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Abstract

A modified model using phase field method in order to describe grain-oriented growth is developed. The evolution of the long-range order
(Iro) parameter fields is governed by the time-dependent Ginzburg-Landau equation. Periodic boundary conditions are implemented in
simulation. The gradient energy coefficient k; is allowed to depend on both the parameters along x-axis (k,) and z-axis (k,). Anisotropic
coefficient C is proposed to describe the ratio of k, to k.. Interface energy anisotropy causes significant deviation of grain growth kinetics from
the one observed in isotropic system and does change the size and shape of grains. When the interface energy is anisotropic, the ratio of the
average mean linear intercept (MLI) in the different direction is time-dependent and self-similarity does not hold anymore. The value of
anisotropic coefficient C strongly influences grain growth behavior. The simulation result is consistent with the experimental result of textured

ceramics prepared by reaction templated grain growth.
© 2012 Elsevier Ltd and Techna Group S.r.l. All rights reserved.
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1. Introduction

Grain-oriented growth is an interesting and important issue,
which controls number of physical and mechanical properties
of polycrystalline materials. However, most of the previous
theoretical and experimental investigations were concerned
with normal grain growth during which the average grain size
increases while the shape of the size distribution remains
constant [1]. There is increasing evidence that certain
properties of a material can be improved by deliberately
introducing anisotropic grains in a fine-grain matrix. For
example, electrical properties can be improved with anisotropic
grains. Textured (NaggsKq 15)0sBigsTiOs ceramics were
fabricated by RTGG and tape-casting technique [2]. The
textured ceramics have a microstructure with developed plated-
like grains aligned in the direction parallel to the tape casting
plane. The ceramics show anisotropic dielectric and piezo-
electric properties in the directions parallel and perpendicular
to the casting plane.
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Grain-oriented growth is a very complicated process.
Many factors can affect the degree of texture, such as
differences in grain boundary energy, the difference in
solubility between grains [3], the presence of a liquid phase
[4] and the content of anisotropic template particles [S]. Due
to the difficulty of directly incorporating topological features
into analytical theories of grain growth [6], there has been
increasing interest in using computer simulations to study
grain growth in single-phase materials. The most frequently
used numerical techniques include: finite element method [7],
Monte Carlo Potts model [8], cellular automata model [9] and
phase-field model [10,11]. There have recently been remark-
able advances in the simulations of microstructural evolution
by the phase-field models [12]. In the models, the boundary
energy is introduced through gradient energy terms in free
energy functional. The main advantage of this model is that
continuous tracking of grain boundary position is not required
since the locations of grain boundaries are implicitly defined
by the regions where the gradients of field variables are not
zero. Another important feature of the phase-field model
is that anisotropy in interface energy can be easily handled
[13-15]. Kazaryan and Wang [16] have investigated grain
growth in systems of anisotropic grain boundary energy and
mobility by phase field method. In their studies, the energy

0272-8842/$36.00 © 2012 Elsevier Ltd and Techna Group S.r.l. All rights reserved.

http://dx.doi.org/10.1016/j.ceramint.2012.03.053


http://www.sciencedirect.com/science/journal/02728842
http://dx.doi.org/10.1016/j.ceramint.2012.03.053
mailto:gaofeng@nwpu.edu.cn
http://dx.doi.org/10.1016/j.ceramint.2012.03.053

5426 L. Liu et al./Ceramics International 38 (2012) 5425-5432

and mobility are allowed to depend on both grain boundary
inclination and misorientation. In RTGG process [4], the
template particles with anisotropic interface energy are
aligned with a specific orientation by tape casting, which
means that the highest interface energy orientation of
template particles is set parallel to the direction along the
casting plane. However, the conventional template particle
has a rhombohedral or tetragonal crystal structure [2-5]. The
interface energy in one direction (z-axis) exhibits a higher
value which will result in the different grain growth rate.
Therefore, the preferred orientation of grain growth is definite
in RTGG process, which can be simulated by simple phase
field model. Absolutely, it is not sensible to use their model
simulating the RTGG process because it is complicated and
time-consuming.

In this paper, a modified phase field model for grain-oriented
growth is developed. We focus on texture evolution of grain-
oriented growth along a certain direction (x-axis, e.g. casting
direction). The theoretical formulation is first presented,
followed by numerical simulations in the x—z plane, and a
discussion concludes the paper.

2. Phase field model

According to the phase field model for grain growth in
single phase materials explained in [17] the following set of
non-conserved order parameter fields n(r, 1), n(r, 1), ...,
np(r, 1) were used to represent the polycrystalline micro-
structure, where p is the number of possible orientations a
grain in space. In real materials, the number of orientations is
infinite, but a finite value of p (p > 36) is often sufficient for
reasonably accurate simulations of grain growth [17]. The
total free energy of the inhomogeneous system can be written

Fig. 1. Free energy density with two orientation variables.
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Fig. 2. k, as a function of C.

as [18]:
F=F,
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where f is the free energy density as a function of the phase-
field variables and k; is the gradient energy coefficient. Chen
and Yang [18] propose the following expression for the free
energy density f of a polycrystalline material:
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Fig. 3. Initial microstructure, which was used for all simulations. (For inter-
pretation of the references to color in the text, the reader is referred to the web
version of this article.)
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Fig. 4. Topological evolution of grain growth at (a) C=1; (b) C=5; (c) C=10; (d) C=20; (e) C =30.



5428 L. Liu et al./Ceramics International 38 (2012) 5425-5432

where «, B and y are positive constants. The free energy
expression has 2p degenerate minima with equal depth at
{(ni=x1,n.,=04j=1, ..., p} reflecting the p orientations
a grain can have. For a particular order parameter 7;, f has
minima at ; = £ 1 when all the other order parameters equal
zero. An example of the free energy density with p=2,
a=pB=y=1.0 is shown in Fig. 1 in which there are four
minima located at (1, n,) = (1, 0), (0, 1), (—1, 0) and (0, —1).
The time-dependent Ginzburg—Landau equation for the
order parameter fields can be expressed as follows:
dn;(r,1) SF

dar —Li Sn;(r,t) )

where L; is the mobility of grain boundary migration. Using the
expression for f given in (2) and then substituting the total free
energy F' (Eq. (1)) into Eq. (3), we obtain:
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In our model, the anisotropic template grains were set parallel
to the direction along the casting plane. So, the grain has
maximum surface energy in the direction of x-axis and mini-
mum surface energy in the perpendicular direction, e.g. z-axis.
Thus, we can discrete k; in the x—z rectangular coordinate
system as:

ky = Ck;. 5)

where k, and k, are the gradient energy coefficients along x-axis
and z-axis and C relates to the crystalline structure. For exam-
ple, when the value of one phase-field variable at (xy, zq) lattice
point is calculated, the Laplacian item in Eq. (4) can be
decomposed into a set of algebraic equations:

Mxo—1,20 + Mxo+1,20 — 277)60710

k,»C2n = kx
A}CZ
Ny z0—1 My 20+1 2]7x ,2
‘Z 0,20 ozg 0,20 (6)

To simplify the computer program, we define parameter C as a
constant, anisotropic coefficient. Periodic boundary conditions
are implemented in the course of simulation. We selected the
following numerical values for the parameters in the kinetic
equations: «a=B8=y=10, k=20, L=1.0, Ar=0.15,
Ax =2.0. In order to examine the effect of the value of C on
the microstructure development under invariable total free
energy conditions, we set the modulus of the gradient energy
coefficients k; as a constant, as follow:

(k2 +42)
2

From relation (5), Eq. (7) can be rearranged as:

[ 8

Fig. 2 shows the relation between k, and C. It is easy to see
that the value of k, significantly decreased for C < 10 and

= k. (7)

varied slowly for C > 20. When C increases from 1 to 10, the
value of k, decreased by 85.93%. And a decrease of 7.01% was
observed in the value of C changing from 10 to 20. In this study,
the values of C (1, 5, 10, 20 and 30) were chosen as research
examples.

The system size is 512 x 512 grid points. The simulations
are started from a disordered structure with n; ~ 0, i.e. at all grid
points, small random values between —0.001 and 0.001 are
assigned to the order parameters. Then, the order parameter
fields are allowed to evolve according to Eq. (4). We set only for
the liquid phase because we assumed that our system included
no pores. We can take the earlier grain nucleation as template
and the left liquid as matrix. Thus, the initial microstructure is
generated after 200A¢ as shown in Fig. 3. Here, time scale was
measured in terms of time step (TS). TS = 1 means one 1000Az.

To show the microstructural evolution, we defined the
function ¢(r) as follow:

o) = (). ©)

The value of ¢(r) was displayed using color image with wine
red area representing ¢(r) = 1 and blue ¢(r) = 0, e.g. grains are
wine red and grain boundaries blue. MATLAB software was
used for the visualization of ¢.

3. Simulation results and discussion
3.1. Microstructure evolution

Fig. 4 shows simulation results of the grain growth for x—z
plane in 2D system. The evolution process of the isotropic grain
growth (C = 1) is displayed in Fig. 4(a). After 0.3 time steps the
grains impinge and a fine grained microstructure is formed. The
microstructure evolves in a way determined by the reduction of
the excess free energy. It is shown that the smaller grains get
absorbed into the larger grains so that the number of grain sides
and sizes increase gradually. Due to the isotropy of the grain
boundary energy, the grains evolve in a self-similar manner into
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Fig. 5. Change of the average grain area with different C.
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equi-axial shapes. Fig. 4(b)—(e) shows the simulation results of
grain-oriented growth for C =5, 10, 20 and 30, respectively. It
is readily seen that anisotropic coefficient C significantly
change the shapes of grains. In the case of C = 5 (Fig. 4(b)) used
in the simulations, the shape of some grains become plate-like
morphology. With C =10, 20 and 30 employed in this study,
there is an increased number of grain boundaries with
horizontal direction and almost all grains evolve in plate-like
morphology. This is the reason that the directions which move
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fast are those with high boundary mobility. When some grains
impinge upon each other, one grain has the highest grain
boundary mobility at the direction of x-axis and the lowest grain
boundary mobility at the direction of z-axis compared to other
grains. This grain in high mobility direction tends to grow fast
whereas the low mobility direction tends to grow slowly so that
it becomes elongated and grows larger. Other grains grow
slowly or are consumed by elongated grains during the growth
competition. At the low mobility directions, grains can still

Fig. 6. Development of microstructures with different value of C viewed in x—y plane at TS = 1.5.
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penetrate the grains with high mobility along the grain
boundary until they form the equilibrium trijunction.

3.2. The average grain size

To analyze the microstructural changes quantitatively
(Fig. 4), the average grain area was calculated and shown in
Fig. 5. The average grain area is a function of time for
simulation experiments. It can be noted that the average size of
the equi-axial shape grains is seen to be bigger than the plate-
like morphology grains. It should be attributed to that there are
more grain boundaries and the relative mobility difference of
the grain boundaries at the same direction is smaller as the
microstructure evolves for the case of C > 1. The growth of the
mean grain area is usually approximated by a simple power
law:

(AY" = (Ag)" = at. (10)

where (A) denotes the average grain area at time 7 and (Ao) is
the initial grain area, n is the grain growth exponent. The
simulation results shown in Fig. 5 are in agreement with the
classical theories of grain growth. n =1 (linear growth) is
obtained for isotropic case (C = 1). When interface energy is
anisotropic (C > 1), the growth is no longer linear and the value
of nis less than 1. When C > 10, the growth behavior is similar
to the one observed in the case of C = 10, which is in qualitative
agreement with previous theoretical analytical (Eq. (8) and
Fig. 2). The growth exponent of the case of C > 1 is smaller
than the one obtained in the case with C = 1. The reason is that
the anisotropic grain growth is prevented due to fast impinge-
ment of anisotropic grains, grain boundaries tend to be faceted.
At the nucleation stage an increase in the value of C increased
the velocity of the anisotropic grain growth. The time of
impingement of anisotropic grains with the larger value of C
is much shorter. Therefore, an increase in the value of C
decreased the growth exponent and grain size in the x—z plane,
which is different situation for x—y plane. In order to saving
simulation time, the microstructure development in x—y plane
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Fig. 7. Change of the average grain area in different 2D plane with C.
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Fig. 8. Change in the value of d./d. with time as a function of C.

was simulated in 256 x 256 grid points system as shown in
Fig. 6. It can easily be seen that grain size increased with the
increasing of the C value. However, the varied degree of the
ratio between grain growth rates is larger in x—y plane than that
of the case in x—z plane because of interface energy isotropy and
anisotropy, as shown in Fig. 7. Obviously, grain growth rate is
faster for the case of C > 1 in three dimensional space system.

3.3. Aspect ratio evolution

As has been illustrated qualitatively in Fig. 4, interface
energy anisotropy could have a strong effect on grain shapes. To
analyze this effect quantitatively, we calculate the average
mean linear intercept (MLI) in the different directions (x-axis
and z-axis) and compare their growth rates. The MLI, d, and d,,

are in the horizontal, ‘z’, and vertical, ‘x’, directions,
respectively. We calculate the MLI by following equations:
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Fig. 9. d,/d, as a function of C.
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Fig. 10. The comparison of experimental data with simulation results: (a) SEM micrographs of textured SBN ceramics [19]; (b) simulation result at TS = 36.

where /; is the number of grains i-line along z-axis crossed. The
value of d, can be obtained in the same way with d,. Fig. 8
shows the ratio of d, to d, as a function of time. The ratio in an
isotropic system (C = 1) is time-invariant and equal to unity,
indicating that there is no preferred orientation in the system.
However, when the interface energy is anisotropic (C > 1), the
value of d,/d, is time-dependent and self-similarity does not
hold anymore. The stronger anisotropic grains will be produced
with the larger the value of C.

It is easily to note that grains in the system with anisotropic
interface energy continue to slowly change their shapes
throughout the entire simulation. It can be understood in the
following manner. In the initial stage, the grains are small, have
alarge curvature and grain growth is mainly due to the decrease
of the grain curvature. As the grains grow, the grain boundaries
become less curved; but the anisotropy in interface energy
allows the higher energy boundary to move faster than the
lower energy boundary, so that the fraction of low boundaries
increases. The grains become horizontally elongated. An
increase in grain anisotropy is evident affected by the value of
C. For the discussions below, we compare the results obtained
at TS = 1 and 15. As shown in Fig. 9, an increase in the value of
C increased the ratio of d, to d,. When the value of C is greater
than 10, the ratio of d, to d, becomes a constant.

In order to comparison of simulation results with experi-
mental data, the system of simulation was divided into
512 x 400 grid points. Due to the larger average grain size, we
selected the value of C for 10 in simulations. The experimental
data came from the textured SrqysBaysNb,Og (SBN) ceramics
fabricated by Zhao using RTGG technique [19]. Fig. 10(a)
shows SEM photograph of textured SBN ceramics sintered at
1320 °C. The size of SEM photograph is 512 x 400 pixels and
the value of d,/d, is 1.71. Fig. 10(b) shows the simulation result
at TS = 36. The value of d,/d, is 1.7066. The shape of grains in
simulation is consistent with the experimental result obtained
for textured SBN ceramics prepared by reaction templated
grain growth.

4. Conclusions

The phase field model has been extended to take into
account the grain-oriented growth. It was found that interface

energy anisotropy does significant change grain shapes from
the one observed in isotropic system. The grain evolves in plate-
like morphology rather than equi-axial shapes and the growth is
no longer linear. The different value of anisotropic coefficient C
does have an influence on the variation of grain anisotropy. An
increase in the value of C increased the grain anisotropy with
time. The simulation results are in agreement with qualitatively
corresponding to the experimental results. This model can be
easily used to simulation of grain-oriented microstructure of
functional ceramics prepared by reaction templated grain
growth.
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