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Abstract

The sintering stress of an Al2O3 powder, ss, is evaluated from an equation ss = Fs/rSa, where F s is the uniaxial tensile force necessary to just

stop the sintering contraction, r is the relative density, and Sa is the cross-sectional area. During densification, ss increases to the maximum at a

relative density of 85%, and then abruptly decreases. The variation of ss in the intermediate sintering stage suggests a simple cubic packing of

particles. Densification in the final sintering stage is explained by shrinkage of the pores at the corners where four tetrakaidecahedra meet. The

present surface tensions of the Al2O3 powder evaluated from the ss roughly equal a reported value.
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1. Introduction

Sintering is a key process controlling properties of ceramics

and powder metallurgy [1]. A lot of recent studies have focused

on numerical simulation to describe microstructural evolution

during sintering [2–5]. The validity of the simulated results

however depends on both the adequateness of the sintering

model and the quality of the initial conditions. Not only

theoretical study but also experimental one is still necessary.

Fundamental equations on sintering kinetics [6–9] have been

derived based on simple models such as the contact of two

particles [6,7] and cylindrical pores along grain edges [9]. A

majority of the derived equations [6–8] consists of a few

constants and four explicit parameters defining sintering rate.

The latter are surface tension, particle size, diffusion coefficient

and temperature. The measurements of sintering temperature

and particle size are easy. Various kinds of diffusion

coefficients have been measured [10,11], and many additives
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were examined to improve sinterability of ceramic powders by

increasing atomic mobility [12–14].

The surface tension is the driving force for sintering [6–9],

and not a few studies have been devoted to describing the

microstructure of sintered compacts using both appropriate

values of the surface and the interfacial tensions [2–5,15,16]. In

contrast, few empirical studies have tried to measure the driving

force for sintering. This may be attributed to the difficulty in

measurement of the surface tension or the sintering force.

The so-called ‘‘zero-creep’’ method is useful to measure the

surface tensions of metals [17], and those of crystals were also

evaluated from the forces necessary for the propagation of

cleavage cracks [18]. If one finds a solvent into which the

solubility of a powder is large enough to measure the heat of

solution, the surface enthalpy of the solid concerned also can be

determined calorimetrically [19]. Such solvents have been

rarely found for ceramic or metallic powders.

Dawihl and Rix [20], and Gregg and Rhines [21] evaluated

the sintering forces of Cu from the uniaxial tensile forces

necessary to just stop the sintering contraction. This method is

similar to the zero-creep method, which was also applied to

measurement of the sintering pressure of TiO2 by Cheng and

Raj [22]. Rahaman et al. evaluated the sintering stresses of a

CdO powder using a loading dilatometer [23]. The apparatuses
d.

mailto:Ikegami.Takayasu@nims.go.jp
http://dx.doi.org/10.1016/j.ceramint.2009.05.004


Fig. 1. Two typical specimens for measurement of sintering force.
Fig. 2. A schematic self-loading apparatus: specimen A; Alumina tube B;

Alumina tube C; Rod D connecting Alumina tube C and Timbers E; Disks F, G

and H; Hook I; Bolt J; a load cell K; Stopper L; a dial gauge M; (a) and (b) bores

with a diameter of 5 mm.
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used in the reported methods require delicate operations [21–

24]. Since the present apparatus automatically inhibits the axial

shrinkage of a specimen, the sintering force was measured

without controlling the shrinkage concerned.

2. Experimental procedures

A commercially available Al2O3 powder (TM-DAR, Taimei

Chem. Co. Ltd., Nagano, Japan, with impurities of Si = 11–

15 ppm, Fe = 9–10 ppm, Na = 3–4 ppm, K = 1–4 ppm, Ca = 1–

2 ppm and Mg = 1 ppm) was examined. The specific surface

area of the as-received powder, Sp, was measured by the BET

method with N2 gas at�196 8C using an automatic surface area

analyzer (Model 4201, Beta Scientific Co., Long Island, N.Y.).

The powder was hydrostatically pressed at 200 MPa in

rubber bags. The resultant powder compacts were cylinders

with a diameter of 15–20 mm and a length of 150 mm. They

were calcined at 900 8C for 2 h in flowing oxygen gas, and

thereby the machinable specimens were obtained. Most the

calcined powder compacts were shaped into simple rods, Type

A, with a suitable radius on a lathe. Dumbbell rods, Type B,

were made by scraping the rest calcined powder compacts with

a knife. A bore of 6 mm diameter was made at 10 mm from

each end of these specimens on a drill press. The distance

between the bores was 30 mm for most specimens. Fig. 1 shows

typical examples of them, in which rf is the full radius of Type A

or Type B, rn is the neck radius of Type B, L1 is the length

between the centers of the bores, L2 is the length of the mass

between the bores, L3 is the sample length and L4 is the length

of the part which was free from the tension caused by the

sintering force. Some specimens were pre-fired to various

temperatures in a range between 1160 and 1360 8C at a heating

rate of 1.25 8C/min, and then cooled down to room temperature.

Fig. 2 shows a schematic loading apparatus. Two silicon

carbide, SiC, rods of 5 mm diameter in bores (a) and (b)

connected each end of specimen A and the end of Alumina

tubes B and C, with the bore respectively. The other end of

Alumina tube B was placed on Disk F, and that of Alumina tube
C was connected to Disk H via Rod D, Timber E and Hook I. A

compression load cell K was set on Disk G. Stopper L was

fastened on Disk F. Shrinkage of the specimen resulted in

pulling Disk H, which pushed the compression load cell K via

Bolt J and Disk G. Bolt J is equipped to adjust the clearances

between various parts such as the specimen, Alumina tube B,

Alumina tube C, the load cell, Disk F, Disk G and Disk H. A dial

gauge M was used to monitor shrinkage of the specimen during

firing. The parts of the loading apparatus, except the alumina

tubes and the SiC rods, were made of steel.

The loading apparatus with a specimen was set in a SiC

furnace with a diameter of 400 mm and length of 600 mm. The

specimen was heated at a rate of 10 8C/min to 900 8C, from

which the heating rate was changed to 1.25 8C/min. In the case

of an unfired specimen, this heating was continued. When the

load cell indicated a decrease of the apparent sintering force,

the loading apparatus was pulled by about 150 mm from the

furnace to stop densification of the specimen, and the electric

power of the furnace was turned off. If the specimen was a pre-

fired one, Bolt J was rotated at a scheduled point, the pre-firing

temperature minus 40 8C, to apply a stress of about 0.5–1 MPa

to the specimen. Further operation was done by the same

method as that for the unfired specimen.

The apparent sintering stress, ssa, was calculated from

Eq. (1) [21].

ssa ¼ FL=pr2
cr (1)

where FL is the load to the load cell, r is the relative density,

and rc is the cross-sectional radius of the specimen. After

measurement of FL, the specimen was cut into several parts,

of which the densities were measured by the Archimedes

method in water as an immersion medium.

Pellets with a diameter of 6 mm and a thickness of 6 mm

were fabricated by cold isostatic pressing at 200 MPa. The

relative density of a green compact, ro, was calculated from its



Fig. 3. Apparent sintering stresses, ssa, of type B calculated with the neck radii,

rn.
Fig. 4. Apparent sintering stresses, ssa, of type B calculated with the full radii,

rf.

Fig. 5. The apparent sintering stresses, ssa, of type A.

Fig. 6. Relative densities before and after sintering force measurement as a

function of pre-firing temperature: (*) before the FL measurement, (&) the

parts where the tension caused by the sintering force was applied, rs, (4) parts

free from the tension, rf. Since all the specimens were calcined at 900 8C to

make them machinable, the data of the unfired specimen are plotted at 900 8C.
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dimensions, weight and theoretical density, rt. Constant-rate-

of-heating (CRH) sintering was performed using a thermo-

mechanical analyzer (Model TMA 1700, Rigaku). The relative

density of a sintered compact, r, was calculated from Eq. (2)

using ro and TMA linear shrinkage data, DL/Lo:

r ¼ ro=ð1� DL=LoÞ3 (2)

where Lo is the initial sample length and DL = Lo � L, where L

is the instantaneous sample length.

3. Results

The Sp and the ro of the present powder were 15.4 m2/g and

56.5%, respectively. The particle radius of the powder, ro, was

estimated by 3/rtSp. According to a previous paper [25], the

average radius of grains in a sintered specimen, r, was given by

r ¼ ro½0:537þ 20:7=ð100� rÞ � 19:0=ð100� rÞ2� (3)

Fig. 3 shows apparent sintering stress, ssa, of Type B

calculated from Eq. (1) with rn as rc. As can be seen there, ssa

markedly increased with a decrease in rn. When rf is used as rc,

the variations of ssa in Fig. 4 were described by a single curve.

The open and the shaded symbols in Fig. 5 show the ssas of

Type A, which were independent of rf and L1.

After FL measurement, the values of L1, L2, L3 and rf of an

unfired specimen decreased by 2.5%, 7%, 8% and 10%,

respectively. In the case of a pre-fired specimen, L1 decreased

negligibly irrespective of pre-firing temperature. In contrast,

the values of L2, L3 and rf appreciably decreased by 8.0%, 2.7%

and 8.0% for pre-firing to 1200 8C, 6%, 3% and 4.5% for pre-

firing to 1240 8C, and 2.8%, 1.1% and 2.7% for pre-firing to

1280 8C, respectively.

Fig. 6 shows relative densities before and after sintering

force measurement as a function of pre-firing temperature: (*)

before the measurement, (&) the part, rs, where the tension

caused by the sintering force was applied, and (~) a part, rf,

free from the tension. Since all the specimens were calcined at



Fig. 7. Relationships between apparent sintering stresses, ssa, and relative

density, r. (*) The contacts of point between the chain line and ssa curves, and

(4 and &) the inflection points of ssa curves.
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900 8C to make them machinable, the densities of an unfired

specimen are plotted at the temperature of 900 8C in Fig. 6. As

can be seen there, a considerable difference (about 2–3%)

between rf and rs is noticed for the unfired specimen. This

difference, however, became negligible with an increase in pre-

firing temperature.

Fig. 7 shows relationships between ssa and r. The chain

curve shows the envelope of the ssa curves of the specimens

both unfired and pre-fired to 1160–1200 8C. The broken curve

is the locus describing the inflection points of the ssa curves of

the specimens pre-fired to 1240–1360 8C.

4. Discussion

4.1. Role of small clearances between various parts in the

loading apparatus

Although being calcined at 900 8C, the specimens were still

brittle. When a small tension was applied to calcined specimens

for complete elimination of the clearances mentioned above,

some of them were broken during FL measurement. Even if a

specimen did not break, the measured FL was considerably

small. These results suggested that the tension caused by the

sintering force with the cooperation of the externally applied

tension broke a considerable amount of contacts between

particles in the specimen [26]. In order to avoid the break of

contacts between particles, small clearances were put between

various parts in the initial arrangement of the loading apparatus.

While the clearances mentioned above disappeared by heating,

both neck growth and small shrinkage between particles

occurred, and the proper sintering force was able to be measured.

4.2. Two-dimensional and three-dimensional shrinkages

Since the present apparatus inhibited the axial shrinkage of a

specimen, the two-dimensional shrinkage perpendicular to the

axial direction was expected. The sum of cross-sectional areas

of diffusion paths per unit cube is estimated to be proportional
to the number of dimensions. The two-dimensional mass

transfer per unit cube and per unit time equals two thirds of the

three-dimensional mass transfer per unit cube and per unit time.

Eq. (4) is derived from a kinetic equation for CRH sintering

[27] under the condition that relative density at T2 for two-

dimensional sintering equals that at T3 for three-dimensional

sintering.

2

3
exp � Q

RðT2 þ 273Þ

� �
¼ exp � Q

RðT3 þ 273Þ

� �
(4)

where Q is the activation energy for diffusion of the atoms, and

R is the gas constant. The T3 for a given T2 is calculated from

Eq. (4) with a reported Q (=610 kJ/mol) value [25]. The rf and

rs of a specimen fired to T2 were approximated by the relative

densities calculated from the shrinkages by CRH sintering to T2

and T3, respectively. A difference between rf and rs is nearly

zero% at T2 = 900 8C, increases to the maximum of 2.2% at

T2 = 1220 8C, and then gradually decreases to 0.3% at

T2 = 1400 8C. These values are well consistent with the empiri-

cal data in Fig. 6. For example, the aforesaid maximum

difference was close to the difference between rf and rs for

the unfired specimen, which had been quenched from about

1240 8C because of decrease of FL. This temperature nearly

equaled 1220 8C. Furthermore, a difference between rf and rs

in Fig. 6 decreased with an increase in quenching temperature.

4.3. Specimen geometry valid to evaluate sintering stress

Fig. 3 shows ssa increasing with a decrease in rn. In contrast,

ssas in Figs. 4 and 5 are described by respective single curves,

regardless of the values of rf, rn and L1. From these data, rf is

valid to estimate the sintering stress independent of geometry of

a specimen.

For Type B, the sintering force equaled prn
2rss at the neck

and prf
2rss at a location with the full radius, where ss is the

proper sintering stress dependent on the porosity of the sintered

body. The tension produced by the latter force operated at every

location in the mass L2. The difference between these forces

acts as a driving force for creep of the neck, which decreases the

aforesaid tension. This decrease may be a main reason why the

ssa of Type B in Fig. 4 was considerably smaller than that of

Type A in Fig. 5.

4.4. Various stresses generated by the sintering force

The sintering stress, ss, must depend on the relative density

regardless of pre-firing temperature. Fig. 7, however, shows that

ssa started from a very small value even for a pre-fired specimen

with a relatively large r, and quickly approached the chain

curve. This variation of ssa suggested a possibility that the

present load cell measured not only the sintering force but also

other forces generated by shrinkage of the specimen or by an

externally applied force. For example, the shrinkage concerned

generated elastic deformations in various parts of the self-

loading apparatus, especially at contacts such as between the

SiC rods and the specimen, between the SiC rods and the
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alumina tubs, between Hook I and Timber J, etc. This is because

the areas of those contacts were generally so narrow that the

effective pressures at them had been considerably multiplied.

The force, Fd, causing the aforesaid elastic deformations also

caused creep of the specimen, especially at the contacts

between the specimen and the SiC rods at (a) and (b) in Fig. 2. If

Fd was smaller than the sintering force, Fs, the load cell

detected the former force, and the ssa was the stress, sd, defined

by Eq. (1) with Fd as FL.

The Young moduli of alumina [28] and steel [29] are so large

that Fd abruptly increased with an increase in shrinkage of the

specimen. Furthermore, the contact areas between the specimen

and the SiC rods rapidly increased even by a small creep of the

specimen, the stress at the contacts concerned rapidly

decreased, and hence potential increase in L1 by the creep

quickly decreased. Since shrinkage of a specimen by sintering

was considerably fast in the initial and the intermediate

sintering stages, the force working to the load cell changed from

Fd to Fs during sintering. The ssa of this stage was the proper

sintering stress, ss, defined by Eq. (1) with Fs as FL.

In the case of the specimens both unfired and pre-fired at

1160–1200 8C, ssa approached the chain curve, and then

relatively declined from it. Since the present powder was highly

sinterable in commercially available alumina powders, a

majority of particles in the green compact of this powder

was considered to be homogeneously packed. There must,

however, have been a few porous microregions [30–32], in

which particles were loosely packed. The sintering stresses in

the porous microregions were considerably smaller than the

average sintering stress, ss. While approaching ss, ssa came to

exceed the sintering stresses in the porous microregions [30–

32]. The differences between ssa and the sintering stresses in

the porous microregions act as the driving stresses for pore

growth in them, reducing the sintering stresses in them.

Consequently, the ss of the specimen was declining from the

proper ss of the powder compact in which the pore growth was

negligible. The envelope of the ssa curves in Fig. 7 describes the

largest ssa in those of the curves concerned at a given r,

approximating the proper relationship between ss and r. The

points of contact between the envelope and the ssa curves are

indicated by the open circles in Fig. 7.

Sintering during pre-firing resulted in not only neck growth

but also pore shrinkage, making the specimen tough. When the

pre-firing temperature was lower than 1200 8C, the maximum

of a ssa curve increased with an increase in pre-firing

temperature. If, however, the pre-firing temperature was higher

than 1240 8C, its maximum decreased with increasing pre-

firing temperature. These tendencies of the ssa curves suggested

that when the pre-firing temperature was higher than 1200 8C,

the aforesaid pore growth had a negligible influence on the

variation of ssa.

The apparent sintering force generated elastic energies in the

form of elastic stresses and elastic strains in various parts of the

self-loading apparatus, especially at the contacts between them.

The value of ss abruptly decreased from its maximum at

r = 85% to zero at r = 100%. There was a critical r from which

an instantaneous sintering force became smaller than FL, which
was the force, Fsc, caused by the energies generated in the

various parts of the loading apparatus by a preceding sintering

force. The difference between Fsc and the instantaneous force

acts as the driving force for creep of the specimen, which

decreases Fsc.

When ssa was smaller than ss, ssa increased to ss during

densification, and dssa/dr was positive. In contrast, if ssa was

larger than ss, the driving force for the creep increased during

densification, accelerating the decrease of Fsc or ssa, and then

the negative value of dssa/dr increased. The ssa satisfying dssa/

dr = 0, the typical inflection point of a ssa curve, approximated

ss, which is showed by a triangle in Fig. 7.

The rs of the specimens pre-fired to 1320 and 1360 8C were

96.7% and 98.7%, respectively. The shrinkage rates of such

dense bodies were very small. The externally applied force also

generated the aforesaid elastic energies in various parts of the

loading apparatus. The stored energies were spent for creep of

the specimen, especially at the contacts between the specimen

and the SiC rods. If increase of L1 by this creep was faster than

shrinkage of the specimen by sintering, the load cell measured

the force, Fse, originating from the externally applied force.

The ssa of this case was the stress sse defined by Eq. (1) with Fse

as FL. The value of ssa decreased during creep. On the other

hand, shrinkage of the specimen increased a load to the load

cell, and a reduction of the ssa, the slope of the ssa curve,

decreased. After ss reached ssa, the predominant stress working

to the load cell changed to the stress originating from the

preceding sintering force. The difference between ssa and the

instantaneous ss, which was the driving force for creep of the

specimen, increased during densification, and the decrease of

ssa was accelerated. The slope of the ssa curve, then, increased

from that at the ssa satisfying ssa = ss. The inflection points of

the ssa curves also approximated sss, which are indicated with

the squares in Fig. 7. The dotted curve in this figure is the locus

describing the inflection points of the ssa curves.

Combining the chain and the dotted curves in Fig. 7 shows the

convex curve of ss, of which the variation range is between 0 and

3.6 MPa. The maximum ss was obtained at r = 85%. Zuo et al.

[24] measured the uniaxial sintering stresses, S, of the Al2O3

powder of the same series, TM-DAR. The variation of S was

described by a convex curve, and the largest S was obtained at

r = 85%. Furthermore, the variation of r/ro was well described by

Eq. (3). Although, however, the average radius of the powder was

1.5 times as large as that of the present powder, the maximum of

S (=3.4 MPa) nearly equaled that of ss (=3.6 MPa) in Fig. 7. This

indicates that the g value of the powder used by Zuo et al. was 1.5

times as large as that of the present powder.

4.5. Evaluation of various parameters defining sintering

force

Gregg and Rhines [21] derived Eq. (5) relating the surface

tension, g, to the sintering force, Fs.

Fs ¼ gH̄AAa (5)

where H̄ is an average and local curvature, AA is the area

fraction of porosity cut by a plane, and a is the cross-sectional



Fig. 8. Sintering stresses evaluated from various sintering models. (A) Com-

bining the broken and the chain curves in Fig. 7: (B) two spheres, (C) a cone

normal to a flat surface, (D) polyhedral particles, (E), (F) and (G) intermediate

stage sintering of simple cubic packing with straight pores, toroidal pores and

modified pores, respectively. (H) and (I) intermediate stage sintering of tetra-

kaidecahedra with straight pores and toroidal pores, respectively. (J) and (K)

final stage sintering of truncated octahedrons with isolated pores, and that of

simple cubic packing of grains, respectively.
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area of the specimen perpendicular to the tension caused by the

sintering force. The value of H̄ was determined by quantitative

metallography, using the DeHoff relationship [33]. The g of

copper evaluated from Eq. (5) was 1404–1435 dyne/cm [21],

which was close to the directly measured surface tensions of

copper, 1430–1670 dyne/cm [34,35]. Rahaman et al. evaluated

the sintering stress, S, as amgP H̄, where am is a proportionality

factor taken to be 1, and P is the porosity [23].

The present powder was so fine that polishing of a partially

sintered body resulted in not only exfoliation of some grains

from the polishing surface but also round edges between

polished grain surfaces and pore surfaces. Large errors were

expected for the empirical evaluations of H̄, am and AA from the

polished surface, and the sintering stresses were estimated

based on the geometries of various sintering models with the

reported particle sizes [25].

The free-surface-grain-boundary dihedral angle, cs, given

by 2 cos�1(gI/2g) is a character determining the local curvature

along the pore surface, where gI is the grain-boundary tension.

Since g and gI respectively vary with the orientations of the

surface and the grain boundary, the values of cs are also

distributed. Several papers reported the wide distributions of

measured dihedral angles, cs, between 768 and 1668 for

undoped Al2O3 [36,37]. The sintering stress ss is the sum of

distributed sintering forces divided by the product of the

relative density and the cross-sectional area of a specimen,

being directly related to the average of cs values. In contrast,

the distribution mode of cs values must have slightly influence

on ss. The reported average dihedral angles, csm, were 130.28
[36] and 1088 [37]. If cs is smaller than 1208, g is smaller than

gI. Slamovich and Lange [30], and Kingery and Francois [31],

pointed appreciable pore growth during firing in the case where

there were a lot of necks with small cs. Since the present Al2O3

powder is highly sinterable, csm = 130.28 was assumed for

calculation of the sintering stress. A reported g value [38]

(=0.9 N m�1) was used. A previous paper [39] reported an

average coordination number, Nc, equal 6.4 for a green compact

with r = 58%. The simple cubic packing of particles (Nc = 6) is

assumed for the calculation of ss in the initial sintering stage.

4.6. Sintering stresses evaluated from various sintering

models

The stress beneath a pore surface is given by g(1/rp1 + 1/rp2)

[7], where rp1 and rp2 are respectively the smaller and the larger

principal radii of curvature of the pore surface. The sintering

force per a particle/grain equals the product of g(1/rp1 + 1/rp2),

the number of pores per a particle/grain, np, and the cross-

sectional area of a pore, ps. Since this force equilibrates the

product of ss and the entire area st (the pore surface areas + the

grain-boundary areas), ss is given by the product nppsg(1/

rp1 + 1/rp2)/st.

4.6.1. The initial sintering stage

Curve A (large open square symbols) in Fig. 8 shows

combining the chain and the broken curves in Fig. 7. Curve B in

this figure describes the theoretical ss calculated from Eq. (A3)
based on a two-sphere model (Fig. A1(A)) [6–8]. This

theoretical ss increases abruptly at the beginning of shrinkage

and then gradually decreases. The abrupt increase of ss occurs

by quick neck growth at the beginning of sintering. The gradual

decrease of it is attributed to both a decrease of the neck growth

rate and the accelerated decrease of b during densification.

Curve C in Fig. 8 shows monotonous increase of the theoretical

ss calculated from Eq. (A3) based on a cone–face contact model

(Fig. A1(B)) [40]. This simple increase is a consequence of

both monotonous increase of the neck radius and a constant b

regardless of a degree of densification.

Simulation on packing of polyhedrons [41] indicated three

contacts, point, line and face contacts, of which the percentages

were 20%, 60% and 20%, respectively. Face contacts are

similar to well-grown necks in the intermediate sintering stage

from the geometrical point of view. We assume that sintering of

the face contacts skips the initial stage and starts from the

intermediate stage. An early-stage sintering model [42] for

polyhedral particles suggests combining the initial and the

intermediate stages. Eq. (6) is derived to evaluate the sintering

stress for polyhedral particles.

ss ¼ CpssP þ ClssL þ CfssF (6)

where ssP, ssL and ssF are respectively the theoretical sss

calculated by Eqs. (A3), (A4) and (7). The constants, Cp, Cl

and Cf, are the percentages of necks in number for point

contacts and for line contacts in the initial stage and that of

necks in the intermediate stage, respectively. Curve D in Fig. 8

shows the theoretical ss calculated from Eq. (6). All curves B, C

and D are markedly higher than the ss curve in the range

between r = 58% and = 62.5%. Appreciable differences

between the theoretical curves and the experimental one sug-

gest that none of the presently examined initial sintering models

represent the geometry of necks in a slightly sintered compact.
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Initial sintering models suggest no grain growth in

common. In contrast, some papers [43,44] pointed particle

growth even in very porous compacts, of which SEM

micrographs showed a considerable amount of well-grown

necks. Particle growth is consistent with the definition for the

intermediate sintering stage [9], and sintering data of such

particles should be analyzed by equation for intermediate

stage sintering.

4.6.2. The intermediate sintering stage

Eqs. (A6) and (A7) were derived respectively based on a

simple cubic arrangement of grains with straight pores [39,45]

and with toroidal pores [46] in the intermediate sintering stage.

The theoretical sss evaluated from Eqs. (A6) and (A7) are

shown by curves E and F in Fig. 8, respectively. In a range

below r = 95%, curve A is between these curves, which suggest

that the value of rp2 was between the radius of a toroidal pore,

(l � 2rp)/2, and1, where rp is the radius of the ideal pore with

a = p. Eq. (7) is derived by replacing [1 � rp1/rp2] in Eq. (A7)

with ½1� 2:1ðrp � 0:07lÞ=ðl� 0:4rpÞ�.

ss ¼ 2bgðl� 2rpÞ½1� 2:1ðrp � 0:07lÞrp=ðl� 0:4rpÞ�=l2 (7)

where 0.07l is rp1 at r = 97%, and 2.1 is the ratio, rp1/rp. The

theoretical ss calculated from Eq. (7) is shown by curve G,

which is close to curve A in a wide density range between

r = 60–97%.

Eqs. (A9) and (A10) were derived respectively from a

tetrakaidecahedra model [9] by the same method as Eqs. (A6)

and (A7). Curves H and I in Fig. 8 respectively show the

theoretical ss values calculated from these equations. Both the

curves are quite different from curve A, which indicates that the

tetrakaidecahedra model is invalid for the present intermediate

sintering stage.

4.6.3. The final sintering stage

Curves J and K in Fig. 8 describe the theoretical sss

calculated from Eq. (A14) based on the packing of

tetrakaidecahedra [9] and the simple cubic packing of grains
Fig. 9. Surface tensions calculated from Eqs. (6) and (A14) with ss marked with

circles, triangles and squares in Fig. 7. (a) Unfired, (b) 1160 8C, (c); 1200 8C, (d)

1240 8C, (e) 1260 8C, (f) 1280 8C, (g) 1320 8C and (h) 1360 8C.
[39] in the final sintering stage, respectively. The former curve

well describes the experimental data of this sintering stage.

Then, the packing of tetrakaidecahedra, which has been

generally accepted as the packing of grains in a dense

polycrystalline body [47], was valid as a model for the present

final sintering stage.

4.7. Evaluation of surface tension

The circles, the triangles and the squares in Fig. 9 show the

gs calculated from the sss marked with the circles, the triangles

and the squares in Fig. 7. They nearly equal a reported surface

tension [38].

5. Summary

The sintering stresses of a commercially available alumina

powder were measured with a self-loading apparatus. The

densification of the part where the axial shrinkage was inhibited

was explained by two-dimensional shrinkage. A difference in

sintered density between two-dimensional and three-dimen-

sional shrinkages was explained by that between the sums of

cross-sectional areas of diffusion paths for those shrinkages.

The experimental ss data suggest the simple cubic packing of

particles for the intermediate sintering stage and the arrange-

ment of tetrakaidecahedra for the final sintering stage. The

presently evaluated surface tensions of Al2O3 nearly equaled a

reported value.

Appendix A

A.1. The initial stage

An angle is expressed by radian. Fig. A1 shows two typical

models: (A) two equal spheres with radius r in contact [6–8]
Fig. A1. Two initial sintering models. (A) A schematic neck between two

spheres and (B) a cone on a plane.



Fig. A2. A schematic model of toroidal porosity in the intermediate stage of

sintering.

Fig. A3. A schematic pore in the final sintering stage.
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and (B) cone with apex angle dl normal to a flat face [40]. In this

figure, a is the grain-boundary groove angle, x is the neck

radius, rp1 is the minimum radius of curvature of a real neck

surface, rp is the ideal minimum radius of curvature of the

neck surface with a = p, y is a shrinkage between the adjacent

centers of particles, and u is the angle defined by

cos u = (r � rp)/(r + rp). From models A and B, equations

rp1 = rp sin(p/4 � u/2)/sin b and rp1 = rp sin(p + dl)/4/sin b are

respectively obtained, where the central angle subtending the

neck surface, 2b, is a � u � p/2 for model A and a � 3p/

4 + dl/4 for model B. The stress, s, immediately beneath the

neck surface is given by

s ¼ g
1

x
� 1

rp1

� �
(A1)

The force, Fn, generated in the neck surface equals the

product of �s and the sectional area of the neck, 4prpx sin b

[21], and

Fn ¼ 4pg sin b
rp

rp1

x� rp

� �
(A2)

The force per a particle is given by the product of Fn and

the coordination number of the particle, Nc. This force

equilibrates the product of the average sintering stress, ss, and

the entire area of the particle (the sum of the pore surface

areas and the grain-boundary areas), and hence Eq. (A3) is

derived

ss ¼ 4pNcg sin b
rp

rp1

x� rp

� �
=ksr

2 (A3)

where ks is the shape factor related to the entire area of the

particle.

A line contact model [42] describes sintering of edge-face

contact with four neck surfaces. All the smaller principal

curvatures of the neck surfaces are zero. Two neck surfaces in

them develop between the faces of adjacent polyhedrons with

the contact angle of p � dd, where dd is the dihedral angle of the

polyhedrons. The length of these neck surfaces is

4yð1=tanu1 þ 1=tanu2Þ, where u1 and u2 represent the contact

angles of the other neck surfaces perpendicular to these neck

surfaces. The sum of u1 and u2 equals p � dd, and that of the

sectional neck surface areas is 16yrp sin b1ð1=tanu1 þ 1=tanu2Þ.
The central angle subtending the neck surfaces, b1, is a/2 � 3p/

8 + dd/8.

The length of the rest neck surfaces is given by {l/2 + 4y/

tan(p � dd)}. The sum of the sectional areas of them is

rp(sin b2 + sin b3){l/2 + 4y/tan(p � dd)}, where b2 (=a/2 � p/

4 + u1/4) and b3 (=a/2 � p/4 + u2/4) are the central angles

subtending the rest neck surfaces. The sintering stress based on

the line contact model is given by

ss ¼ ncg

�
8y sin b1

1

tan u1

þ 1

tan u2

� �

þ ðsin b2 þ sin b3Þ lþ 8y

tanðp� dlÞ

� ��
=ksr

2 (A4)
A.2. The intermediate stage

Fig. A2 shows a schematic model of intermediate sintering,

the network of pores in simple cubic packing of grains

[39,45]. The porosity of the model is approximated with the

two parts, cylindrical porosity along the edges of the particle

and cubic porosity at its corners. The porosity, Po, is given by

Eq. (A5).

Po ¼ 3kv1rp1
2lþ ð8kv2 � 6kv1Þr3

p1

n o
=l3 (A5)

where kv1 and kv2 are the shape factors related to the volume of

pores, and l is the edge length of the cube. The relationship,

rp1 = rp sin p/4 sin b, is obtained from this figure, where b is

a � p/2. The arc length of a cylindrical pore is 2rp1 sin b. When

pores are straight tubes, the principal radii of curvature of the

pore surface are rp1 and1. The stress, s, immediately beneath

the neck surface is given by g/rp1. The sectional area of a pore is

2rp1(l � 2rp) sin b. This polyhedron has 12 edges and 8 cor-

ners. The sum of sectional areas of pores is 24rp1 sin b(l � 2rp).
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The sintering stress, ss, is

ss ¼ 4g sin bðl� 2rpÞ=l2 (A6)

Beere reported that toroidal pores formed in the intermediate

sintering stage [46]. The larger principal radius of curvature of

the pore surface, rp2, is approximated by the radius of the

toroids, and Eq. (A6) must be modified as

ss ¼ 4g sinbðl� 2rpÞ 1� rp1

rp2

� �
=l2 (A7)

Coble assumed packing of tetrakaidecahedral particles/

grains for that of particles/grains in the intermediate and the

final sintering stages. According to the intermediate sintering

model of Coble, the cross-section of cylindrical pores is a

triangle with arched sides, and its sectional area is

2rr1(l � 1.436rp) sin b, where l � 1.436rp is the pore length.

A polyhedron has 36 edges and 24 corners. Each edge and

each corner are shared by 3 polyhedrons and 4 polyhedrons,

respectively. The numbers of cylindrical pores and corners

per a polyhedron are 12 and 6, respectively. The porosity is

give by

Po ¼ 12kv1rp
2lþ ð6kv2 � 17:23kv1Þrp

3
� 	

=8
ffiffiffi
2
p

l3 (A8)

The whole sectional area of the pores per a polyhedron is

72rp1(l � 1.436rp) sin b. The sintering stresses for the tetra-

kaidecahedra with straight pores and with toroidal pores are

respectively

ss ¼ 72g sin bðl� 1:44rpÞ=ð6þ 12
ffiffiffi
3
p
Þl2 (A9)

ss ¼ 72g sin bðl� 1:44rpÞ 1� rp1

rp2

� �
=ð6þ 12

ffiffiffi
3
p
Þl2 (A10)

A.3. The final sintering stage

Fig. A3 shows a schematic model of a pore in the final

sintering stage. Grains are assumed to be tetrakaidecahedra

[9,47]. Points A–D are the points at which the edges of the

polyhedrons are terminated by the pore surface. Points O and

O0 are the centers of the ideal pore surface of a = p and a real

one of a < p, respectively. Since a pore surface during this

stage is hemispherical, both the principal radii of curvature

of the pore surface are equal each other. The angle bi (=2.46)

is the central angle, b, of the ideal pore surface of a = p. The

b for a real pore surface is br = 2.46 + a � p. The real

principal radius of curvature of a pore surface, rp1, is given

by rp sin bi/sin br. If a is p, the porosity is given by

pr3
p=

ffiffiffi
2
p

l3.

The volume and the surface of a hemisphere are respectively

calculated from

Vh ¼ pr3
p

2

3
� cos bq=2þ 1

3
cos3bq=2

� �
ðq ¼ i or rÞ (A11)

Sh ¼ 2pr2
p ½1� cosbq=2� (A12)
The volume of tetrahedron ABCD in the pore is calculated

from

VT ¼ 0:1179� 2
ffiffiffiffiffiffiffiffi
2=3

p
rp

n o3

The sum of 4 � Vh and VT approximates the volume of a

pore. Eq. (A11) gives 1.086rp
3 for the Vh value of an ideal pore

with a = p. The aforesaid sum for a spherical pore is apparently

larger than its volume (=4prp
3/3). This difference is attributed

to double counting of the parts on the shaded edges of the

polyhedrons in Fig. A3. The volume of shaded parts per a

hemisphere is (4.859–4.188)/4.344/4 = 0.0386, which is used

for approximation of the volume of a real hemisphere, Vhr.

Vhr ¼ ð1� 0:0386Þpr3
p

2

3
� cosbr=2þ 1

3
cos3br=2

� �
(A13)

The cross-sectional area of a pore slightly varies with a, and

is approximated by prp
2. The sintering stress based on the

model is given by (4 � 6prp
2/rp1)g/ksr

2, and

ss ¼ 24� prPg sin br=sin bif g=ksr
2: (A14)
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