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Abstract

We show theoretically that under graded distributions of carrier traps nonlinear drift conduction exhibits diode-like characteristics, whereas at

low voltage it exhibits ohmic characteristics that are symmetric with respect to the bias polarity. In shallow-trap dominated cases, the JV

relationship of these diode-like characteristics is J / Vm (J: current, V: voltage, 1 � m � 2). These characteristics agree well with experiments. The

theory reproduces exactly experimental JV characteristics using three free parameters in practice, only one more than that used in standard space

charge-limited conduction theories. The results indicate that bulk-limited conduction can exhibit rectifying JV characteristics without relying on

surface barriers. In most cases, the coexistence of deep traps with shallow-traps is necessary for the appearance of rectification.
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1. Introduction

The conduction of various thin films, including those

exhibiting resistance switching (R-switching), is convention-

ally discussed based on the surface-limited processes such as

Schottky conduction. This is an appropriate approach because

these thin films are thin and the bulk part of the thin films is of

low resistance due to dislocations and defects. On the other

hand, one may consider an opposite ideal limit: thick low-free-

carrier-density material virtually without defects and disloca-

tions. In this case, the conduction characteristics have been

believed to be bidirectional. Indeed, the bidirectionality and

unidirectionality of the conduction characteristics have been

the clue for identifying the bulk- and surface-limited

conduction.

In the thick low-free-carrier-density limit in the dark, the

main conduction mechanism should be space-charge-limited

(SCL) conduction [1]. Here, SCL theories incorporating the

effects of impurities and defects have explained conduction in

various materials [2–5] and are extended to the cases of

spatially non-uniform trap distributions [6–8].
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In experiments, we often encounter the current–voltage (JV)

characteristics asymmetric with respect to the bias polarity,

which exhibits the J / Vm characteristics for both positive and

negative polarity (J: current, V: applied voltage, 1 � m � 2)

(Fig. 1 [9]). At low voltage, the JV characteristics of these

samples are symmetric and ohmic at both polarities (inset of

Fig. 1(a)).

On the other hand, the conventional theories explain

asymmetric JV characteristics as surface-limited conduction

but cannot explain these J / Vm characteristics (One might

think that a degraded Schottky barrier can, but not when

rigorously analyzed). The bulk conduction, e.g., the standard

SCL conduction cannot explain these characteristics either,

because it exhibits J / V2 characteristic and is symmetric with

respect to the bias polarity. It would be obvious that ohmic

conduction cannot explain them, even when the spatially

asymmetric distribution of the impurities or traps is included.

Although a few pioneering works [8] have shown the

possibilities that the SCL conduction under some spatial

distributions of traps can exhibit asymmetric JV characteristics,

the existing theories cannot explain the experimental aspects

described above. Indeed, the comparison of theory with

experiments for this case is difficult to find in literature.

Therefore, we have reformulated the SCL theory under a

graded distribution of shallow-traps by incorporating the carrier

statics rigorously.
d.

http://dx.doi.org/10.1016/j.ceramint.2011.05.037
mailto:watanabe@phys.kyushu-u.ac.jp
http://dx.doi.org/10.1016/j.ceramint.2011.05.037


Fig. 1. Experimental JV characteristics of Au/SrTiO3:Cr single crystal/Au

(open circles) [11] and theoretical JV characteristics (solid lines) by the present

theory for case 1 (NA,k� Nt,k) with Eq. (18), Nt,kmax/Nt,1 = 100, Vbi2 = 1.2 mV

and Jbi2 = 0.82 mA mm�2 in (a) linear, (b) J–V1.5 and (c) Schottky plots. Inset of

1(a) is an expanded view of the low voltage range of the main figure.
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The present theory explains the above experimental

aspects and reproduces exactly experimental diode-like JV

characteristics with J / Vm by one parameter additional to

those of the standard SCL theory. That is, the rectifying JV

characteristics in Fig. 1 are not of degraded Schottky barriers

(Fig. 1(c)) but of bulk limited conduction. As for the

application of the present theory, the theory provides a basis

for the identification of the location limiting conduction,

which is essential for the investigations of nonvolatile

reversible R-switching. It is worth remarking that present

theory can also be implemented in frequently discussed

filamentary conduction path models as seen from the

formulation in Section 2.

Although R-switching is usually attributed to the surface due

to the polarity dependence [10], its mechanism remains

unresolved [11–14]. The trap density gradient assumed in

the present paper is naturally expected in R-switching materials

due to their forming process. The forming process is the

creation of the traps in the originally high-resistance materials
by current injection. That is, the electron impacts ionize or

distort the atoms, or ions and defects may migrate. The electron

impacts are expected to be proportional to the electron density,

which is inversely proportional to the distance from an injecting

electrode. This is because the material is initially almost

insulating and the conduction obeys the standard SCL theory.

Similarly, the migration of ions and defects is expected to

decrease with the distance from an injecting electrode. For

clarity, the present paper introduces the rectification due to

graded distribution of shallow traps in an elementary manner.

2. Theory

We formulate a one-dimensional steady-state SCL conduc-

tion under the following assumptions commonly used in SCL

conduction theories [1,2].

(1) Applied field E is not so high that the electron mobility is

independent of E, and microscopic elementary processes,

such as electron capture, are unchanged;

(2) Thermal energy is far lower than electrostatic energy, and

thus, the diffusion current can be neglected:

J ¼ qnmE (1)

(q: elementary charge, n: free carrier density, m: mobility);

(3) Current carriers are electrons (unipolar); and

(4) In-gap states near the contact are abundant so that effect of

the potential barrier can be neglected and the contacts can

be regarded as injecting/ohmic contacts. In addition, traps

are assumed not fully filled.

We consider a one-dimensional chain of kmax segments with

each length L/kmax and the total length L. Quasi-equilibrium

carrier densities in the kth segment are given by the formulae:

n0;kðxÞ ¼ NC exp
�ðEC0;k � EFÞ

kBT

� �
(2)

nt0;kðxÞ ¼ Nt;k

1 þ g�1 exp½ðEt0;k � EFÞ=kBT� (3)

nkðxÞ ¼ NC exp
�ðEC;kðxÞ � EFnÞ

kBT

� �
; and (4)

nt;kðxÞ ¼ Nt;k

1 þ g�1 exp½ðEt;kðxÞ � EFnÞ=kBT� : (5)

Here, n0,k(x) and nk(x) are free carrier densities in the absence

and presence of an external field, respectively. nt0,k(x) and

nt,k(x) are carrier densities at shallow-traps defined similarly.

NC, EC0,k, EC,k(x), Nt,k, g, Et0,k, and Et,k(x) are the effective

density states of the conduction band, the energy levels of the

bottom edge of the conduction band in the absence and

presence of an external field, the concentration of shallow-

traps (This implies that Nt,k is the density of donor like traps),

the degeneracy factor, and the energy levels of shallow-traps in

the absence and presence of an external field (Et0,k � EF > kBT,

Et,k � EF > kBT), respectively. EC,k � Et,k is constant. EF, EFn,
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kB, and T are the Fermi level, quasi-Fermi level, Boltzmann

constant, and temperature, respectively. In addition to the

shallow-traps, deep-traps having an energy level of EA,k < EF

with density NA,k are introduced and are assumed to be fully

occupied and negatively charged ðThis means N�A;k ¼ NA;kÞ:
Under this assumption, the density of ionized shallow-traps in

the absence of the external field Nþt0;k is related to Nt,k and nt0,k

via Nþt0;k þ nt0;k ¼ Nt;k:
For NA;k� Nþt0;k (�Nt,k), the local charge neutrality n0;k ¼

Nþt0;k is satisfied when diffusion is weak in comparison with

local macroscopic electrostatic force and an external field is

absent. Consequently, we obtain

Nþt0;k ¼
Nt;k

1 þ g exp½�ðEt0;k � EFÞ=kBT� ¼ n0;k: (6)

Because Eq.(6) suggests that n0,k increases with Nt,k, EC0,k

shifts gradually with k when Nt,k changes with k. Therefore, we

may estimate the upper limit of a built-in potential in this

system, i.e., a diffusion potential (DEC0)

DEC0 ¼ EC0;kmax � EC0;1 ; kBT ln
Nt;kmax

Nt;1

� �
(7)

DEC0 is approx. 40 meV at room temperature (RT) for Nt,k

max/Nt,1 = 5.

We consider two cases of electron distributions. The case

for increasing n0,k with Nt,k is already examined in the

preceding paragraph (case 1). As the case 2, we examine

NA;k ; Nþt0;k: In this case, the local charge neutrality n0;k ¼
Nþt0;k � NA;k leads to n0;k� Nþt0;k ; NA;k; because the most

carriers in deep-traps are trapped. In case 2, n0,k can be

approximated to be independent of Nþt0;k; and its variation in

Poisson’s equation is unimportant. Therefore, as an alternate

representative case, we study the case 2 where n0,k is constant

(n0,k = n0), implying that EC0,k is constant (EC0,k = EC0). This

leads to

EC;kðxÞ ¼ EC0 � qVðxÞ: (8)

The case NA;k� Nþt0;k is not included in the cases 1 and 2 of

electron distributions discussed here. This case can be

regarded as the deep trap case and is discussed in refs.

[15,16], which report a rigorous formulation for general trap

distributions.

We derive equations for the above two electron-distributions

(cases 1 and 2). Local charge neutrality is approximately

satisfied in the absence of an external field. Therefore, the net

charge density under an external field for qV � DEC is a net

increase of the sum of the free and trapped charge densities; for

Et,k(x) � EFn > kBT and Et0,k � EF > kBT, we obtain

edEðxÞ
dx

¼ �qðnðxÞ � n0;kÞ ð1 þ Q�1
k Þ (9)

where Qk � n(x)/nt,k(x). In this derivation, we used the

relationship

Qk ; NC exp
ðEt0;k � EC0;kÞ=kBT
� �

gNt;k
¼ n0;k

nt0;k
: (10)
The solution is given in terms of dimensionless quantities

u � N	
nðxÞ ; W � L

L	
(11)

Wk�
L

kmaxL	
; v ¼ jVj

Vbi2

; and (12)

hk ¼
Nt;k

N	
(13)

where

1

L	
� N2

	q
2mð1 þ Q�1

1 Þ
ejJj ; (14)

Vbi2�
N	qL2ð1 þ Q�1

1 Þ
e

: (15)

Here, L* and N* are typical values of L and Nt,k, respectively,

and Q1 is Qk=1 for Nt,1 � Nt,k =1.

The boundary conditions are E(0) = V(0) = 0 (or

E(L) = V(L) = 0) and the continuity of E(x) and V(x) at xk.

The solution is given by the recurrence formulae (case 1)

vðxkÞ � vðxk � 1Þ

¼ 1

uk

�
� u2

k � u2
k�1

2hk

� uk � uk�1

h2
k

� ln ðj1 � hkukj=j1 � hkuk�1jÞ
h3

k

�
(16)

� uk � uk�1

hk

� ln ðj1 � hkukj=j1 � hkuk�1jÞ
h2

k

¼ ukWk (17)

where uk � u(xk) and uk ¼ ð1 þ Q�1
k Þ=ð1 þ Q�1

1 Þ:
Here, we postulate that shallow-traps are not full also during

injection. The free parameters are n0;k ¼ Nþt;k; hk, uk, and Wk,

where uk = (Q1 + Q1/Qk)/(Q1 + 1). Using above relationships,

we obtain Qk/Q1 = Nt,1/Nt,k=h1/hk, uk = (Q1 + hk/h1)/(Q1 + 1),

and Nþt;1=Nþt;k � Nt;1=Nt;1:, where we used the relationship that

Nt0
+

,k is approximately proportional to Nt,k owing to Eq.(6).

Therefore, free parameters in Eqs. (16) and (17) are hk and Q1.

For NA,k 6 Nt,k (case 2), we obtain the solution by setting

hk = 1 for all k in Eqs. (16) and (17) but keeping the relationship

uk = (Q* + Nt,k/Nt,1)/(Q* + 1) for uk. Therefore, the free para-

meters are Nt,k/Nt,1 (k = 1-kmax), Q* and n0.

JV characteristics can be calculated for given distributions of

Nt,k. By setting the boundary values Nt,1/N* and Nt,kmax/N*, we

consider exponential

Nt;k / expð�bxÞ (18)

and linear distributions

Nt;k / 1 � x

L
(19)

where b is a constant.
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Numerical JV characteristics are shown in normalized form

by

v ¼ jV j
Vbi2

and (20)

j ¼ jJj
Jbi2

(21)

where

Vbi2 is twice the built-in potential of the system, and

Jbi2 ¼
N	qm Vbi2

L
(22)

is an ohmic current due to Vbi2.

Typical values are estimated for Q1 = 1:

Vbi2 ¼
18ðN	=1016 cm�3ÞðL=10�5 cmÞ2

e=ð200 
 8:9 
 10�14 F cm�1
½mV� (23)

and

Jbi2 ¼

46ðN	=1016 cm�3Þ ðm=10�3 cm2 V�1 s�1Þ


 ðVbi2=18 mVÞ
L=10�5 cm


 ½mA mm�2�: (24)

In these estimations, L should be regarded as the length of

the region where the shallow-trap density changes exponen-

tially or linearly. This is because the JV characteristics are
Fig. 2. Theoretical JV characteristics for (a) case 1(NA,k� Nt,k) and (b) case 2

(NA,k ffi Nt,k) with linear distributions (Eq. (19)) and Q0 = 0.01: open and filled

circles are the forward bias and the reverse bias branch of the solution for

Nt,kmax/Nt,1 = 10, respectively, and solid and dashed lines are the forward bias

and the reverse bias branch of the solution for Nt,kmax/Nt,1 = 100, respectively. j

and v are a normalized absolute current density and a normalized absolute

voltage. One would see j / v at low voltages and j / v2 at high voltage.
dominated by high resistance regions, i.e., low trap density

regions; thus, the details of the low resistance regions are

unimportant. In addition, we can use the following results for

hole conduction, by, for instance, regarding the case

1(NA,k� Nt,k) as the case ND,k� Nt,k (ND,k: donor density).

3. Comparison with experiments

In Fig. 2, theoretical JV characteristics for forward and

reverse bias are plotted for cases 1 and 2 (NA,k� Nt,k and

NA,k 6 Nt,k) with linear distributions. At low voltage (v � 1),

the JV characteristics follow Ohm’s law, and at high voltage

(v � 1), they follow the standard Mott–Gurney law (J / V2).

Fig. 2 demonstrates that the conductance at low voltage is

symmetric, i.e., same for forward and reverse bias. At high

voltage, however, the current density is higher under forward

bias than under reverse bias. For case 2 (NA,k 6 Nt,k) (Fig. 2(b)),

the ohmic conductance at low voltage are the same for Nt,kmax/

Nt,1 = 100 and Nt,kmax/Nt,1 = 10, because n0 is the same in both

cases. The results for exponential distributions are similar to

those of linear distributions except for the larger conductance

difference between the forward and the reverse bias. Fig. 3

shows that m changes more gradually for case 1 (NA,k� Nt,k)

than for case 2 (NA,k 6 Nt,k).

The present theory for case 1 (NA,k� Nt,k) reproduces

experimental JV curves excellently by choosing Nt,kmax/Nt,1 and

scaling the theoretical curve at one data point from either a

forward or a reverse branch of JV curve (Figs. 1 and 4). Because

theoretical JV curves are insensitive to Q1, we fix Q1 at 0.01.

Consequently, Nt,kmax/Nt,1, Vbi2 and Jbi2 are only free
Fig. 3. Theoretical exponent m vs. normalized voltage (v) for (a) case 1

(NA,k� Nt,k) and (b) case 2 (NA,k ffi Nt,k) with linear distributions (Eq. (19))

derived from Fig. 2: open and filled circles are for Nt,kmax/Nt,1 = 10 at forward

and reverse bias, and solid and dashed lines are for Nt,kmax/Nt,1 = 100 at forward

and reverse bias, respectively.



Fig. 4. Experimental JV characteristics (open circles) of Au/SrTiO3:Cr single

crystal/Au [9] and theoretical JV characteristics by present theory (solid

lines)(a). (b) JV characteristics for forward and reverse bias in a linear plot

(a) are replotted in a J–V2 (V � 0) and a linear plot (V � 0). The fitting

parameters are Nt,kmax/Nt,1 = 1000, Vbi2 = 110 mV and Jbi2 = 0.23 mA mm�2

in NA,k ffi Nt,k. The inset of (a) is an expanded view of the low voltage range of

the main figure.
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parameters in practice. N* and L obtained from Vbi2 and Jbi2,

especially those of Fig. 2, compare favorably with experimental

values. In Fig. 1(c), the lack of linearity in the Schottky plots

contrasts with the excellent linearity of the J–Vm plots. This

provides further support for the concept that the observed diode

properties are not due to surface-limited processes.

4. Conclusions

The present paper has presented an introduction for bulk-

originated rectification with nonrigorous formulation and

shown diode-like JV characteristics due to a bulk-limited

conduction process. We have shown that a symmetric ohmic

conduction appears at low voltage but diode-like JV

characteristics with the J / Vm (m = 1–2) appear at high

voltage. The present theory reproduces experimental data

excellently using three free parameters Nt,kmax/Nt,1, Vbi2, and

Jbi2––one parameter more than in the standard SCL conduction

theory. Rigorous formulation for general cases including deep-

trap dominated case and detailed discussions are presented in
Refs. [15,16]. Ref. [16] shows that Eqs. (16) and (17) with

kmax = 2 can fit sufficiently data, which greatly facilitate the use

of the present theory.
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