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Abstract

A novel population balance model based on size interval-by-size interval marching algorithm has been developed for the transient
grain growth kinetics during solid state sintering. This model incorporates the coupled phenomena of densi®cation and grain
growth and exhibits reasonable capability of predicting the temporal evolution of grain size distribution for a given initial grain size
distribution and time-temperature sintering cycle. In this, part II of our work, we present the coupled governing equation for sin-

tering kinetics. We employ a size interval-by-size interval marching algorithm for the solution of the resulting population balance
equation and validation of the model against experimental data for zirconia compacts sintered at 1400, 1500 and 1600�C for dif-
ferent times. In addition, the model has been successfully tested against published experimental data on sintering of alumina com-
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1. Introduction

Crystalline and nano-crystalline powders are con-
solidated and sintered to obtain dense polycrystalline
products in the manufacturing of engineering ceramics.
The mechanical properties of the engineering ceramics are
strongly dependent on the microstructural features such
as grain size, shape and size distribution, besides total
porosity and pore size distribution [1,2]. Even though
trial and error based processing routes are widely
employed in practice, in general, the sintering process is
di�cult to control by such empirical strategies. During
the sintering process, massive microstructural changes
occur as a result of a complex interplay of various
material transport mechanisms, necessitating a greater
understanding of the process [3±5]. Realistic, but tract-
able, mathematical models can contribute greatly to our
understanding of the process as well as controlling and
optimizing it.

The existing theories of grain growth are mostly based
on average grain size leading to power law type kinetic
expressions [6±8]. Others are based on an assumption of
a speci®c distribution function Ð lognormal, for exam-
ple [9,10] Ð or a steady-state distribution, which may or
may not conform to one of the standard statistical dis-
tributions [11±14]. It is evident that a single parameter
description of grain size distribution is simply too
abbreviated for any meaningful predictive simulation
and process optimization. Imposition of an ad hoc dis-
tribution is not only misleading, more importantly, it
completely discounts the possibility of the template
e�ect of the precursor powder on the evolving grain size
spectrum. The stationary or self-similar distribution, in
particular, implies that the e�ect of the initial powder or
grain size distribution is totally obliterated or smoothened
out after a su�ciently long sintering time at a su�ciently
high ®ring temperature, which is generally not observed
in practice [15,16]. On the other hand, computer simu-
lations by present authors and others show [15±18] that
the stationary state is attained, if at all, only after a long
time, more so, if the initial distribution has a broader
dispersion in size than the ®nal steady or near steady
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state distribution. In order to avoid abnormal/secondary
grain growth, ceramic systems in general are unlikely to
be driven to a true steady state. In other words, the
e�ect of the starting powder distribution on grain size
evolution and pore shrinkage is not insigni®cant [11,19±
22] and, as such, it may not be realistic to ignore it in
sintering analysis.
A comprehensive detailed population balance based

model of sintering should address grain growth and pore
shrinkage together, as proposed by Pradip [23]. The
coupled equations for grain growth and pore shrinkage
then must be solved simultaneously in order to predict
the evolution of microstructure during sintering. In Part
I [24] of this series, a model for pore shrinkage and
densi®cation was presented. In this part, a methodology
for modeling the grain growth kinetics Ð coupled to the
rate of densi®cation or shrinkage of pores Ð during the
intermediate stage of sintering is reported. A formal
population balance approach is employed to predict the
temporal evolution of the grain size distribution in the
intermediate/®nal stage for a given initial grain size dis-
tribution and time-temperature sintering cycle. The
resulting model equations are solved in the transitory
(non-stationary) regime with a specially devised size
interval-by-size interval marching algorithm.

2. Population balance approach to kinetics of grain growth

The general phenomenological approach based on a
formal population balance on the growing/shrinking
particulate entities that are not necessarily ceramic grains
is well established [25,26]. Assuming a spatially homo-
geneous ceramic body and assuming coalescence free and
convectionless batch process [23], the continuity equa-
tion for the trajectory of the grain size distribution is
given by [15,23,27,28]:
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where H(r,t) is the number density function of the grain
of radius r at sintering time t. The generalized velocity
function vr for the rate of growth/decay of a grain can
be described by [29]:
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where n and � are model parameters, �(t) is relative
density, and rc(t) is the instantaneous critical radius,
de®ned as the radius of a grain which neither shrinks
nor grows at any instant of time. CG is a temperature
dependent rate constant, given by the following Arrhe-
nius form:

CG � Bexp ÿQG

RT

� �
�3�

The parameter QG is generally referred to as the
overall activation energy for grain growth. These sin-
tering parameters are often related to di�usivity and
surface free energy of the solid, and the various material
transport mechanisms (e.g. lattice, surface and grain
boundary di�usions, vapor transport etc) during the
grain growth. Combining Eqs. (1) and (2) yields:
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The term containing relative density � in the equation
accounts for the e�ect of densi®cation on grain growth.
The relative density can be expressed as follows:
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V(t), the total pore volume at time t can be computed by
the densi®cation model [Eq. (10)] given in Part I [24].
A general closed form analytical solution to the Eq.

(4), is not possible. Tomandl [15], Venzl [17] and more
recently Fang [32] have attempted a numerical solution
of similar equations of sintering and grain growth.
Tomandl's paper does not include su�cient information
on the initial size distribution, special interpolation
technique employed for introducing new grid points etc.,
to carry out an independent validation of his method.
However, he did report problems of numerical instability
in his method for some class of initial distributions.
Venzl's work is restricted to Ostwald ripening in super-
saturated solutions for a limited number of distributions
only. Fang sought to solve the equation of continuity by
the ®nite di�erence technique. Apart from heavy com-
putational load inherent in the scheme, he required fre-
quent checks and manipulations to conserve the solid
volume. This paper presents a relatively straightforward
and demonstrably accurate numerical size interval-by-
size interval marching algorithm for solving the gov-
erning grain growth equation. The results are compared
[16] with steady-state asymptotic solutions, valid for
long time only, that are available for simpli®ed velocity
functions without the density term in Eq. (2) [15,30,31].

3. Solution methodology

The size interval-by-size interval marching algorithm
for solving the governing equations is brie¯y described
here. The algorithm was utilised in solving an earlier
model [16] that had a simpli®ed velocity function. The
present demonstration is more general as it incorporates
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the coupled phenomenon of densi®cation and grain
growth.The marching algorithm exploits the fact that in
a physically realizable deterministic process the relative
ordering of grains by size remains unchanged as they
grow and or shrink in the absence of coalescence and
breakage phenomena. This simply means that no grain
can ``jump the queue'' in the sample domain. As a con-
sequence, when a grain of size r1 at time t1 changes over
to r2 at time t2, then the following equality must hold:

R�r1; t1� � R�r2; t2� �6�

where R is the cumulative larger distribution function
given by:

R�r; t� �
�1
r H�r; t�dr�1
0 H�r; t�dr �7�

Moreover, r1 and r2 are related by the velocity func-
tion in Eq. (2). Incidentally, this property was employed
by DeHo� [33] also in his grain path envelope analysis.
For implementing the algorithm, the initial cumulative

larger size distribution R(r,t=0) is discretized into N
size intervals, where N is of the order of 1000 or more.
The j-th interval is bounded by rj(t=0)<r<rj+1

(t=0); j=0,1,.. The moments in terms of cumulative
distribution are given as:
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and
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Using Eq. 4 and the volume conservation property of
the third moment, M3(t), the following expression for
the critical radius rc is obtained:

rc �M2ÿn
M1ÿn

�10�

A cubic spline interpolation in conjunction with a
numerical integration scheme is convenient for comput-
ing the moments in Eq. (9). In the ®rst iteration, starting
from time t=0, the velocity function in Eq. (2) is inte-
grated and solved for �t, the time required to dissolve
all grains in the smallest interval 0 < r< r1(0), that is,
for all grains of maximum size r1(0) to disappear com-
pletely. Eq. (2) is then integrated over the time interval
�t for all sizes rj(0) other than the size r1(0). A new size
list of rj(�t) is thus generated in which the ®rst size
interval is bounded by zeroes (empty or null interval).
Because of the queue constraint, the number of grains
remains unchanged in all other intervals. The third
moment of the resulting size distribution is checked to
ensure that the total grain volume is conserved. The sec-

ond iteration is initiated by calculating rc and �t once
more, the latter by dissolving all grains in the second
interval. Following this, the steps enumerated above are
repeated. In this manner, the time interval for integra-
tion is chosen adaptively so as to dissolve all the grains
in the smallest non-empty interval, after each iteration.
In the absence of analytical solutions of the grain

growth continuity equation in the transitory regime, the
marching algorithm can be checked only indirectly by
verifying the conservation of grain volume and the agree-
ment in limit with asymptotic steady state solutions. The
proposed algorithm has been tested rather extensively
and compared in the limit with the available steady state
solutions based upon a simpli®ed velocity function
without the densi®cation term [16]. Note, no new com-
plexity is introduced in the marching algorithm by the
presence of the density term. It is simply a time-depen-
dent function in the velocity term in the integration step.
We next proceed to validate the model against sintering
data that has been generated internally as well as taken
from published work.

4. Experimental procedure

Green samples were slip cast from a dispersed slurry
of pure zirconia (zirconia SYP5.2 supplied by Z-Tech
Corp., Australia). Green samples were slipcast [34] from
slurries containing 30% solids by volume and de¯occu-
lated with dispersant Darvan C (Vanderbilt Co., USA).
The casts were ®rst dried and then sintered at 1400, 1500
and 1600�C for sintering time up to 24 h in a Lindberg
Furnace (Model 51644). During the sintering cycle, fur-
nace was heated at an average rate of 10�C/min to the
peak temperature, held for the desired time period and
allowed to cool at its natural rate in a closed environment.
The bulk densities of the compacts were measured by the
Archimedes method using water as the suspending med-
ium. The sintered samples were sectioned and polished
with successive diamond grits of 60, 25, 10, 6, 4, 2 and 0.25
mm size and then thermally etched at 100�C below their
sintering temperatures for a period of 1 h. The samples
were sputter coated with gold-palladium alloy (� 10 AÊ

thick coating) and examined in a 100 kV scanning electron
microscope (Leica Stereoscan 440). The digital images of
the micrographs were also obtained for image analysis.
Distribution of grains in equivalent area-radius were
determined from the digital images with the help of an
image analysis software (NIH Image 1.52; distributed
by the National Institute of Health, USA). The resulting
2-dimensional discretized distribution (NA) of grain
disks in sectioned area was converted into a 3-dimen-
sional discretized distribution of spherical grains (NV) in
bulk volume by the Johnson-Saltykov method [35]. This
procedure amounts to the solution of the following set
of linear algebraic equations:
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ANV � NA �11�

where the elements of the coe�cient matrix A are
de®ned in terms of discrete size ri as:

Aij �
�����������������
r2j ÿ r2iÿ1

q
ÿ

��������������
r2j ÿ r2i

q
; if j5i else Aij � 0 �12�

In order to prevent erratic and inadmissible results in
the solution of about 100 simultaneous equations in Eq.
(11), the 2-D cumulative size distribution data obtained
from image analysis were ®tted to the following sigmoidal
form:

R2D�r; t� � 1� r

c

� �b� �ÿe
�13�

where b, c and e are the distribution parameters. This
function was chosen as it ®tted the experimental data for
di�erent time-temperature combinations quite well. In
some cases, the computed 3-D distribution NV contained
negative values in ®ne sizes which is not surprising con-
sidering the large size of the matrix A to be inverted in
Eq. (11).
This problem was overcome by optimizing the fol-

lowing least squares objective function:

Minimize : �ANV ÿNA�2 �14�

with the constraints that all elements of NV are non-
negative. The computed distribution was transformed
into cumulative form and ®t to a function of the kind
given in Eq. (13) to obtain R(r, t) in terms of b, c, and e,
the distribution parameters. All comparisons of data
with the sintering models were carried out in cumulative
rather than frequency domain, in view of the unavoid-
able presence of errors in grain size measurements, spe-
cially in the ®ne size range, and the uncertainty
introduced in 2-D to 3-D transformation.
As mentioned earlier, the initial cumulative larger size

distribution R(r, 0) is one of the model inputs. The
initial distributions are de®ned as those which were
heated to 1500 or 1600�C and immediately cooled down
to the room temperature without any soak. However,
for the 1400�C ®ring schedule, a soaking time of 2 h had
to be given in order to obtain samples of su�cient
strength for the subsequent polishing operations.

5. Results and discussion

5.1. Model validation from experimental data for sintering
of zirconia

The microstructures of the three samples sintered at
1400, 1500 and 1600�C for 2 h is shown in Fig. 1. The
microstructure is fairly uniform and homogeneous.

The coarsening of microstructure with increasing sin-
tering temperature is also evident from this ®gure.
The simulation of relative density from the densi®ca-

tion model, presented in Part I [24], is compared with

Fig 1. Typical scanning electron micrographs (SEM) showing the

microstructure of zirconia specimens sintered at (a) 1400, (b) 1500, (c)

1600�C for 2 h.
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experimentally measured data for zirconia in Fig. 2. It
can be seen that the densi®cation model agrees well with
the experimental data. The values of themodel parameters
were found to be m=4 and k=18, 22 and 50 for sintering
temperatures of 1400, 1500 and 1600�C, respectively.
The experimentally measured grain size distributions

for zirconia samples at 1400, 1500 and 1600�C are plot-
ted for di�erent sintering times in Figs. 3±5. The model
predictions for these sintering cycles are also plotted for
comparison. The computed values were obtained for a
single set of model parameters n=2 and �=1, that gave
the best overall ®t to the data. The value of CGA refers
to the average of 3 values that were used for simulating
the grain size distribution corresponding to each time,

with a standard deviation of 0.25. It must be recalled
that, the experimental data of grain size distribution is
generated through the following steps: (a) measurement of
areas of two-dimensional grains; (b) determining the radii
of circles of equivalent area (c) converting the resulting 2-
D distribution to an equivalent 3-D distribution. Con-
sidering the number of equivalence assumptions involved,
there is considerable source of error in the experimental
data. Therefore it is not unreasonable to envisage more
than one value of CG for a given grain growth mechan-
ism operating, for a set of data. Figs. 3 and 4 show a
good agreement between the model predictions and
experimental grain size distributions at 1400 and 1500�C.
However, for the case of 1600�C, the agreement between
the experimental data and model is not very good par-
ticularly at larger times.
The overall activation energy for grain growth was

found to be 533 kJ/mol from the Arrhenius plot shown
in Fig. 6. The plot also shows the error bars, which give
an indication of the spread in the values ofCG. This value
of activation energy for grain growth is close to the value
for Zirconia obtained from published data of Yoshi-
zawa and Sakuma [8]. Although, in the above reference,
the activation energy was not reported, but it can be

Fig. 3. Comparison of measured and simulated grain size cumulative

distributions of zirconia sintered at 1400�C.

Fig. 2. Comparison of measured and simulated relative density for

zirconia SYP 5.2 sintered at (a) 1400, (b) 1500, 1600�C and alumina

data (after Ting [11]).

Fig. 4. Comparison of measured and simulated grain size cumulative

distributions of zirconia sintered at 1500�C.

Fig. 5. Comparison of measured and simulated grain size cumulative

distributions of zirconia sintered at 1600�C.
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readily determined from their data as described below.
The grain growth rate as per the model presented in
their paper can be written as:

dd

dt
� KG

d
�15�

where d is the mean grain size, and the temperature
dependent constant KG can be expressed as:

KG �Mgb
Vm � KGoexp ÿQG

RT

� �
�16�

In the Eq. (16), Mgb is the grain boundary mobility,
Vm is the molar volume and 
 is the surface energy. The
authors [8] also provides a plot of Mgb vs (1/T) along
with the values of Vm and 
 from which KG can be com-
puted. The overall activation energy for grain growth
(QG) was obtained from the plot of ln(KG) vs. (1/T) and
was found to be 546 kJ/mol, which is comparable to the
value (533 kJ/mol) obtained in the present work.

5.2. Model validation from other data (sintering of
alumina)

In contrast to the availability of data on pore size
evolution, data on the evolution of grain size distribu-
tion is rather limited in the literature. Two sets of data,
on the sintering of MgO doped alumina published by
Ting [11], were selected for validating our model. The
median sizes for the materials designated as alumina
HPA10W and alumina HPAAF were 0.98 and 0.5 mm,
respectively. The alumina compacts were sintered at
1500�C for 10 to 240 min. As corresponding pore size
distribution data were not available, for the initial pore
size distribution we assumed the same distribution as
for the alumina system studied by us earlier in Part I
[24]. The model parameters m and k for the pore evolu-
tion were then back calculated so as to ®t the densi®ca-
tion data. The parameter values were m=6, k=1.0 �

10ÿ13 and m=6, k=3.8 � 10ÿ13 for HPA10W and
HPAAF respectively. Not surprisingly the densi®cation
model showed good agreement [Fig. 2 (b)] with the
experimental data. More pertinently, however, quite
satisfactory simulation of the grain size spectra could be
obtained, as shown in Figs. 7 and 8 for alumina
HPA10W and HPAAF, respectively. It must be noted
that in spite of the widely di�erent grain size distribution
in alumina HPA10W and HPAAF, our model was able
to predict the evolution of grain size distribution with
time. Due to the non-availability of data for di�erent
sintering temperatures, a more complete validation of
the model was not possible.

6. Applications Ð rate controlled sintering

We illustrate the power of our simulation approach
with a solution to the common problem of selecting the
sintering cycle for a given system. We present here an
alternative methodology to the conventional trial and
error approach.
In principle, for ceramic systems to be sintered at a

certain maximum temperature, there can be an in®nite

Fig. 7. Comparison of measured (data points) and simulated (solid

lines) grain size cumulative distributions of alumina HPA10W sintered

at 1500�C. (After Ting [11]).

Fig. 6. Arrhenius plot for determination of the overall activation

energy of grain growth in zirconia SYP 5.2.

Fig. 8. Comparison of measured (data points) and simulated (solid

lines) grain size cumulative distributions of alumina HPAAF sintered

at 1500�C. (After Ting [11]).
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number of possible cycles to carry out the sintering.
However, it has been reported that certain cycles lead to
better sintering performance in terms of the densi®ca-
tion and microstructure [36±39]. The strategy is referred
to as rate controlled sintering. In one example it has been
con®rmed that using an alternative sintering cycle, the
grain growth is minimized without a�ecting the densi®-
cation behaviour [40]. We illustrate how our model may
be utilized to simulate this case. For the simulation, the
parameters of the model,m and k(T) for pore shrinkage,
and n andCG(T) for grain growth, as obtained using the
data on sintering of Zirconia, were used. The tempera-
ture dependence of the kinetic parameters through the
respective activation energies of pore shrinkage and
grain growth is given by

k � exp k0 ÿ QP

RT

ÿ �
CG � exp CG0 ÿ QG

RT

ÿ �
The values of the constants used in the simulations are

m � 4; k0 � 12:2; QP � 131 kJ=mol �pore shrinkage�
n � 2; CGo � 27:5; QG � 533 kJ=mol �grain growth�

The sintering cycles, Cycle A and B were composed of
ramps (R), hold temperatures (Th) and dwell times (td)
as given in Table 1. The cycles are shown in Fig. 9 (a).
Cycle A is a typical one used conventionally, having a
single rampwhile Cycle B having four ramps, corresponds
to the rate controlled sintering strategy [40]. The sintering
simulations were carried out for these two cycles. The
predicted sintered density pro®le, from the simulations
are shown in Fig. 9 (b).
We observe that even though the kinetics of densi®-

cation are altered due to di�erent heating rates of the
two cycles, the ®nal extent of densi®cation for the two
cases is the same. The grain size distributions for the two
cases, at di�erent times (at which the extent of densi®ca-
tion is comparable) are compared in Fig. 10. When sin-
tering is carried out using Cycle B, the simulations show
that there is reduction in grain growth as compared to
that in the case of the conventional cycle.
Thus, in general the model is capable of evaluating the

sintering performance of di�erent sintering cycles for any
system, thereby enabling rigorous mathematical optimi-

Fig. 10. Evolution of grain size distribution Ð e�ect of temperature

cycles (sintered densities indicated in brackets).

Fig. 9. Sintering simulation Ð (a) temperature cycles and (b) densi®-

cation kinetics.

Table 1

Parameters of (time-temperature) sintering cycles employed in simula-

tions

Ramp,

R (�C/min)

T hold,

Th (
�C)

t dwell,

td (h)

Cycle A 12.6 1700 3.75

Cycle B 1 20 1200 0.5

2 1 1300 0

3 6 1600 0.5

4 1.1 1700 0
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zation of the sintering cycle for practical sintering systems
for a speci®ed objective. Using this approach, one can
similarly simulate the e�ect of various conditions such as
the initial size distributions on the kinetics of sintering.

7. Conclusions

It is possible to formulate and, what is equally
important, solve a realistic model of sintering kinetics in
which the densi®cation and grain growth are coupled
together. Because it is based on a formal population
balance on particulate entities, the model explicitly
re¯ects the role of the initial size distribution, which most
earlier models lack. It is, moreover, capable of providing
the complete trajectory of the grain size spectrum. The
model proposed by us, is quite general in the sense that
any other and, presumably better or more realistic,
mechanisms can by readily accommodated in it. Rea-
sonable agreement with zirconia and alumina systems
suggests that the model could be useful for control and
optimization of the sintering process. In conclusion, we
have demonstrated that the evolution of densi®cation
and grain size distribution Ð as a function of sintering
temperature/time Ð can be mathematically described.
We have also illustrated how the model can be e�ec-
tively utilized in designing and evaluating the sintering
cycle for a desired sintered product.
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