
Conduction model of oxide ions at grain boundary of solid electrolyte

Yoshihiro Hirata *, Akihiro Hara

Department of Advanced Nanostructured Materials Science and Technology, Kagoshima University, 1-21-40 Korimoto, Kagoshima 890–0065, Japan

Received 10 December 2007; received in revised form 18 February 2008; accepted 10 March 2008

Available online 1 July 2008

Abstract

A flux of oxide ions of solid electrolyte at a grain boundary was correlated to the difference of activity (ar) of oxide ions within two adjacent

grains with different curvature at a given electric field. The flux leads to two types of conductivity: increased conductivity (si(+)) and decreased

conductivity (si(�)) with decreasing grain size. Both the conductivities reach a maximum or minimum value at r = rc where ar = 1 (for r > 0) or

ar ¼ a2
0 (for r < 0, a0 is the activity for r =1). In the grain size range of rc > r, si(+) or si(�) is independent of grain size. As a result, total

conductivity s(t) (=(si(+) + si(�))/2) is expressed as a curve of second degree of reciprocal grain size (1/r) and reaches a maximum value at r = rc.

The dependence of activation energy of conductivity on the grain size is theoretically small in the wide grain size range of1 > r > rc. The derived

theory was compared with the experimental data of the grain boundary conductivity of sintered Gd-doped ceria. A good agreement was recognized

between the theory and experiments for the dependence of conductivity and activation energy on grain size.
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1. Introduction

Rare-earth-doped ceria (shorten as RDC) shows a higher

oxide ion conductivity than yttria-stabilized zirconia at 500–

1000 8C in air. This favorable property enables to use RDC as

an electrolyte of solid oxide fuel cell [1–4]. In our previous

papers [5–10], we measured the oxide ion conductivity of high

purity RDC (R = Yb, Y, Sm, Gd, Nd, or La) in air at 300–800 8C
and electronic conductivity in an oxygen pressure range from

105 to 10�32 Pa at 500–840 8C by Hebb–Wagner method. The

influence of doped rare-earth oxide on the conductivity and

activation energy for the diffusion of oxide ions was relatively

small. The conductivity as a function of ionic radius of dopant

was highest at about 0.105 nm of Sm or Gd. The grain boundary

conductivity of RDC is greatly small as compared with the bulk

conductivity [5,7,11,12]. However, the total conductivity is

dominated by the bulk conductivity at a high temperature

because of the small volume fraction of thin grain boundary

layers. Furthermore, it was found that the transference number

of oxide ion of La-doped ceria increases with a decrease of

heating temperature and is close to unity by 10�15 Pa of oxygen
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partial pressure at 500 8C [10]. The above results suggest it is

possible to use RDC as a solid electrolyte of SOFC facing both

air and fuel of low oxygen partial pressure at a relatively low

temperature. When the heating temperature of RDC is reduced,

the fraction of resistivity of the diffusion of oxide ions at grain

boundary to the total resistivity increases [5]. That is,

understanding and enhancement of grain boundary conduc-

tivity are important for a low temperature SOFC. On the other

hand, several papers report the enhancement of oxide ion

conductivity of RDC with decreasing grain size [12–14]. These

phenomena are attractive to increase the conductivity at a low

temperature but no clear mechanism has been proposed. On the

other hand, Ou et al. [15] observed the segregation of cations

and oxygen vacancy ordering in nanosized domains of rare-

earth-doped ceria grains (Sm, Dy, Y and Yb, 25 at%). This

ordering of oxygen vacancy leads to the decrease of oxide ion

conductivity. Based on the above background, we have

analyzed the relationship between grain boundary conductiv-

ity and grain size of RDC based on the thermodynamics of

solids. The derived theory succeeded in explaining the

experimentally measured dependence of grain boundary

conductivity on grain size for Gd-doped ceria (GDC). The

flux of oxide ions through a grain boundary is derived from the

difference of activity of oxide ions within two adjacent grains

in the latter sections.
d.
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2. Difference of chemical potential between grains of

different sizes

Fig. 1 shows a model structure for the migration of oxide

ions between two adjacent single crystal grains of GDC. When

1 mol of oxide ions in grain 1 moves though the grain boundary

to grain 2, the free energy change of each grain is represented

by chemical potential (mi) by Eq. (1),

mi ¼
@G

@ni

� �
T;P;nj

(1)

The decreased (for grain 1) and increased (for grain 2)

volumes due to the migration of oxide ions give the following

relations using Eq. (1) [16],

� dG1

dV
¼ m1dn

dV
¼ m1

ðdV=dnÞ ¼
m1

y
(2)

dG2

dV
¼ m2dn

dV
¼ m2

ðdV=dnÞ ¼
m2

y
(3)

where y is the volume of oxide ions of 1 mol. The total energy

(dG = dG1 +dG2) is expressed by the difference of the chemical

potential of both the grains [16].

dG

dV
¼ m2 � m1

y
¼ Dm

y
(4)

This type of material transport between two grains can be

seen in the grain growth phenomenon in a sintered

microstructure containing different grain sizes and curvature.

Of course, when the volumes of input and output mass are same

in one grain, no charge in grain size occurs. On the other hand,

dG is related to the change of surface area of two grains by

Eq. (5),

dG ¼ gdA1 þ gdA2 (5)

where g is the surface energy. Since dV (=4pr2dr) is related to

dA (=8prdr) by dA = 2dV/r (r: radius of grain), Eq. (5) results in

Eq. (6).

dG

dV
¼ 2g

1

r2

� 1

r1

� �
(6)
Fig. 1. A model structure of two adjacent grains with different size, activity and

chemical potential.
From Eqs. (4) and (6), the difference of chemical potential is

described as a function of grain size.

Dm ¼ m2 � m1 ¼ y
dG

dV
¼ 2gy

1

r2

� 1

r1

� �
(7)

Eq. (7) indicates that (1) Dm is 0 for an equal grain size

(r1 = r2), and (2) Dm is a negative value for r1 < r2. When r2 is

1 (flat surface), we define the m to be m0. This definition leads

to a general formula of Eq. (8) for the chemical potential (mr) of

a spherical grain with radius, r.

mr ¼ m0 þ
2gy

r
(8)

When a sintered microstructure consists of flat grains (r =1),

all the grains have a same chemical potential (m0), resulting in

Dm = 0. The chemical potential derived in Eq. (7) or (8) is

related to the activity (a) of oxide ions in a grain in next section.

3. Activity of oxide ions

The activity of oxide ions (a) is related to m by Eq. (9),

m ¼ m� þ RT ln a (9)

where m� corresponds to the chemical potential at a = 1. Eq. (9)

is combined with Eq. (7) to give Eq. (10).

ln
a2

a1

� �
¼ 2gy

RT

1

r2

� 1

r1

� �
(10)

When we define a2 = a0 for r2 =1, we obtain a general form

(Thomson–Freundlich equation) of the activity (ar) of oxide

ions as a function of r.

ar ¼ a0 exp
2gy

RTr

� �
(11)

The ar is in the range of 0 � ar � 1. We also obtain a useful

relation (Eq. (12)) from Eq. (9) because of the relation of

m0 = m� + RT ln a0,

mr ¼ ðm0 � RT ln a0Þ þ RT ln ar (12)

Substitution of Eq. (11) for Eq. (12) results in Eq. (8). The

above relations are summarized in Table 1 as a function of grain

size.

A GDC grain contains oxide ions and vacancy in its oxygen

lattice sites shown in Fig. 2. The molar fraction of oxide ions,

Nr, is defined using the number of oxide ions (nr) and the total

number of oxygen lattice sites (nm = nr + ny, ny: number of

oxygen vacancy) per a unit volume of spherical grain of radius

r: Nr = nr/nm. The activity of oxide ions is defined by ar = Nrg
0

and the activity coefficient g0 (>0) is equal to 1 for an ideal

solution. The above relation is coupled with Eq. (11) to

correlate the activity with the number of oxide ions in a grain of

radius, r,

ar ¼ g0 nr

nm

� �
¼ a0 exp

2gy

RTr

� �
¼ g0 n0

nm

� �
exp

2gy

RTr

� �
(13)



Fig. 3. Relationship between ln ar (activity) and 1/r (radius) for Eq. (13) in text.

Table 1

Chemical potential and activity of grain with radius, r

Y. Hirata, A. Hara / Ceramics International 35 (2009) 887–896 889
where n0 is the number of oxide ions included in unit volume of

a cubic particle (r =1). The relation in Eq. (13) leads to

Eq. (14).

nr ¼ n0 exp
2gy

RTr

� �
(14)

The condition of ar = 1 in Eq. (13) leads to a critical particle

size (rc).

rc ¼
2gy

RT

1

�ln a0

(15)

Another condition for ar! 0 in Eq. (13) leads to the

following relation of r: r < 0 and r! 0. Fig. 3 shows the

schematic relation for Eq. (13). The activity, ln a0 < 0,

corresponds to that of flat grain of r =1. The ln ar of a

convex grain increases linearly with 1/r and reaches 0 (ar = 1) at

r = rc. The ln ar of a concave grain decreases linearly with 1/r to

�1 at r = 0. Since nr/nm ratio in Eq. (13) is in the range from 0

to 1, the following relation is derived for 2gy/RTr (�Z) in

Eq. (13):

ln
nr

nm

� �
¼ ln

n0

nm

� �
þ Z < 0; Z < � ln

n0

nm

� �
(16)

From Eq. (8), the Z value is equal to (mr � m0)/RT and

represents the ratio of the difference of chemical potentials

between mr (spherical grain) and m0 (flat grain) to thermal

energy (RT). On the other hand, the molar fraction of oxide ions

for a GDC grain of r =1 (Eq. (13)) and with a chemical
Fig. 2. A lattice model for oxide ion and vacancy.
composition of Ce1�xGdxO2�(x/2) is calculated to be (4 � x)/4.

From Eq. (16), Z is limited in the range of Eq. (17).

Z < � ln N0 ¼ �ln 1� x

4

� �
� x

4
(17)

Therefore, Z is in the range of 0 < Z < x/4 < 1/4 for r > 0.

Under the limited range of Z, the difference of activity for two

grains in Fig. 1 is approximated to be Eq. (18) because of

exp(Z) � 1 + Z(0 < Z < 0.25),

a2 � a1 ¼ g0ðN2 � N1Þ ¼ a0 exp
2gy

RTr2

� �
� a0 exp

2gy

RTr1

� �

� g0 N0

2gy

RT

1

r2

� 1

r1

� �
(18)

From Eqs. (7) and (18), Eq. (19) is derived.

Da � g0N0Dm

RT
(19)

In next two sections, we correlate the difference of activity

(Da) to the flux of oxide ions at a grain boundary.

4. Flux of oxide ions at grain boundary

4.1. Description of flux of oxide ions

One-dimensional flux of oxide ions migrating under a

gradient of chemical potential of oxide ions and an external

electric field (f) along x direction is expressed by Eq. (20)

(Phenomenological equation) [17],

Ji ¼ �Mi
dmi

dx
�Mf

df

dx
(20)

where Mi and Mf are constants. Ji is also equal to the product of

Ciyi (Ci: concentration of migrating oxide ions, mol/L, yi:

migration rate of oxide ions, m/s) and yi is related to the

product of applied force F and mobility B of oxide ions.

The applied force is related to the potential energy U through

the equation of F = �(@U/@x). The above relations are



Fig. 4. Structure model of grain boundary with width d between grain 1 and

grain 2 with N1 and N2 molar fraction of oxide ions, respectively.

Y. Hirata, A. Hara / Ceramics International 35 (2009) 887–896890
substituted for Eq. (20),

Ji ¼ CiBiFi ¼ CiBi �
@U

@x

� �
(21)

The potential energy of the oxide ions is represented by the

electrochemical potential hi (=mi + Zief, Zi (atomic valence) is

�2 for oxide ions, e the charge on electron). That is, Eq. (21) is

transformed to Eq. (22),

Ji ¼ �CiBi
@mi

@x

� �
� CiBiZe

@f

@x

� �
(22)

Under no electric field, Ji is equal to �Di(@Ci/@x) as known

as Fick’s first law (Di: diffusion coefficient of oxide ions) and

we get the relation of Eq. (23).

Di
@Ci

@x

� �
¼ CiBi

@mi

@x

� �
(23)

In Section 3, we derived Eq. (12) for mr of oxide ions in a

GDC grain and activity (ar) is related to the concentration (C)

through Eq. (24),

ar ¼ g0Nr ¼ g0 nr

nm

� �
¼ g0 ðnr=nAÞ

ðnm=nAÞ
¼ g0 Cr

Cm

� �
(24)

where nA is the Avogadro number. Therefore, dmi/dx in

Eq. (23) for oxide ions in a grain is equal to RT(d ln

a/dx) = RT(d ln g0/dx) + RT(d ln Cr/dx). The above relation

is coupled with Eq. (23) and leads to the equation of

Di ¼ BiRTð1þ ðd ln gi0=d ln CiÞÞ, as known as Nernst–Ein-

stein equation. Based on the derived above relations, we

describe the flux of oxide ions at a grain boundary as follows,

Ji ¼ �Di
@Ci

@x

� �
� CiBiqi

@f

@x

� �

¼ �Di
@Ci

@x

� �
� DiCiqi

RThi

@f

@x

� �
(25)

where Di and Ci represent the self-diffusion coefficient and

concentration of oxide ions at a given grain boundary, respec-

tively and hi is equal to 1þ ðd ln gi0=d ln CiÞ and qi is Ze

(Z = �2). In next section, we correlate Eq. (25) to an electric

current at a given grain boundary.

4.2. Electric current at grain boundary

The electric current (Ii) of oxide ions at a grain boundary is

equal to the product of flux Ji and charge qi of oxide ion and

expressed by Eq. (26).

Ii ¼ Jiqi ¼ �Diqi

dCi

dx
� DiCiq

2
i

RThi

df

dx

� �
(26)

Electric current Ii is also defined as Ii = �si (df/dx), where si

is the grain boundary conductivity. The comparison between

Eq. (26) and the definition of Ii yields Eq. (27),

si ¼ Diqi

ðdCi=dxÞ
ðdf=dxÞ þ

Ciqi

RThi

� �
(27)
Fig. 4 shows a structure model with width d of grain

boundary between grain 1 of radius r1 and grain 2 of radius r2.

The (dCi/dx) in Eq. (27) is approximated to be (C2 � C1)/d in

this paper and C is equal to CmN (N: molar fraction of oxide

ions in a grain, see Eq. (24)). Furthermore, the difference of N

between two adjacent grains in Fig. 4 is given by Eq. (18).

These relations lead to Eq. (28) because of CmN0 = Cm(C0/

Cm) = C0,

dCi

dx
� C2 � C1

d
¼ CmN02gy

dRT

1

r2

� 1

r1

� �
¼ C0

d

2gy

RT

1

r2

� 1

r1

� �
(28)

On the other hand, the concentration of oxide ions Ci is a

function of the thickness of grain boundary and depends on the

concentrations of oxide ions in the adjacent two grains.

However, in this paper, Ci is substituted with the average

concentration ðCiÞ for all the grain boundaries and Ci is also

approximated by the average concentration Cb of oxide ions for

all the grains. This approximation leads to Eq. (29) and Ci is

finally related to C0.

Ci � Ci � Cb ¼ CmN̄ ¼ CmN0 ¼ C0 (29)

Substitution of Eqs. (28) and (29) for Eq. (27) gives Eq. (30)

as a grain boundary conductivity,

si ¼
DiC0q2

i

RT

1

hi
þ 2gy

d

1

r2

� 1

r1

� �
1

qiðdf=dxÞ

� �

¼ s0

1

hi
þ 2gy

d

1

r2

� 1

r1

� �
1

qiðdf=dxÞ

� �
(30)

where s0 represents DiC0q2
i =RT for a given grain boundary. If

Di is substituted with the self-diffusion coefficient of oxide ions

within a grain (Db), s0 represents the bulk conductivity. The

important note for Eq. (30) is that the grain boundary con-

ductivity is mainly dominated by Di at the grain boundary and

by the difference of sizes of two adjacent grains. Further

analysis is described in a latter part. Before the discussion of

si, we point out the important characteristics of the micro-

structure associated with Eq. (30).



Fig. 5. One-dimensional model structure of sintered GDC, which consists of

the alternative location of convex and concave grains.

Fig. 6. Relation among (a) structure of two grains, (b) direction of electric field

and si/s0 ratio of Eq. (30) in text.
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The activity of oxide ions ðarÞ of a single crystal GDC grain

of average size r̄ is expressed as ar ¼ a0 expð2gy=RTr̄Þ (see

Eq. (11)). ar is related to the average molar fraction N̄r and also

related to Cb or n̄ (average number of oxide ions in a grain):

ar ¼ g0Nr ¼ g0Cb=Cm ¼ g0nr=nm. When the chemical com-

position of GDC is fixed, the N̄r is automatically related to the

composition as a constant value (see Section 3). However, ar

depends on the average grain size r̄ and is not treated as a

constant value. The above discrepancy for ar is solved by

analyzing the microstructure of sintered GDC. Fig. 5 shows

one-dimensional model structure of sintered GDC. In this

model, convex and concave grains are alternatively located.

The activity of convex ðā ðþÞÞ and concave ðā ð�ÞÞ grains with

size of r̄ is given by Eqs. (31) and (32), respectively.

āðþÞ ¼ a0 exp
2gy

RTr̄

� �
(31)

āð�Þ ¼ a0 exp � 2gy

RTr̄

� �
(32)

The product of ā ðþÞ ā ð�Þ is equal to a2
0 for the grains of

r =1 (cubic grain). That is, the overall average activity ðā ð�ÞÞ
for the sintered microstructure is expressed by Eq. (33).

āð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
āðþÞāð�Þ

p
¼ a0 (33)

Eq. (33) indicates that (i) it is impossible to form a sintered

microstructure by only convex or only concave grains with

average size r̄, (ii) a sintered microstructure consists of the

alternative location of convex and concave grains and (iii) the

overall average activity ðā ð�ÞÞ results in a constant value a0

which is correlated to the composition of GDC. When we

discuss the grain boundary conductivity, the requirement from

the microstructure should be included.

4.3. Detailed analysis of grain boundary conductivity

Based on Eq. (30), we discuss the relationship between the

local microstructure of sintered GDC and grain boundary

conductivity. Case A. Equal grain size: When the two convex

grains shown in Fig. 1, have a same grain size, the si at the

interface is equal to s0/hi in Eq. (30) because of r2 = r1 and is

independent of the electric field. Case B. Flat grain structure

(cubic grain): In Eq. (30), the condition of r1 = r2 =1 results in

si = s0/hi. This result is same as Case A. Case C. Convex grain

with radius r1 and convex grain with radius r2 (r1 < r2): Fig. 6

shows the schematic relation between the structure of two

grains and direction of electric field. The term (1/r2 � 1/r1) is
negative and qi (for oxide ion) is also negative. Under the

condition of df/dx > 0, the ratio of si/s0 becomes greater than

1/hi. When the term of j2gy(1/r2 � 1/r1)/dqi(df/dx)j is

expressed by a, the ratio si/s0 increases to (1/hi) + a. This

result indicates that the migration of oxide ions from small

grain to large grain through the grain boundary is enhanced by

the application of external electric field. On the contrary, si/s0

decreases to (1/hi) � a for df/dx < 0. This result indicates that

the migration of oxide ions from small grain to large grain is

suppressed by the influence of negative electric field. The

difference of grain sizes and the direction of electric field affect

the grain boundary conductivity. When the location of grain 1

and grain 2 is exchanged, a similar result is obtained: si/s0 = (1/

hi) � a for df/dx > 0 and si/s0 = (1/hi) + a for df/dx < 0. Case

D: alternative location of convex and concave grains with same

size ðr̄Þ For the microstructure shown in Fig. 5, r1 is changed to

r̄ and r2 is changed to �r̄ in Eq. (30). As a result, Eq. (30) is

written as Eq. (34).

si

s0

¼ 1

hi
þ 2gy

d

2

r̄

1

qiðdf=dxÞ

				
				 (34)

The second term of right equation is treated as b in this

paper. Fig. 7 shows the relationship between the microstructure

and normalized conductivity (si/s0). A care should be placed on

s0 in Eqs. (30) and (34). The Di in s0 depends on the direction of

given grain boundary and Di for the migration of oxide ions is

different between the two directions: from convex to concave

grains and from concave to convex grains. Here, the former Di

and s0 are written Di(+) and s0(+), respectively, and Di(�) and

s0(�) are also written for latter case. The si/s0 (+) ratio increase

to (1/hi) + b for the migration of oxide ions from convex to

concave direction at the grain boundary under the condition of

df/dx > 0. On the contrary, the si/s0(�) ratio decreases to (1/

hi) � b for the migration of oxide ions from concave to convex

direction under the condition of df/dx > 0. Similarly, the

migration of oxide ions from concave to convex direction is



Fig. 7. One-dimensional microstructure and si/s0 ratio in Eq. (30) for df/

dx > 0.
Fig. 9. One-dimensional model structure and corresponding chemical potential

of oxide ions in convex and concave grains as a function of distance, x. The grain

boundary is drawn to have a width of d. The dotted line of m0 represents the

chemical potential of oxide ions in flat grains. The m(+) and m(�) represent two

chemical potential of oxide ions in convex and concave grains, respectively. The

schematic curve shows the jump of oxide ions in the potential barrier.
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enhanced to si/s0(�) = (1/hi) + b at df/dx < 0. The migration

of oxide ions from convex to concave is reduced to

si/s0(+) = (1/hi) � b at df/dx < 0. As shown in Fig. 7, the

enhancement and suppression occur alternatively for the

migration of oxide ions at the two grain boundaries under a

given electric field.

We discuss more about Eq. (34). Fig. 8 shows the

relationship between si/s0 ratio and 1=r̄ for a constant value

of df/dx (>0). A linear relation is proposed between the si/s0

and 1=r̄. As discussed in Section 3, the grain size has a critical

minimum value of rc which corresponds to ar = 1 (Eq. (15)).

The grain boundary conductivity reaches a maximum

value at r̄ ¼ rc: si/s0(+)(maximum) = 1 + 2RT ln a0/dqi(df/

dx) (�ln a0 < 0, qi < 0). On the other hand, si/s0(�) decreases

with an decrease of grain size. When �r̄ of concave grain

reaches �rc, si/s0(�) reaches a minimum value of si/

s0(�) = (1/hi) � 2RT ln a0/dqi(df/dx). In the grain size rc > r̄,

no change of si/s0 (+) or si/s0(�) with grain size occurs. In the

above grain size range, āðþÞ is unity and the corresponding

āð�Þ results in a constant value of a2
0 from Eq. (33). This

constant values of āðþÞ and āð�Þ give a constant flux of oxide

ions between two adjacent grains, which is independent of grain

size (see Eq. (18)).
Fig. 8. Relationship between si/s0 ratio and 1=r̄ of Eq. (34) for df/dx > 0.
4.4. Dependence of activation energy of grain boundary

conductivity on grain size

Based on the sintered microstructure model shown in Fig. 5,

we analyze the activation energy of grain boundary con-

ductivity. Fig. 9 shows the chemical potential of oxide ions in

the adjacent two grains forming a grain boundary. The convex

grain has a high chemical potential of m0 þ 2g y=r̄ (see Eq. (8))

and the chemical potential of the adjacent concave grain is low,

m0 � 2gy=r̄. The oxide ions within a single crystal grain need a

certain activation energy (DGmb) to diffuse into an adjacent

oxygen vacancy. This activation energy represents the

summation of energies for migration of oxygen vacancy and

association of oxygen vacancy and dopant ion [18–20]. The size

and concentration of dopant affect DGmb. Similarly, an

activation energy (DGmg) is generally needed for the oxide

ions within the convex grain (high chemical potential) to

diffuse to the oxygen vacancy within an adjacent concave grain

(low chemical potential) through the grain boundary. On the

other hand, the oxide ions within the concave grain (low

chemical potential) can diffuse to convex grain (high chemical

potential) when the ions get a high energy of DGmg þ ð4gy=r̄Þ.
This potential barrier apparently depends on the average grain

size and becomes higher for smaller grain size. The self-

diffusion coefficient, Di, in Eq. (30) is expressed by Eqs. (35)

and (36) for the oxide ion flux from convex to concave grain

(D(+)) and from concave to convex grain (D(�)), respectively.

DðþÞ ¼ D0ðþÞexp �DGmg

RT

� �
(35)

Dð�Þ ¼ D0ð�Þexp �DGmg þ ðð4gyÞ=r̄Þ
RT

� �
(36)

when r̄ is 1, D(+) is equal to D(�), indicating the both the

frequency factors are equal (D0(+) = D0(�) = D0(�)). Eqs. (35)



Table 2

Grain boundary conductivity parameters l and m in Eq. (39)

No. Direction of migration of oxide ions l m

1 Convex! concave 0 –4

2 Convex! flat 0 –2

3 Flat! concave 0 –2

4 Flat! flat 0 0

5 Flat! convex +2 +2

6 Concave! flat +2 +2

7 Concave! convex +4 +4

8 Concave! concave 0 0

9 Convex! convex 0 0

Fig. 11. Potential barrier associated with l value in Table 2.
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and (36) are substituted for Eq. (34) to present the correspond-

ing conductivity.

siðþÞ ¼
C0q2

i D0ð�Þ
RT

exp �DGmg

RT

� �
1

hi
� 4gy

dr̄

1

qiðdf=dxÞ

� �
(37)

sið�Þ ¼
C0q2

i D0ð�Þ
RT

exp �ðDGmg þ ð4gy=r̄ÞÞ
RT

� �

� 1

hi
þ 4g y

dr̄

1

qiðdf=dxÞ

� �
(38)

The grain boundary conductivity for another type interface

structure, for example convex grain! flat grain, flat

grain! concave grain, flat grain! flat grain, is also analyzed.

The derived general form of si is expressed by Eq. (39).

si ¼
C0qi2D0ð�Þ

RT
exp �

DGmg þ lgy=r̄

 �

RT

� �

� 1

hi
þ mgy

dr

1

qiðdf=dxÞ

� �
(39)

The values l and m for qi = �2e (oxide ions) are summarized

in Table 2. The variety of the diffusion of oxide ions in Table 2

comes from the complex structure of sintered GDC as shown in

Fig. 10, which should satisfy the condition of āð�Þ ¼ a0 (see

Eq. (33)). The small l value indicates the low energy barrier for

the diffusion of oxide ions through a grain boundary. As seen in

Fig. 9, the diffusion of oxide ions from a high chemical

potential grain to a low chemical potential grain or diffusion

between grains of same chemical potential results in l = 0. For

example, the condition for r̄ ¼ 1 in Eq. (36) indicates the

diffusion of oxide ions between flat grains and gives the

activation energy of DGmg. The large negative m value shows

the large enhancement effect for the diffusion of oxide ions at

the grain boundary. Fig. 11 shows the potential barrier

associated with l value in Table 2. In the proposed grain
Fig. 10. A typical complex structure associated with the variety of migration of

oxide ions through possible interfaces.
boundary model, three types of potential barrier appear. In

cases 1, 2, 3, 4, 8 and 9 for l = 0 in Table 2, the potential barrier

is same and independent of the grain size. In cases 5, 6 and 7,

the potential barrier increases with decreasing grain size.

At the grain size rc, si results in a maximum value in cases 5, 6

and 7. The potential barrier at r̄ ¼ rc is ðDGm=RTÞ þ
ðlgy=RTr̄Þ ¼ ðDGm=RTÞ þ ðlZ=2Þ < ðDGm=RT Þ þ ðlx=8Þ
(Z = (2gy/RTr) < x/4, see Eq. (17)), where x is the molar

fraction of Gd substituted for Ce in Ce1�2GdxO2�(x/2). The

l RT x/8 value is 0.48 kJ/mol at 573 K for l = 4 and x = 0.2.

On the other hand, the reported activation energy of grain

boundary conductivity, which corresponds to DHm þ ðlgy=r̄Þ,
is 83.6–112 kJ/mol. This magnitude is significantly large as

compared with the (l RT x/8) value. Therefore, the activation

energy of grain boundary conductivity is not sensitive to the

average grain size.

The total conductivity (st) for the microstructure shown in

Fig. 5 is expressed by Eq. (40) from Eqs. (37) and (38),

sðtÞ ¼ 1

2
½siðþÞ þ sið�Þ	

¼ 1

2
s0ð�Þ

1

hi
þ bþ 1

hi
� b

� �
exp � 4gy

RTr̄

� �� �
(40)

where s0(�) represents ðC0q2
i D0ð�Þexpð�DGmg=RTÞ=RTÞ in

Eq. (37) or (38) and b is equal to j4gy=d r̄qiðdf=dxÞj. Since

ð4gy=RTr̄Þ is smaller than 0.5 (see Eq. (17)), expð�4gy=RTr̄Þ
is approximated to be 1� ð4gy=RTr̄Þ. The 4gy/RT is also equal

to 2rcu, where u represents (�ln a0) (see Eq. (15)). In addition,

jRT/dqi(df/dx)j is written as b. The above substitution is carried

out on Eq. (40) to express s(t) as a function of rc=r̄ð� yÞ ratio.

The obtained equation is

sðtÞ
s0ð�Þ

¼ 1

hi
� u

hi
yþ 2bu2y2

¼ 2bu2 y� 1

4buhi

� �2

þ 1

hi
� 1

8b

1

h2
i

(41)

Fig. 12 shows a typical calculation of Eq. (41) for hi = 1,

b = 0.208, u = 0.0513. The s(t)/s0(�) ratio shows a small



Fig. 12. Typical calculation of total conductivity (s(t)) expressed by Eq. (41) as

a function rc=r̄ ratio.
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minimum value ð1=hi � ð1=8bh2
i ÞÞ at y = 1/4buhi, and

increases nonlinearly and reaches (1/hi) � (u/hi) + 2bu2 at

y = 1. In the range of y > 1, the s(t)/s0(�) becomes a constant

value, because the activity āðþÞ and āð�Þ is fixed to be 1 and

a2
0, respectively. That is, the decrease of grain size of GDC is

greatly effective to increase the grain boundary conductivity but

this effect stops at the critical grain size rc corresponding to

ar ¼ 1. Of cause, a similar analysis for another type of local

microstructure (Fig. 10) is possible using the relation presented

in Table 2.

5. Comparison between the theory and experimental

results of grain boundary conductivity

The finally derived conductivity model (Eq. (41)) and

Fig. 12 are compared with the conductivity for Ce0.8Gd0.2O1.9

(GDC) reported by Christie and Berkel [12] and by our group

[21]. The ac impedance method was used to separate the bulk

resistance and grain boundary resistance of sintered GDC in an

average size rang from 290 nm to 17 mm. The detailed
Fig. 13. Grain boundary conductivity and bulk conductivity (a) and their

activation energies (b) for Ce0.8Gd0.2O1.9 as a function of reciprocal grain size.
experimental procedure is described in the original papers

[5,7,12]. The observation of GDC with grains of average size

5.6 mm by high-resolution transmission electron microscopy

indicated that no crystalline or amorphous secondary phase

formed in the bulk or grain boundaries [6]. Fig. 13 shows the

separated bulk and grain boundary conductivity at 300 8C in air

and the corresponding activation energy measured in the

temperature range of 300–800 8C. When the heating tempera-

ture is increased above 500 8C, it is difficult to separate the

conductivity because of the small resistance of the grain

boundary conduction. The logarithmic grain boundary con-

ductivity as a function 1=r̄ shows a minimum value at r̄ ¼
2:94 mm and gradually increases with decreasing grain size. On

the other hand, the data for the grain sizes of 290 and 510 nm,

which were recently measured in our group [21], were almost

independent of grain size. The described characteristics agreed

with the prediction from the theory in Section 4.4. Eq. (41) is

transformed into Eq. (42) and this equation is fitted to the

measured data.

sðtÞ ¼ s0ð�Þ
1

hi

� �
� urc

hi

� �
1

r̄

� �
þ ð2bu2r2

c Þ
1

r̄

� �2
" #

¼ s0ð�Þ 2bu2r2
c

1

r̄
� 1

4burch

� �2

þ 1

hi
� 1

8bh2
i

" #
(42)

From the comparison of the theoretical curve and

experimental results, the following value were determined

for both the experiments by Christie and Berker, and our group:

rc = 0.47 mm and u( = �ln a0) = 7.07. The corresponding

activation energy is shown in Fig. 13(b). Although the slight

difference was recognized between the data of the two research

groups, the important characteristic is the small grain size

dependence of the activation energy (E). This result is also well

explained by the theory in 4.4 and the E value extrapolated at

1=r̄ ¼ 0 represents the enthalpy term of DGmg in Eq. (39). From

the above comparison between the theory and experimental

results, it is concluded that the grain boundary conductivity of

oxide ions of GDC can be characterized by Eqs. (39) and (41)

and the rc corresponding to ar = 1 sets a limit to the increased

conductivity with decreasing grain size.

Here we note the importance of activity in Eq. (15). The

experimentally determined a0 was 8.50 � 10�4 for the data in

Fig. 13(a). On the other hand, the N0 value (=1 � (x/4), x is the

molar fraction of oxide ions in Ce0.8Gd0.2O1.9, x = 0.2) is 0.95.

Both the values are correlated by the activity coefficient g0:

a0 (=8.50 � 10�4) = N0 (=0.95) g0, g0 = 8.95 � 10�4 at

300 8C. This result indicates that (1) the activity of oxide ions is

far small as compared with the molar faction N0 and (2) the

oxide ions cannot be treated as an ideal solution at this

temperature. As shown in Eq. (15), the product (�ln a0) rc is a

function of temperature ((�ln a0) rc = 2gy/RT. We know

experimentally the value of product (�ln a0) rc and rc value

at each heating temperature. In a next paper, we study the

temperature dependence of a0 and rc.

Fig. 13 shows also the bulk conductivity at 300 8C and the

activation energy for the diffusion oxide ions within a grain. In
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this paper, we discussed briefly the diffusion of oxide ions in a

grain in Section 4.2. As seen in Fig. 13(a), the bulk conductivity

in the wide grain size range shows a constant value. Although

no information about the grain size of GDC is described

in Ref. [20], the reported sample conductivity

(st = 1.26 � 10�4 S cm�1) at 300 8C is very close to the bulk

conductivity in Fig. 13(a). The sintered GDC contains a series

of grain size distribution and each grain has a different

activity of oxide ions. However, the overall average activity is

related to the composition of GDC and independent of grain

size (see Eq. (33)). No change of the bulk conductivity with

the average grain size is well explained by the constant

composition of GDC. The activation energy for the bulk

conductivity in Fig. 13(b) shows a constant value with

decreasing grain size and close to the activation energy of

grain boundary conductivity measured by our group [21].

Although no grain size of GDC was presented in Ref. [19],

the activation energy of 75.3 kJ/mol was measured for their

sample conductivity. On the other hand, Balazs and Glass [22]

reported the activation energy of 85.8 kJ/mol for the sample

conductivity of GDC with grains of 5–30 mm sizes. These

values are also comparable to the data shown in Fig. 13(b).

The similar activation energy and relatively large difference

of conductivity between bulk and grain boundary suggest that

the pre-exponential factor D0 (Eq. (39)) of self-diffusion

coefficient for bulk is significantly larger than that for grain

boundary. The more discussion about D0 will be studied in a

next paper.

6. Conclusions

In this paper, we correlated the activity (ar) and chemical

potential (mr) of oxide ions within a single crystal grain of

Gd-doped ceria with a curvature, r. The migration of oxide

ions through a grain boundary between adjacent two grains

was analyzed under a given gradient of chemical potentials of

oxide ions and a given external electric field. The

theoretically derived conclusions are as follows. An overall

average activity āð�Þ of oxide ions within grains is equal to

the activity a0 for r =1 (cubic grain). This conclusion

indicates that a sintered microstructure consists of alternative

location of convex and concave grains. The microstructure

has a critical grain size (rc) for ar = 1. The diffusion of oxide

ions from high activity grain (convex) to low activity grain

(concave) through the grain boundary (written as si(+)) is

accelerated under a positive electric field. On the contrary,

the migration of oxide ions from low activity grain (concave)

to high activity grain (convex) through the grain boundary

(written as si(�)) is suppressed by the applied positive

electric field. The opposite phenomenon occurs for the

negative electric field. The electrical conductivity (si)

increases or decreases linearly with increasing 1/r, depending

on the characteristics of the grain boundary. However, si

becomes a constant value at rc > r because of ar = 1 (r > 0)

or ar ¼ a2
0 (r < 0) in this grain size range. The activation

energy for the migration of oxide ions depends on the

difference of chemical potential of adjacent two grains and is
a function of grain size for the migration of oxide ions from

low activity grain to high activity grain. However, this

influence of grain size on the activation energy is as small as


0.5 kJ/mol in the wide grain size range from rc to 1 at

573 K. The total conductivity s(t) = [s(+) + s(�)]/2 is

theoretically expressed by a curve of second degree of

reciprocal grain size (1/r) and reaches a maximum value at

r = rc. Under the condition of rc > r, s(t) becomes a constant

value because of the fixed activity of convex and concaved

grains. The derived theory was compared with experimen-

tally measured grain boundary conductivity. The grain size

dependence of measured s(t) and activation energy was in

accordance with the theory.
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