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Abstract

A general population balance model incorporating the rate of shrinkage of individual pores during solid state sintering of cera-
mics is described. The kinetics of pore shrinkage is assumed to follow a simple power law with ¯oating value of the exponent. The
resulting equation of continuity is solved for the evolution of pore size distribution in time by a transformation technique. The

simulated pore size distributions for a number of ceramic oxide systems are in good agreement with experimental data generated in-
house as well as from published sources. The model can be embedded in a coupled phenomenon of densi®cation and grain growth,
as shown in Part II. # 2001 Elsevier Science Ltd and Techna S.r.l. All rights reserved.
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1. Introduction

Solid state sintering involves two major phenomena
occurring simultaneously, that is, pore shrinkage
accompanied with grain growth. The evolution of
microstructure during sintering that is the kinetics of
change in the size distribution of grains and pores is of
great interest to the materials processing industry. While
a number of advances have taken place in our under-
standing of the physics of sintering [1±4], very little has
been accomplished in optimizing the industrial pro-
cesses involving size distributed powder compacts. In
our view what is lacking is a mathematical framework
which lends itself to rigorous engineering optimization
on an industrial scale. Optimization of sintering cycles
for example, which is currently being done by trial and
error, is essentially aimed at achieving zero porosity
(fully dense compact) with minimum grain growth.
The objective of our e�orts has therefore been to uti-

lize a population balance paradigm to quantitatively
and elegantly describe the sintering process incorporat-
ing the kinetics of pore shrinkage and grain growth. The
model thus developed as illustrated in this paper (parts I

and II) can be utilized to simulate and optimize the sin-
tering process for a given objective function.

1.1. Intermediate stage of sintering

A green ceramic compact consists of a complex net-
work of inter-connected pores that are bounded by the
surface of the particles. In course of sintering, con-
currently with grain growth, the pore structure under-
goes massive changes with an overall reduction in
porosity. The evolution of the pore structure is thus not
only closely related to the densi®cation kinetics [5], it
also exerts a decisive in¯uence on the development of
the microstructure [6] and a host of mechanical, elec-
trical and optical properties that depend on it [7±9].
Based on the geometry of pores and their distribution

in the ceramic matrix, the phenomenon of solid state
sintering is traditionally divided into a number of sequen-
tial stages [10]. The initial stage is one where particles
maintain their individual identity while neck growth
takes place between them with relatively limited shrink-
age of the compact. The intermediate stage, where the
particles lose their individual identity, porosity is mod-
elled as a network of interconnected channels running
along the grain edges, and most of the densi®cation and
a great deal of grain growth occurs. And the ®nal stage,
where pores are pinched o� and lie isolated either at
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grain corners or enclosed within grains, and normal grain
growth followed possibly by abnormal growth takes
place. Even though there may not always be distinct
demarcations between these stages, a quantitative
description of the sintering process is greatly facilitated by
modelling the various stages separately. The transitory
regime that prevails in the intermediate stage of sintering,
is deemed technologically the most important stage.
In order to utilize the recent advances made in our

understanding of sintering processes, there is a need to
develop a generalized, quantitative framework capable
of describing sintering in real powder systems. It is
widely recognised that the laboratory investigations
carried out under controlled environments, on ideal
geometries and with monosize particles, though extre-
mely useful in understanding the physics of sintering,
are usually too simpli®ed to be able to capture and
describe the complexity of industrial scale sintering. The
complexity of industrial scale operations stems from the
following important sources Ð one, the powder com-
pacts always possess a distribution of crystallites and
pores; second, the sintering/densi®cation process is not
at steady state; third, more than one mechanism of dif-
fusion may be applicable. It is for this reason, that the
steady state solutions (e.g. LSW theory [11,12]) based
on a particular mechanism of sintering may not describe
the process well.
Our attempt has been to utilize a population balance

paradigm for describing solid state sintering in ceramic
systems. It is capable of describing the complex process
of sintering in a reasonably elegant way; in particular
the above mentioned complexities are taken care of in
our formulation to some extent, at least. The model,
once validated with experimental data for a given sys-
tem can then be utilized for a variety of applications
including detailed simulation trials aimed towards opti-
mization and control. The utility of such a mathema-
tical model, which incorporates the essentials of a
process in su�cient detail, in optimizing industrial pro-
cesses need not be overemphasised. There is no cur-
rently available methodology to optimize the sintering
schedule (time±temperature cycle) for a given sintering
system. The successful implementation of our approach
for a set of solid state sintering process systems is pre-
sented in this paper consisting of two parts Ð the ®rst
on densi®cation and the second on grain growth.
The kinetics of grain growth during the intermediate

stage of sintering depends on the rate of shrinkage of
pores. As such, a comprehensive and detailed population
balance based model of sintering should address grain
growth and pore shrinkage simultaneously, as proposed
by Pradip [13]. In this framework, the coupled partial dif-
ferential equations of grain growth and pore shrinkage
must be solved together in order to track the evolution of
the microstructure. This, however, is not a trivial task due
to modelling and computational di�culties as well as lack

of prior knowledge of the values of many constants and
parameters present in the model equations. In general,
the process of grain growth cannot be analyzed realisti-
cally independent of the pore shrinkage [14±18]. How-
ever, many examples exist in the literature, which
suggest that the pore shrinkage may be examined in
isolation from the grain growth [19±23]. This is because
pore shrinkage, which occurs primarily by material
transport into the pores, may be treated as a process of
vacancy di�usion into grain boundaries [20, 24]. There-
fore, it is possible to conceive of a tractable two-part
strategy for analyzing the sintering process. First, pore
shrinkage is modelled in isolation at an appropriate
level of sophistication and, second, the resulting model
is embedded in a coupled grain growth and densi®cation
model. In the ®rst part of the paper, we focus on the
development of a semi-empirical, but fairly general,
model of the kinetics of pore shrinkage and the evolu-
tion of pore size distribution in course of sintering.

2. The model

In general, the starting point for analysis and model-
ling of pore shrinkage (and or grain growth) is the
identi®cation and incorporation of an appropriate
material transport mechanism(s) into a plausible model
of the process kinetics. At a somewhat simpler level,
however, it is possible to construct a model without an
explicit reference to the material transport mechanism.
It is assumed that the operating mechanism is embedded
into the constants and parameters of the rate equation.
An example of this approach is the model of Hogg and
Hwang [21] in which the pores, considered cylindrical in
shape, undergo only radial shrinkage. In other words,
the total pore length is conserved at all times. The rate
of shrinkage of the pore is assumed to vary inversely as
the square of the pore radius. The model was applied to
a typical set of data pertaining to sintering of alumina.
Tomandl [22] presented a quantitative model of densi®-
cation taking into account the size distribution of grains
and pores. The pores were perceived as spherical and
the rate of change was assumed proportional to the
inverse of the square of the radius. Again, the model
was applied to the sintering data for alumina compacts.
The power law in the aforementioned models is highly

specialized in view of the assumption that the shrinkage
rate is inversely proportional to the square of a char-
acteristic length of the pore and, by implication, to the
surface area. While the driving potential of the process
may well reside predominantly in the surface free energy
of the pores, but considering the highly variable and
complicated geometry of the pores, the surface area is not
necessarily correlated with an invariant value of two for
the exponent, In any case, there is no reason to believe
that in an essentially empirical power law formulation the
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mechanism of material transport would not also impact
on the exponent value. Accordingly, we propose a gen-
eralized model of pore shrinkage with a ¯oating expo-
nent on the pore size:

dr

dt
� ÿ k

rm
�1�

where r is a characteristic pore dimension and k is a rate
constant, with a temperature dependence that may be
represented in the Arrhenius form as

k � k0e
ÿQ
RT� � �2�

where k0 is a constant, R the gas constant, Q is activa-
tion energy, and T the absolute temperature. It is
understood that the e�ects of pore geometry and the
mechanism of transport are embedded in the exponent
m and, as such, it admits values other than 2 including
non-integer values. Here we shall employ a formal
population balance approach [25], a framework that is
general enough to be applicable to pore shrinkage as
well as grain growth in the intermediate and ®nal stages
of sintering. The continuity equation for the population
balance on pores is given by:

@n�r; t�
@t
� @

@r
n�r; t� dr

dt

� �
� 0 �3�

where n�r; t� is the absolute frequency function such that
n�r; t�dr is the number of pores in size range r to r+dr at
sintering time t. The initial pore size distribution is given
by:

n�r; 0� � n0�r� �4�

Moreover, the initial pore volume is:

V�0� � C

�1
0

n0�r�r3dr �5�

where C is a dimensionless constant for given pore geo-
metry. It is convenient to solve Eq. (3) by a transfor-
mation technique. Recognizing that in a well-behaved
deterministic system the pores maintain their relative
position in size, the following equality must hold for all
times:

n�r; t�dr � n0�r0�dr0 �6�

where r0 is related to r by the solution to Eq. (1):

r0 � rm�1 � �m� 1�ktÿ �1=�m�1� �7�

It also follows from Eq. (1) that:

dr0
dr
� � r

r0
�m �8�

Substituting Eqs. (7) and (8) into Eq. (6) yields:

n�r; t� � n0��rm�1 � �m� 1�kt�1=�m�1��
�1� �m� 1�ktrÿ�m�1��1=�m�1� �9�

The total pore volume is:

V�t� � C

�1
0

n�r; t�r3dr �10�

A cumulative pore volume distribution, FV(r,t), de®ned
as the normalized volume of pores larger than a size r is
given by:

FV�r; t� � C

V�0�
�1
r

n�r0; t�r03dr0 �11�

which will be used for comparing the model with
experimental data.

3. Experimental procedure

Ceramic compacts were prepared from alumina (A16,
Alcoa, USA) and Zirconia (SYP 5.2, Z.Tech, Australia)
powders. Green samples were slipcast from slurries
containing 30% solids by volume and de¯occulated
with dispersant Darvan C (Vanderbilt Co., USA). The
casts were ®rst dried and then sintered at 1400�C for 2,
6, 10 and 24 h. The electric furnace (Lindberg Model
51644) was heated at an average rate of 10�C/min to the
peak temperature, held for the prescribed period and
allowed to cool at its natural rate in a closed environ-
ment. The pore size distributions of the green and sin-
tered samples were determined by mercury porosimetry
(Micromeritics Model 93201). The bulk densities of the
compacts were measured by the Archimedes method
using water as the immersion medium.

4. Results and discussion

4.1. Sintering of alumina and zirconia (our work)

We ®rst present the results of the model and our
experimental data on pore evolution during sintering of
alumina and zirconia compacts. The initial pore size
distribution data of the green compacts were ®rst ®tted
to a lognormal volume-radius distribution and then
transformed in a number-radius distribution:

1 Courtesy Jawaharlal Nehru Aluminum Research Department and

Design Centre, Nagpur.
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n0�r� � 1

r4
������
2�
p

ln �
eÿ

1
2

ln rÿln rm
ln �� �2 �12�

where rm, the geometric mean radius, and, the geometric
standard deviation, were respectively, 0.034 and 1.2 for
alumina samples (Fig. 1) and 4 and 1.4 for zirconia
samples (Fig. 2). The higher porosity of the
zirconia compacts is re¯ected in their pore size being
much larger compared to those of the alumina compacts.
Fig. 1 compares the experimental and the simulated

pore size distributions at various times for isothermal

sintering of alumina at 1400�C. The numerical values of
the model parameters, obtained by trial and error, are
m=3 and k=4.9�10ÿ8 mm4/h. Similar comparison is
presented in Fig. 2 for zirconia with model parameters
m=1 and k=0.43 mm2/h. The agreement, overall, is
quite acceptable.

4.2. Validation with other systems

For validating our model further, we have selected a
few sintering systems from literature where data on pore
evolution is reported. In this section we examine this
published data on pore size evolution during sintering in
the light of our model. Whittemore and Sipe [26] mon-
itored the pore size distribution of a number of ceramic
systems by mercury porosimetry. The green specimens
were compacted by dry pressing and sintered for two
hours at various temperatures. Fig. 3 shows one set of
data for sintering of alumina compacts. Following
Hogg and Hwang [21], the un®red data was represented
by three size-segments and each segment was ®tted to a
lognormal distribution in the following manner:

LN �r; rm � 0:22; � � 0:145�; 0 < r40:0097�m

LN �r; rm � 1:345; � � 2:93�; 0:0097 < r40:03�m

LN �r; rm � 0:037; � � 1:30�; 0:03 < r�m

As shown in Fig. 3, a good agreement between the
data and the model could be obtained with the para-
meter m=4.5. The activation energy Q is determined
from a plot of log(k) vs 1/T shown as an inset. It was
calculated to be 167 KJ/mol. Hogg and Hwang [21]
reported 163 KJ/mol for this set of data. Fig. 4 includes
another set of alumina data reported by Whittemore
and Sipe [26]. In this case the parameters of the initial
lognormal pore size distribution are rm=0.02 and
�=1.2. The agreement between the model and the data
is quite good, with the same value of 4.5 for the expo-
nent m. The activation energy calculated from the plot
shown in the inset is 207 KJ/mol.
Interestingly, the reported activation energies for

densi®cation of alumina by surface di�usion lie in the
range of 230±280 KJ/mol [24]. On the other hand, based
on a given value in his model of m=2, Tomandl [22]
calculated an activation energy of 376 KJ/mol for the
densi®cation of alumina which is unusually high, per-
haps indicating that the value of m may be di�erent
from 2. Unfortunately his published data is not pre-
sented in a form that can be used for testing our model.
We now proceed to examine the published data on

pore size evolution during sintering of cerium and
yttrium oxides [27]. The powder compacts were pre-
pared by cold isostatic pressing. Sintering was carried
out at di�erent temperatures for 3 h and pore size dis-

Fig. 1. Pore size distribution of alumina A16 compacts sintered at

1400�C: data and model.

Fig. 2. Pore size distribution of zirconia SYP 5.2 compacts sintered at

1400�C: data and model.
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tributions were measured using mercury porosimetry.
Fig. 5 compares the pore size distribution data for CeO2

along with the model generated curves. Here, rm=0.02
and �=1.2 for the pore size distribution of the green
compact, and the shrinkage rate exponent m=0.5. The
activation energy was calculated to be 192 KJ/mol. Fig.
6 shows the data and the model for sintering of Y2O3

with rm =0.047, �=1.24 and m=4. The corresponding
activation energy is 176 KJ/mol.

5. Concluding remarks

A number of models in the literature for densi®cation
of sintered compacts often make use of the following
empirical form for describing the rate of change of total
pore volume [24, 28]:

dV

dt
� f�V� �13�

Fig. 5. Change in pore size distribution during sintering of cerium

oxide [27] and model.

Fig. 4. Change in pore size distribution during sintering of alumina

XA-16 compacted at 3600 psi [26] and model.

Fig. 6. Change in pore size distribution during sintering of yttrium

oxide [27] and model.

Fig. 3. Change in pore size distribution during sintering of alumina

XA-16 compacted at 12700 psi [26] and model.
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In contrast to these lumped porosity models, the gen-
eralized treatment proposed here has the merit of pro-
viding the complete pore size distribution by virtue of
the fact that it explicitly incorporates the pore shrinkage
rate in a population balance model. One of the advan-
tages of using the population balance approach is that
the velocity or convective term can be generalized even
beyond the simple power law provided, of course, ade-
quate theoretical justi®cation exists for such a choice.
From the results presented here for sintering in realistic
systems, it is seen that the model admits an exponent
that is not necessarily equal to 2, as it has been pro-
posed in the literature. It may range from less than one
to greater than 4, depending upon the geometry of the
pores and the mechanism of transport during sintering.
We wish to reiterate that in our formulation we do not
want to ascribe a particular mechanism of sintering
corresponding to a value of m estimated using the data.
It is a model parameter, which facilitates description of
a practical sintering system in su�cient detail to be able
to utilize it for optimization and control.
It is also reasonable to expect that the pore geometry,

in turn, would depend on the powder size distribution,
state of its aggregation and the consolidation method
employed in forming the compact. In densi®cation of
aluminium, cerium and yttrium oxides at least, the esti-
mated activation energies lie in the range of 167 to 207
KJ/mol, which are not unreasonable. The second part
of the paper discusses in detail how the model developed
here is embedded in a model for grain growth during
solid-state sintering.
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