosity is 5 in zinc oxide and the aspect
ratio increases with the porosity level [23], although the
di�erence occurs at low porosity level.

The spheroid porosity model has also been used in the
present study to evaluate the relationship between

Fig. 2. The e�ect of porosity content on the elastic moduli. The solid

circles are the experimental data, whereas solid lines are obtained by

spherical porosity model. The dashed lines are obtained from the

spheroid model and the ratio of the radii of the oblate spheroid used

was 10.

Table 1

Summary of curve ®tting results for elastic moduli and hardness

Modulus M=M0exp
(-bP) M=M0 (1-P)

n M=M0(1-c1P+c2P
2)

Young's 216.0exp(-3.69P) 210.6(1_p)2.96 214.6(1-3.3P+3.54P2)

R2=0.985* R2=0.985 R2=0.981

Shear 82.0exp(-3,46P) 79.9(1-P)2.79 80.8(1-3P+2.87P2)

R2=0.971 R2=0.976 R2=0.970

Bulk 204.0exp(-5.03P) 195.5(1-P)4-02 205.0(1-4.57P+6.23P2)

R2=0.964 R2=0.951 R2=0.9664

Hardness 11.75exp(-5.04P) 11.32(1-P)4.10 11.09(1-3.63P+3.63P2)

R2=0.980 R2=0.991 R2=0.986

* R2 is R squared.
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porosity and the elastic moduli, as illustrated in Fig. 2,
which shows a comparison with the experimental
results. The predictions made are quite similar to the
earlier results [4], in which the experimental data ®ts
within the range de®ned by the two cases of spherical
and oblate (the ratio of the radii =10) voids. In low
porosity material, isolated pores are best represented by
the spherical model. At a higher porosity content, the
pores could well be present in various shapes, including
extended pores in the form of open porosity. In this
case, oblate porosity best represents the overall e�ect on
the elastic moduli, and the ratio of the radii will tend to
increase with porosity content. Since the porosity con-
tent used in the experiments is within a range up to
38%, i.e. to a relatively high level, many of the pores are
in the form of open porosity and predictions based on
the spheroidal porosity model can result in large devia-
tions from the experimental data. In this case the
empirical equations, as listed, need to be used to give
good ®t to the data, otherwise it is only possible to
evaluate the upper and lower bounds. Consequently, the
use of empirical equations can be seen to be of impor-
tance in any discussions involving the e�ect of porosity
on the elastic moduli at high porosity contents.

In order to con®rm the presence of the oblate poros-
ity, the morphology of the pores present in the 3Y-TZP
was characterised using SEM. Fig. 3 shows a series of
micrographs illustrating the shape and distribution of
the pores at di�erent densities. At low porosity levels
(<6%), the pores are isolated and located randomly
throughout the structure. They tend to be spherical, a
consequence of the minimisation of the surface energy
of the pores which tend towards the minimum energy
state as equilibrium is approached. As the porosity
content increases the pores become increasingly irre-
gular and in this situation the spherical model would
underestimate the e�ect of porosity on the elastic mod-
uli. However, the oblate model will still give a good
representation of the elastic properties and acceptable
values of the moduli.

Vickers hardness was measured on the polished sur-
face of the porous zirconia materials. Fig. 4 shows the
experimental relationship between porosity and Vickers
hardness. In order to compare the e�ect of porosity on
the hardness with its e�ect on elastic moduli, a similar
process of curve ®tting was carried out and the results
can be seen listed in Table 1. It is apparent that the three
empirical equations employed for elastic properties,
Eqs. (1)±(3), can also ®t the experimental results of
hardness quite well. It is evident, as would be expected,
that the e�ect of porosity on the hardness is similar to
its e�ect on the elastic moduli.

The elastic moduli of dense brittle materials have
been measured and observed to be related to the Vickers
hardness [24], Knoop hardness [19,25] and Hertzian
indentation [26], as a consequence of elastic recovery

phenomenon. The relationship between hardness and
elastic moduli can be simpli®ed as:

H=K � constant �5�

The value of the constant depends on the structure of
tile material [24,25]. In previous studies the e�ect of
Poisson's ratio has often been ignored, and H=E rather
than H=K has appeared more frequently in literature.

Fig. 3. SEM micrographs of 3Y-TZP with di�erent porosity level. (a)

2% pores, (b) 5% pores, ( c) 11% pores.
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However, the value of Poisson's ratio is known to di�er
between materials and hence, for accuracy, needs to be
incorporated into the various appropriate relationships.

The Vickers indentation is generated by elastic-plastic
deformation in dense materials. In porous materials, an
additional contribution to the indentation is the poros-
ity ®lling generated by the high indentation stress
beneath indenter [27]. The hardness decrease in increas-
ingly porous materials is dominated by the porosity ®ll-
ing [27]. The degree of porosity ®lling is related to the
stress level induced in the body, or body stress. In an
elastic ®eld, the body strain, e (� e11+e22+e33), is rela-
ted to the body stress, �(�s11+s22+s33), by the bulk
modulus in a form such as:

" � �=3K �6�

Hence, the indentation increment generated by porosity
®lling in the porous materials is expected to be related
to a decrease in the bulk modulus. Therefore it is rea-
sonable to assume that the decrease in hardness is line-
arly related to the decrease in bulk modulus in porous
materials, or:

H=H0 � �K=K0 �7�

where a is a constant. In any comparison of the rela-
tionship between elastic moduli and porosity and that of
hardness and porosity, as shown in Table 1, one can
also readily observe that the e�ect of porosity on the
bulk modulus is close to, even mirrors that of hardness,
or a=1.

Thus using a known relationship between bulk mod-
ulus and porosity, one can predict the relationship

between hardness and porosity. For an exponentially
based relationship, for instance, the hardness can be
represented by the following equation:

H � 11:76 exp �ÿ5:03P� �8�

Fig. 4 shows that the predicted values give a very good
®t with the experimental data.

4. Conclusions

Porosity has a signi®cant in¯uence on the bulk mod-
ulus of materials and a lower e�ect on the shear mod-
ulus. Well established equations can accurately describe
the relationships. The spheroid model can be readily
®tted to the experimental results. The e�ect of porosity
on the hardness can also be expressed by the equations
which are used to relate the e�ect of the porosity on
the elastic moduli. The relationships between the hard-
ness and porosity are similar to those for bulk modulus
and porosity, which can be attributed to the porosity
®lling processing taking place beneath the loaded
indenter.
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