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Abstract

An inverse problem of the parameter estimation for the water transport during dehydroxylation in a large cylindrical ceramic body is solved.

The transport is described by a standard type of non-stationary diffusion equation with a volumetric generation. The inverse problem is solved by

the Levenberg–Marquardt method, with the estimated parameters being the water transfer diffusivity and water generation per unit volume. Their

temperature dependencies are obtained within the dehydroxylation regime for 450 8C, 500 8C, 550 8C, and 600 8C, using experimental data from

isothermal heating measurements. The activation energy of the diffusion process is estimated from the temperature dependence of the diffusivity,

yielding 72.9 kJ mol�1.
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1. Introduction

Dehydroxylation is an endothermic reaction that occurs in

kaolin based ceramics. This reaction is connected with the

liberation of chemically bonded water from kaolinite crystals

and the change of kaolinite to metakaolinite. It is generally

accepted that a dehydroxylation begins at the temperature

�450 8C. However, some experimental measurements showed

that the beginning of dehydroxylation could be shifted to the

temperature �420 8C [1]. It was also concluded that the more

perfect the structure, the higher the temperature of dehydrox-

ylation [2].

The chemical equation of dehydroxylation may be written as

8OH� ! 4H2OðgÞ þ 4O2�

considering that in a unit cell of kaolinite there are eight OH

groups undergoing the above change [3]. Due to the liberation

of water, kaolinite loses about 14% of its mass during dehy-

droxylation. As a result, the specific mass of kaolinite crystals
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decreases from 2.64 g cm�3 to 2.51 g cm�3, while its porosity

increases from �45% to �50% [4].

Dehydroxylation occurs on a phase boundary, and its

mechanism includes the transport of OH� groups to the phase

boundary, the reaction of the groups on the boundary, and the

transport of molecules H2O to the edge of the crystal. The rate

of dehydroxylation is determined by the slowest process, which

is the diffusion of the molecules H2O between layers of the

kaolinite structure [2]. Thus, dehydroxylation is controlled by

water diffusion. The activation energy of dehydroxylation for

the degree of the conversion 0 < a < 0.65 is 140–190 kJ mol�1

in dependence on the size and defects of kaolinite crystals; in

smaller crystals the activation energy can be as low as

100 kJ mol�1 [2,5,6].

In this paper we study dehydroxylation in a large ceramic

body of cylindrical shape and show that the water diffusion can

be described with good precision by a standard non-stationary

diffusion equation with a volumetric generation term. Using

isothermal experimental data on the rate of conversion of

kaolinite into metakaolinite in the temperature range 450–

600 8C where dehydroxylation takes place, we apply the

Levenberg–Marquardt inverse method [7,8] to estimate the

associated mass transfer diffusivity and the generation term in

dependence on the temperature. In addition, we use these
d.
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results to estimate the activation energy of the diffusion

process.

2. Theoretical

We shall assume that the diffusion of water vapor through

the samples during dehydroxylation can be described by the

standard mass diffusion equation [9]

@rwðr; tÞ
@t

¼ r � ½Drrwðr; tÞ� þ g; (1)

where rw and D is the volume density and mass transfer

diffusivity, respectively, of water vapor in a ceramic sample

and g is the volumetric generation of water vapor per unit volume

of the sample. In isothermal heating the diffusivity D and the

generation term g attain fixed values at a given temperature T. In

order to estimate the parameters D and g as functions of T, we

consider the rate of conversion of kaolinite into metakaolinite.

Namely, we define the conversion coefficient as

aðr; tÞ ¼
r pðr; tÞ � r2

r1 � r2

; (2)

where r1 and r2 are the sample densities before and after

dehydroxylation, respectively, and rp is the sample density after

partial dehydroxylation. Note that a quantitatively determines

the portion of the sample in which the dehydroxylation process

has already taken place. At any time the ceramic body mass

after partial dehydroxylation satisfies mp = mw + mm, where mw

is the time varying water vapor mass and mm = const is the body

matrix mass. Since the body volume remains practically con-

stant during dehydroxylation (the volume change is about

0.2%, see Fig. 1), we have rp = rw + rm with rm � const.

Therefore, assuming that a is isotropic in the radial and axial

directions, Eqs. (1) and (2) yield:

@aðr; tÞ
@t

¼ D
1

r

@

@r
r
@aðr; tÞ

@r

� �
þ g

r1 � r2

; (3)

where r is the radial distance. Using experimentally obtained

values of a in dependence on r and t during an isothermal

heating, we shall use inverse methods to estimate the values of

the mass transfer parameters D and g.
Fig. 1. The temperature dependence of the volume change.
2.1. Numerical estimation of mass transfer parameters

An inverse problem of estimating various kinetic parameters is

opposed in formulation to a direct problem. In our case the direct

problem is specified by solving Eq. (3) for a(r, t), provided an

initial condition and boundary conditions are given and the

parameters D and g are known functions of the temperature. This

is a well-posed type of mathematical problem, for its solution

satisfies the requirements of existence, uniqueness, and stability

with respect to the input data [10]. On the other hand, the inverse

problem consists in estimating D and g using Eq. (3) and an initial

condition and boundary conditions, provided we know values of

a(r, t) at several positions rk and times tl from measurements. Even

though this is not a well-posed type of mathematical problem (in

the above sense), it can be reformulated as such (for example, as a

minimization problem [10]), and hence conveniently applied to

parameter estimation (see [11–14], for example).

2.2. Formulation of the direct problem

The direct problem is given by Eq. (3) supplemented by an

initial condition and boundary conditions. For the isothermal

heating corresponding to a given temperature T, the initial

condition reads

aðr; tinÞ ¼ ainðrÞ; 0 � r � r0; (4)

where ain(r) is radial distribution of the conversion coefficient

at an initial time tin and r0 is a maximal radial position for which

Eq. (3) is solved. The boundary conditions read

aðr0; tÞ ¼ abdðtÞ;
@að0; tÞ

@r
¼ 0; tin � t � tfin; (5)

where abd(t) is the time dependence of the conversion coeffi-

cient at r0 and tfin is a final time. The second boundary condition

expresses the radial symmetry of the mass diffusion. As soon as

values of D and g are known, Eqs. (3)–(5) can be solved,

yielding a unique solution a(r, t) for 0 � r � r0 and tin � t � t-

fin. If the dependence of a on D and g will be of relevance, we

shall write aD,g(r, t) to stress this fact.

2.3. The inverse problem and its solution

In the inverse problem it is the parameters D and g that are to be

determined, using experimental data on the radial and time

dependencies of the conversion coefficient a measured during

isothermal heating. Thus, given an isothermal heating tempera-

ture T, one experimentally obtains the values a
exp
kl of the

conversion coefficient at radial positions 0 � rk � r0

(k = 1, . . ., n) and times tin � tl � tfin (l = 1, . . ., m). The inverse

problem is reformulated as a minimization of the weighted least-

square norm

SðpÞ ¼ ½aexp � aestðpÞ�TW½aexp � aestðpÞ�; (6)

where p = (D, g) is the vector of the estimated parameters,

aexp ¼ ðaexp
11 ; :::; a

exp
1m ; a

exp
21 ; :::; a

exp
2m ; :::; a

exp
n1 ; :::; aexp

nm Þ is the vec-

tor of the measured values of the conversion coefficient,



Fig. 2. Cylindrical sample with holes for thermocouples. The dimensions are in

mm.
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aest(p) = (aD,g(r1, t1), . . ., aD,g(r1, tm), aD,g(r2, t1), . . ., aD,g(r2,

tm), . . ., aD,g(rn, t1), . . ., aD,g(rn, tm)) is the vector of estimated

values of the conversion coefficient at rk and tl as obtained from

the solution of the direct problem with values D and g, and W is

a diagonal matrix with diagonal elements equal to the inverse

1=s2
kl of the variances of the measurements (the superscript T

denotes the transposed matrix).

We solve the inverse problem by using the Levenberg–

Marquardt method [7,8]. It is based on an iterative procedure in

which the parameter vector pi+1 in the (i + 1)th step is related to

the parameter vector pi in the preceding step as pi+1 = pi + Dpi,

where

Dpi ¼ ðJT
i WJi þ miIÞ

�1
JT

i W½aexp � aestðpiÞ�: (7)

The sensitivity matrix Ji = @aest(pi)/@pi is the nm � 2 matrix

whose two columns contain the elements @aDi;gi
ðrk; tlÞ=@Di and

@aDi;gi
ðrk; tlÞ=@gi, respectively, the number mi is the damping

parameter, and I is the 2 � 2 unit matrix. The correction (6) is a

combination of the Gauss–Newton method (obtained for

mi! 0) that quickly converges and requires a good initial

estimate of the parameters and of the steepest descent method

(obtained for mi! 1) that converges slowly but does not

require a good initial estimate [10]. Therefore, at the beginning

of the iteration procedure mi is usually taken large and then it is

gradually decreased. Moreover, if instabilities are generated

during the iteration procedure, mi should be increased, making

the Levenberg–Marquardt method rather stable. The stopping

criteria for the method are usually expressed as [10]

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sðpiþ1Þ

N

r
� e1;

piþ1 � pi

�� ��
piþ1

�� �� � e2;

jSðpiþ1Þ � SðpiÞj
Sðpiþ1Þ

� e3;

where N = nm is the total number of measured data, e1, e2, and

e3 are prefixed positive tolerances, and jj�jj is a vector norm. As

soon as each of these criteria is satisfied, the iterative procedure

is stopped.

2.4. The solution algorithm

The solution algorithm for the Levenberg–Marquardt

method may slightly vary, depending on the specific problem.

Here we shall employ the version that consists of the following

steps.

1. Using the estimated values Di and gi from the ith step, we

numerically solve the direct problem, Eqs. (3)–(5), yielding

aDi;gi
ðr; tÞ for 0 � r � r0 and tin � t � tfin. The vector

aest(pi) is then obtained by plugging the positions rk and

times tl into the solution aDi;gi
ðr; tÞ. The norm S(pi) is

evaluated from Eq. (6).

2. We numerically solve the direct problem two more times,

once for the parameters Di + DDi and gi and once for the

parameters Di and gi + Dgi. From these two solutions we get
the values aDiþDDi;gi
ðrk; tlÞ and aDi;giþDgi

ðrk; tlÞ for all rk and

tl.

3. The sensitivity coefficients matrix Ji is then computed, using

the approximations

@aDi;gi
ðrk; tlÞ

@Di
� aDiþDDi;gi

ðrk; tlÞ � aDi;gi
ðrk; tlÞ

DDi
(9)

and

@aDi;gi
ðrk; tlÞ

@gi

�
aDi;giþDgi

ðrk; tlÞ � aDi;gi
ðrk; tlÞ

gi

: (10)

4. The estimated values Di+1 and gi+1 in the (i + 1)th step are

computed from the relation pi+1 = pi + Dpi with Dpi given by

Eq. (7).

5. The direct problem is numerically solved, yielding the vector

aest(pi+1) and the norm S(pi+1).

6. If S(pi+1) 	 S(pi), we set mi+1 = 10mi, unless mi > 1020.

Otherwise we set mi+1 = 0.1mi.

7. If none of the stopping criteria (8) is satisfied, the

calculations are repeated.

3. Experimental

Samples were prepared from wet plastic ceramic mass by the

electro-porcelain plant PPC Čab, Slovakia, a member of the

international PPC Insulators group. The initial composition of

ceramic material consists of 48 wt.% of kaolin and clay,



Fig. 3. (a) Cylindrical blank and (b) a 10 mm thin disc with a small samples 10 mm � 10 mm � 5 mm.

Table 1

The set of initial parameters for the inverse analysis.

Tiso (8C)

450 500 550 600

tin (h) 3 2 6 7

DTmax (8C) 0.8 1.6 1.3 0.8

m 8 9 5 4

e1 0.005 0.017 0.045 0.009
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30 wt.% of alumina and 22 wt.% of feldspar. The samples have

a cylindrical shape of diameter 80 mm and length 120 mm.

Four holes (12 mm) in which thermocouples Pt–PtRh10 were

placed were bored in the samples as shown in Fig. 2.

First, the samples were dried in the furnace in the isothermal

regime at 150 8C for 8 h. The temperature 150 8C was reached

by linear heating with the heating rate 0.5 8C min�1. Then the

samples were cooled to the room temperature.

The measurements were performed in the temperature

interval where the dehydroxylation takes place. Namely, we

used the isothermal temperatures Tiso = 450 8C, 500 8C,

550 8C, and 600 8C. The temperature Tiso was kept constant

for a period of time 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 h. A disc of

10 mm thick was cut from the middle of the cooled sample (see

Fig. 3a). A prism 10 mm � 10 mm � 80 mm was cut from the

disc and the prism was divided into small blocks

10 mm � 10 mm � 5 mm as shown in Fig. 3b. The mass m

of the small blocks was measured on laboratory balance with

sensitivity 2 � 10�6 g. Then we put small blocks to the furnace

for isothermal heating at 1000 8C for 8 h (at 1000 8C we may

safely assume that dehydroxylation ceased to take place). The

mass of the cooled small blocks was measured again and the

mass difference Dm was obtained for each small block.

We focused on the conversion coefficient a which depends

on the concentration of the constituent water in kaolinite crystal

[15]. For our purpose we define conversion coefficient a as

a ¼ Dm0=m0 � Dm=m

Dm0=m0

; (11)

where m0 is the mass of a raw reference sample and Dm0 is

difference between the masses of the raw reference sample

before and after full dehydroxylation [16].

4. Results and discussion

4.1. Implementation of the inverse analysis

The points rk are chosen to coincide with the radial positions

at which the conversion coefficient a was measured, i.e.,

rk = 0.25 cm, 0.75 cm, 1.25 cm, . . ., 3.75 cm, and r0 is

identified with the largest of these positions, r0 = 3.75 cm.

Hence, the total number of the radial positions rk is n = 8.
The initial time tin is chosen for each of the isothermal

heating temperatures Tiso separately in such a way that a

maximal difference, DTmax, of the temperature recorded in a

cylindrical sample (at all radial positions 0 � r � r0 and all

times tin � t � tfin) with respect to Tiso is at most 2 8C. This

guarantees that D and g can be reliably attributed to a given

temperature Tiso. The specific choices of the initial time for a

given Tiso are listed in Table 1. The final time tfin is fixed and set

equal to 10 h (the time when the isothermal heating

measurements are ended). The times tl at which the values

a
exp
kl are measured are 1 h separated, i.e., tl = tin, tin + 1, . . ., tfin.

The number of these times m depends on the choice of tin and

can be obtained from Table 1.

We applied the Levenberg–Marquardt iterative procedure,

using Eq. (7). For simplicity, we assumed that measurement

errors were independent and identically distributed so that the

variances of the measurements were constant, s2
kl ¼ const ¼ s2

Then the multiplication by the matrix W in Eq. (7) reduces just to

the rescaling of the damping parameter (from mi to s2mi), which

can be included in a choice of the value of mi and, hence, need not

be specified in the following. The starting value of the damping

parameter was taken as m0 = 0.001, while the staring values of

the mass transfer diffusivity and volumetric generation were

D0 = 5 � 10�5 m2 s�1 and g0 = 100 mg m�3 s�1, respectively.

Moreover, we used DDi = 0.1Di, Dgi = 0.1gi, e2 = 0.001, and

e3 = 2 � 10�5. Thevalue of e1 was tailored to a given temperature

Tiso and is listed in Table 1.

4.2. Diffusivity and volumetric generation

The estimated values of the mass transfer diffusivity D and

volumetric generation g as resulting from the inverse analysis



Table 2

The estimated values of the transport parameters.

Tiso (8C)

450 500 550 600

D (�10�6 m2 s�1) 3.61 5.73 16.8 25.7

g (�10�4 kg m�3 s�1) 0.52 0.88 5.45 1.95

Fig. 5. The temperature dependence of the volumetric generation.

Fig. 6. The radial position dependence of the conversion parameter a for the

isothermal temperature 450 8C. Experimental data are represented by points,

theoretical dependences are shown by lines.
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are given in Table 2. In the calculations we used the density

values r1 = 1868 kg m�3 and r2 = 1820 kg m�3.

The temperature dependence of the diffusivity is expected to

follow the Arrhenius-type of law [17,18],

D ¼ D0e�Ea=RT ; (12)

where D0 is the diffusivity at infinite temperature, Ea is the

activation energy corresponding to the process of vapor diffu-

sion, and R is the gas constant. In that case the plot of ln D vs. 1/

RT should be a straight line with a negative slope coinciding

with Ea. This plot, as obtained from the data of Table 2, is

shown in Fig. 4. We observe that, in fact, the four plotted points

follow approximately a straight line. Applying a best-fit analy-

sis, we get that the slope of this line yields the activation energy

Ea = 72.9 kJ mol�1. This is in good agreement with values

obtained for the studied ceramic material independently by

different methods (used specifically for the evaluation of Ea)

[19].

The temperature dependence of the volumetric generation g

should reflect upon the dehydroxylation process that takes place

within the considered temperature range 450–600 8C. As the

effect of dehydroxylation becomes stronger, values of g should

grow, whereas when dehydroxylation is coming to an end,

values of g should decrease. Hence, a peak is expected to occur

in a g vs. T plot. Our values of g in dependence on T from Table

2 follow exactly this type of behavior as is shown in Fig. 5.

4.3. Conversion parameter

Figs. 6–9 show experimental and theoretical results of the

dependence of the conversion coefficient a on the temperature

Tiso, radial position r and time tl. It is clear that dehydroxylation

starts on the surface of the sample (r = 4 cm) and spreads into

its center.
Fig. 4. The logarithm of mass diffusivity in dependence on 1/RTiso.

Fig. 7. The radial position dependence of the conversion parameter a for the

isothermal temperature 500 8C. Experimental data are represented by points,

theoretical dependences are shown by lines.
The results depicted in Fig. 6 show that at the temperature

450 8C, the conversion coefficient does not vary significantly

with the radial position, because the dehydroxylation process

runs slowly at that temperature. Also numerical results are in

very good agreement with experimental data, the largest

relative error being �6%. The differences between different

times tl may be caused by the liberation of water molecules

bounded on the surface of the kaolinite crystals [20].



Fig. 8. The radial position dependence of the conversion parameter a for the

isothermal temperature 550 8C. Experimental data are represented by points,

theoretical dependences are shown by lines.

Fig. 9. The radial position dependence of the conversion parameter a for the

isothermal temperature 600 8C. Experimental data are represented by points,

theoretical dependences are shown by lines.
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In Fig. 7 the radial position dependence of a at 500 8C is

rather profound. It shows that up to 60% of kaolinite has been

transformed to metakaolinite near the surface (for radial

positions 3–4 cm). Nevertheless, the relative errors between

experimental and numerical results are still relatively small, up

to �22%.

Figs. 8 and 9 show that an increasing amount of

metakaolinite occurs as the isothermal temperature grows to

600 8C and that dehydroxylation takes place closer and closer

to the center of the sample. For 550 8C up to 50% of kaolinite

has been transformed in the center of the sample, while for

600 8C this is even �85%. This indicates that the dehydrox-

ylation terminates at temperatures slightly above 600 8C. This

time the relative errors of numerical results with respect to the

experimental ones are smaller, up to �14% for 550 8C and only

up to �2% for 600 8C. Although at temperatures where

dehydroxylation is most intensive (around 550 8C) the simple

model, Eq. (3), cannot describe the water diffusion process in

all its complexity, the obtained numerical results are in rather

good agreement with the experiments.
A surprising result was obtained for higher Tiso and longer tl
(see Fig. 9) where the conversion coefficient for large radial

positions is lower than near the center [16]. This may be

attributed to a systematic error due to the mass of the small

blocks that contain physically bounded water. The decrease of

the conversion coefficient in large radial positions could be also

caused during cooling when the sample absorbs air humidity.

Moreover, the decrease of a may be also a consequence of the

production of the samples that were cut out from the wet plastic

ceramic mass using an extruder, and so kaolinite crystals in

large radial positions have different orientations than in the

center [21,22].

In numerical analysis this anomaly behavior of a for large r

was taken into account by the choice of the initial conditions.

Indeed, since the initial times tin for the temperatures 550 8C
and 600 8C are 6 h and 7 h, respectively, the initial condition

itself contains this behavior.

5. Conclusions

We have used an inverse analysis to estimate transport

parameters for the diffusion of water vapor during the

dehydroxylation process in a large ceramic body. The diffusion

was described by a non-stationary diffusion equation with a

volumetric generation. Hence, the estimated parameters were

the water diffusivity D and water generation per unit volume g.

The two parameters were assumed to be constant for a given

temperature. Using experimental data on the rate a of

conversion of kaolinite into metakaolinite from isothermal

heating measurements at the temperatures 450 8C, 500 8C,

550 8C, and 600 8C (when dehydroxylation occurred in the

samples), we applied the Levenberg–Marquardt iterative

procedure to solve the inverse problem and estimate D and g

in dependence on the temperature. Although the employed

diffusion model is rather simple, we obtained numerical results

in good agreement with the experimental ones. We also fitted

the temperature dependence of D by the Arrhenius law and thus

estimated the activation energy of the diffusion process to be

72.9 kJ mol�1.
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