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Abstract 1 Introduction 

In ceramic to metal joints high stresses develop at 
the free edge of  the interface under mechanical 
loading or after a change in temperature. These 
stresses can be described analytically by a singular 
stress term and a term which is independent of  the 
distance from the free edge of  a rectangular joint. 
All parameters in the stress expression can be 
calculated analytically. General rules on the effect 
of  the material properties (elastic constants, thermal 
expansion coefficients) on the stresses can be 
deduced. 

An Metall-Keramik- Verbindungen k6nnen an 
der freiliegenden Kante infolge mechanischer Bela- 
stung oder aufgrund eines Temperaturwechsels hohe 
Spannungen auftreten. Diese Spannungen lassen sich 
fiir einen Verbund mit rechteckigem Querschnitt 
analytiseh durch einen singuldren Term und einen 
Term, der vom Kantenabstand abhdngt, beschreiben. 
Im Ausdruck far die Spannung kOnnen alle Param- 
eter analytisch berechnet werden. Es lassen sich 
allgemeine Regeln fiir den Einflufl der Material 
eigenschaften (elastische Konstanten, thermische 
Ausdehnungskoeffizienten ) ableiten. 

Dans certains joints c&amique-m~tal, des con- 
traintes OlevOes se dOveloppent au niveau du bord 
libre de l'interface, sous charge, ou aprOs un 
changement de tempOrature. On peut d~crire 
analytiquement ces contraintes par un terme 
singulier et un terme indOpendant de la distance au 
bord, ceci pour un joint rectangulaire. Tous les 
paramOtres de l'expression donnant la contrainte 
peuvent 6tre calculus analytiquement. On peut 
en d~duire des r~gles gOnOrales sur l'effet des 
propriOt~s du mat&iau (constantes Olastiques, 
coefficients d'expansion thermique) sur les con- 
traintes. 

If ceramics are bonded to metals high stresses 
occur at the free edge of the interface under 
mechanical loading or after a change in tempera- 
ture. The thermal stresses are caused by the 
different thermal expansions of the two materials 
and they are of importance, above all if bonding 
takes place at high temperatures. The stresses 
for a given geometry are dependent on the proper- 
ties of the two bonded materials. For proper 
material selection the effect of these properties 
on the stress distribution near the free edge of the 
interface must be known. The stresses near the 
free edge of the interface have been calculated in 
several investigations. The first extensive treat- 
ment of the stress singularity was performed by 
Bogy; ~ it was based on an earlier publication by 
Williams. 2 

2 General relation 
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A plane problem is considered with the geometric 
parameters shown in Fig. 1. The joint has contact 
angles of 90 ° , a length of 2L and heights H~ 
and H 2 of the ceramic (material 1) and the 
metal (material 2). A Cartesian x-y- or a polar 
r-0-coordinate system is used. The following 
assumptions are made: 

--Perfect bonding between metal and ceramic; 
--isotropic, linear-elastic behaviour; 
--temperature-independent material properties. 

The assumption of elastic behaviour is not ful- 
filled very close to the free edge where very high 
stresses occur. Nevertheless, elastic calculations 
can show the general effect of the material proper- 
ties, and very often the plastic zone may be only 
small. The stresses near the free edge can be 
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described by 3'4 

O)- f J( O) 4- O-ofjo( O ) (1) 

The distance r is related to the length parameter  L 
(see Fig. 1). w is the stress exponent, which is 
positive for most material combinations. This 
means that a stress singularity exists. ~o depends 
on the elastic constants of  the two materials 
(Young's moduli El and E2 and Poisson's ratios vl 
and v2) and can be obtained from the relation 
given in the Appendix. The dependency on the 
four elastic constants can be reduced to the two 
Dundurs  parameters, also given in the Appendix. 
For v~ ~ v2 a range of  ratios exists of  the Young's 
moduli for which w is negative. The stress then is 
not singular; however, eqn (1) is still valid. This is 
shown in Fig. 2, where ~o is plotted versus the 
relative difference of  the effective Young's  moduli  
Ei* with 

{ Ei for plane stress 
vi 

El* = 

Ei for plane strain 
v,(1 + u,) 

(2) 

f j  are functions of  0 and of  the Dundurs  para- 
meters, which are given in the appendix. These 
relations were obtained from the general treat- 
ment of  the problem as it was formulated by 
Williams. 2 For  details see Yang. 5 Kc is the stress 
intensity factor, which is dependent on elastic 
properties and on the external loading. The defini- 
tion of  Kt  differs from that in fracture mechanics. 
The advantage of  the definition in eqn (1) is that 
the dimension of  KL is expressed as a stress. In 
connection with K L the angular functions are 
defined such that fo = 1 for 0 = 0. The second 
term in eqn (1) is zero for mechanical loading 
(the only exceptions are cracks), but it is very 
important  for thermal loading. In Cartesian co- 
ordinates f~0 = fro = 0 and fy0 = 1. The stress 
intensity factor KL and the quantity o- 0 are propor- 
tional to change in temperature and proportional 
to As, with 

H1 

H2 

El, v l ,  e l  

E2, v2, o2 

X 

Fig. 1. Geometry of  the joint. 

of -- o~ 2 f o r  plane s t r e s s  
Act = (3) 

[~1(1 + vt) - or2(1 + t~) for plane strain 

The constant stress term % is given by 3 

[, 12.1 o" o : AT.  Act. / ~ ,  (4) 

The stress intensity factor has to be determined 
from numerical stress analysis. It could be shown 4 
that for all possible material combinations a rela- 
tion between the ratio KL/o- o and the stress expo- 
nent o) exists if H~/L _> 2 and H2/L -> 2, which can 
be expressed as 

KL - 1 - 2-89(.o + l l.4w 2 
% 

- 51-9w3+ 135.7~o 4 - 135.8w 5 (5) 

From eqn (4) it can be seen that o- 0 approaches 
infinity if Et* - E2* approaches zero. For  this 
specific material combination the stress exponent 

is zero. The stress intensity factor KL also ap- 
proaches infinity with a sign different from that of  
o- 0. The ratio KL/o'o is - 1  for ~o = 0; thus, the 
stresses remain finite. For  mechanical loading with 
a stress o-= perpendicular to the interface, the 
effect of  the material properties on Kt can be ex- 
pressed by the same relation as for thermal load- 
ing, replacing -KL/o  o in eqn (5) by KL/o=. 

With eqns (1)-(5) the complete stress field near 
the free edge of  the interface can be calculated for 
a change in temperature or for a mechanical load 
perpendicular to the interface without performing 
any further finite element calculation. 

It should be mentioned that in eqn (1) r could 
also be related to another size parameter, for instance 
Hi. Then the stress intensity factor KH, would differ 
from KL. Between KL and Kn, the relation exists: 

KH, H~ ° = KLL °~ (6) 

It is, however, useful to use KL, because K c is size 

'~ _ _  V l = V 2 = O  2 / 

~ co ..... v1=v2=03 I/:'1; 
~% .......... vl =02, v2=03 /,:" 

'. %% 02 L ii I .." 

• . .  \ ! / :" 

I I I - -  I d..~. [ .~  . . . . . . .  r ' I I I 
-1.0 -0.8 -0.6 -0.4 -0.2 0 02 04 0.6 0,8 10 

EI*-E2* 
El* + E2* 

Fig. 2. Stress exponent versus relative difference of  the 
effective Young's  moduli. 
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Table 1. Properties of various materials 

E v E a a ( l  + v) 
(GPa) v(1 + v) (× I06/K) (× 106/K) 

(GPa) 

A1203 375 0-27 1 094 8.2 10.4 
AI2TiO 5 30 0.24 101 3-5 4.3 
B4C 390 0.15 2261 4.5 5.2 
BeO 360 0.25 1 152 8.7 10-9 
MgO 295 0-36 603 13.6 18.5 
MoSi 2 380 0.17 1 910 8.5 9.9 
SiC 410 0-24 1 378 5-0 6.2 
Si~N4-HP 314 0.28 876 2.7 3.5 
TiC 318 0-19 1 406 7-7 9.1 
ZrO_, 240 0.30 615 11.0 14.3 

AI 71 0.35 150 23.5 31.7 
AI alloy 71 0.33 162 22.5 29-9 
Cu 130 0.34 285 17.0 22.8 
Ni 210 0.3l 517 13.3 17.4 
Nb 105 0.40 188 7.2 10.1 
Mo 325 0.29 869 5-1 6.6 
W 411 0.28 1 147 4.5 5.8 
Carbon steel 215 0-28 592 11.5 14.8 
SS steel 200 0.30 513 16.0 20-8 
Ti-6AI~V 110 0.31 271 5.8 7.6 
Ag Ti braze 72 0.30 185 18.95 24-6 

independen t  fo r  H~/L _> 2 and H2/L >_ 2, whereas  

Kn, depends  on H 1. 

are listed for several ceramic and metal materials. 
Especially for the ceramics these properties 
depend strongly on the fabrication process and 
especially on the density of the material. The data 
in Table 1 are therefore representative values. In 
Fig. 3 the effective m o d u lu s  E* is p lo t ted  versus 
the effective thermal  expans ion  coefficient for  

p lane strain o~* = o~ (1 + v). It can be seen that  
the ceramics  have general ly higher  effective 

modul i  and lower  thermal  expans ion  coefficients 
than  the metals.  The re  are, however ,  except ions,  

e.g. m o l y b d e n u m  and tungsten,  having a high 
m o d u l u s  and  a low thermal  expans ion ,  or  the 

t i tan ium alloy, whose  thermal  expans ion  and 

modu lus  are low. 
As an example  o f  the comple te  stress state in a 

jo in t  finite e lement ,  results for  the c o m b i n a t i o n  o f  

a lumina  with the T i - 6 A 1 4 V  t i tan ium alloy are 
shown in Fig. 4 for  mechanica l  loading and in 

Fig. 5 for  the rmal  loading.  Th e  stresses are p lo t ted  

as a funct ion  o f  the dis tance f rom the free edge 
a long the interface and  a long the free edge o f  the 
joint .  F o r  bo th  loadings  all stress c o m p o n e n t s  
increase rapidly  as the free edge o f  the interface is 

3 Results 

In Tab le  1 the Y o u n g ' s  modul i  E, the Poisson ' s  
rat ios  v and the the rmal  expans ion  coefficients a 

2500 

tO 

' > 

2000 

0 B4C 

1500 

1000 

500 

Ti C 
0 

Osi C 

W BeO • O 

OAf2 0 3 

Si 3 N4 (HP) 
o e M o  

Zr 02 Mg O 
O •  
s t e e l  I~lO 

• SS s t e e l  

I • Ti-6AI-4V • Cu 
L • Nb • Al-al loy 

Ag-Ti-braze • • AI 

I I I r l 1 
10 20 30 

a ( 1 + v ) ,  10 6 K -I 

Fig. 3. Effective Young's modulus versus effective thermal 
expansion for some ceramics and metals. 
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edge under thermal loading (AIzO3/Ti-6A]~IV).  

approached. Under thermal loading the stress 
component O'y along the interface changes its sign 
when approaching the free edge. Along the free 
edge the sign changes in the titanium alloy under 
thermal loading, but not in the alumina. 

Equation (1) describes the stress distribution 
near the free edge of the interface. In Fig. 6 finite 
element results and the analytical results of eqn 

(1) are compared. It can be seen that along the 
free edge the results of eqn (1) have a deviation 
from the finite element results at about r /L  = O. 1. 

In Fig. 7 the results obtained under mechanical 
loading for different material combinations are 
shown. The stresses O-y along the interface increase 
with increasing stress exponent o~. This follows 
from eqns (1) and (5). The constant stress term is 
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Fig. 7. Stresses along (a) the interface and (b) the free edge for 
different material combinations exposed to mechanical loading. 

zero. According to eqn (5) the ratio o f  the stress 
intensity factor to the applied stress decreases with 
increasing w. This decrease, however, is overcome 
by the r ~' term. Also along the free edge the gen- 
eral trend is visible, that the stresses increase with 
increasing w. In the ceramic this effect is even 
larger than that for the stresses acting along the 
interface, because the term f for 0 -- 90 ° also in- 
creases with w. There is, however, no unique cor- 
relation with oJ. The stresses are always larger in 
the material with the higher Young's  modulus.  
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Fig. 8. Stresses along (a) the interface and (b) the free edge for 
different material combinations exposed to thermal loading. 

Results from eqns (1)-(5) are plotted in Fig. 8 
for a change in temperature. To discuss these 
curves eqns (1), (4) and (5) are combined to read 

1 
o~/j = - AT.  A a . . / ~ ,   A'r 

t (r/L) '~ ~j 

It can be seen that the sign of  the stresses depends 
mainly on the difference of  the effective Young's  



458 D. Munz, Y. Y. Yang 

Table 2. Sign of stresses in material 1 (ceramic) after cooling 
from stress-free state 

Example 

a* > a~  Compressive AI203/Ti-6AI~V 
E*~ > ~ Zr203/Ti-6AI~,V 

c~* > cr~ Tensile 
E* c < E~ (changes to 

compressive 
along free edge 

c~* < or* Tensile 
< > ~  

a* < cr~ Compressive 
E*~ < E~ (Changes to tensile 

along free edge) 

Zr203/W 

A1203/W 

A1203/Cu 
Zr203/Cu 

A1203/steel 
Si3Na/steel 

Si3Na/W 

moduli and on the difference of the effective thermal 
expansion coefficients. For o-y the last term in eqn 
(7) is always positive very close to the free edge of 
the interface. However, there might be a change in 
the sign of this term at some distance from the 
free edge of the interface. This change of the sign 
of the stress component  O-y occurs at very low 
values of r/L near the free edge in the material 
with the lower effective Young's modulus. The rules 
of the sign of the stresses in material 1 (ceramic) 
are given in Table 2 together with some examples. 

Table 3. Factor Hy for different material combinations 
(in MPa for mechanical loading and MPa/°C for thermal 

loading) 

Mater&& Mechanical  Thermal to 

0=0  o 0=90 ° 0=0 o 0=90 ° 

AI203/AI alloy 2.44 4.20 5.35 11.9 0.157 E~>E~ 

Si3N4/A1 alloy 2.17 3.55 6.10 13.4 0.137 cq*<%* 
ZrOjAI alloy 1.80 2.70 2.73 5-83 0.105 

Si3Na/Ti-6A1-4V 1.54 2.15 0-88 1.86 0-079 

AlzO3/steel 1.13 1.31 0-75 1.75 0.024 

Si3N4/steel 1-06 1.16 1.23 3-33 0.011 
ZrOJsteel 1.00 1.005 0.004 0.06 0.000 26 

ZrO2/W 1.139 1.045 1.58 0.52 0-025 E~<E~ 

A12Os/W 1-004 0-99 0.20 0-72 0.00036 al*>a2* 

AI203/Ti-6AI-4V 1.74 2.56 -0.75 - 1-59 0 .100  E~>E~ 

ZrO2/Ti-6AI~IV 1.29 1.64 -0.95 -2.07 0 .048  ~1">a2" 

Si3N4/W 1.03 0.98 -0.25 0-147 0.0056 E~<E~ 

along the interface and along the free edge are 
listed. The mechanical stresses are related to the 
applied stress o-= and the thermal stresses are valid 
for cooling by one degree. The stresses have been 
averaged over a relative length of  r*/L = 0.001. 

5 Conclus ions  

4 Asses sment  o f  the stresses  

The high stresses near the free edge of  the inter- 
face may cause failure of the interface or of the 
ceramic. Very often, failure starts in the ceramic 
near the interface. No straightforward method 
exists for predicting the failure stress under mech- 
anical loading or the critical change in the tem- 
perature in case of failure. One possibility of  
prediction consists in the application of the multi- 
axial Weibull theory as developed by Batdorf & 
Heinisch. 6 However, the high stress gradients give 
rise to some fundamental problems concerning the 
application of this theory. For assessment and 
comparison of different joints Kroupa et al. v pro- 
posed a value which is obtained by calculation of 
an average stress along a small distance from the 
free edge of  the interface: 

1 rr*/L 

H ° -  r*/L J0 °'°(r) l0 = co,re, d(r/L) 

K Dc iO + cr~j~ (8) 
(1 - o o ) ( r * / L )  °' 

In Table 3 these stresses are compiled for some 
joints. Thermal and mechanical averaged stresses 

The results for the stresses near the free edge in a 
bi-material joint with contact angle of 90 ° can be 
summarised as follows: 

- -The  stresses can be described by eqn (1), with 
o- 0 = 0 for mechanical loading. 

- -The  stress exponent oJ and the angular func- 
tions f j  are dependent on the two Dundurs 
parameters, which are functions of the 
Young's moduli and the Poisson's ratios of 
both materials. 

- - I n  the case of a change in temperature the 
stresses and thus the stress intensity factor KL 
and the constant stress term o- 0 are propor- 
tional to the change in temperature AT, and 
proportional to the difference in the effective 
thermal expansion coefficients. 

- -The  ratio between the stress intensity factor 
KL and the applied stress o-= for mechanical 
loading, and between KL and the constant 
stress term o" 0 for a change in temperature is a 
unique function of the stress exponent w. 

- -The  stresses near the free edge of  the interface 
after cooling from a stress free state are 
tensile for El* > E2* and oq* < ol2", or E* < 
E2* and oq* > a2* and compressive for El* > 
E2* and al* > a2* or El* < E2* and or1* < c~2". 
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Appendix 

(I) Determination of the stress exponent co 

12o.)-.o.-l.q 
+ c~2to(to - 1)2(to -- 2) 

+ 2o ,o,_ ,,2 [cos  ,o,_ ,,q 

+ COS2 (;to)sin2 (2 to)} = 0  

where o~,/3 are Dundurs parameters 

m,  - km 1 
Ol 

m 2 + km~ 

3 = 
(m 2 - 2) - k(ml - 2) 

m 2 + km 1 

with 

k -  G2 

Gi 

4 
07,,) 

m = 

4(1 - v) 

for plane stress 

for plane strain 

(A[) 

(II) Determination of the angular funct ions f o (  O) 
The angular functions are calculated by 

f r(O) ={As(2 + to) sin (toO) 
+Bs(2 + to) cos (toO) 
-Cj(2 - to) sin [(2 - to)O] 
-Ds(2 - to) cos [(2 - to)O]}/ 

{(2 - to)(B; + Dj)} (A2) 

f o(O) ={Aj sin (toO) 
+Bj cos (toO) + Cj sin [(2 - to)0] 
+D r cos [(2 - to)O]}/(B; + D/) (A3) 

fjro(O) =--{A:to cos (toO) - Bjto sin (toO) 
+Cj(2 - w) cos [(2 - to)0] 
-D:(2 - to) sin [(2 - to)O]}/ 

{ ( 2 -  to)(Bj+Di) ( j--  1,2)} (A4) 

The coefficients are determined by 

A* B;= B* ~ - C *  D / -  D* (15) 
A J - X  X- X " Z 

with 

3,] 
- o 4 t o -  2)(to- 1 ) -  1 + cos2 ( ; t o ) ( A 6 a )  

A* = X (A6b) 

B * = -  tan (2 to) { /3[cos2 ( ; to )+  ( t o -1 )  2] 

C , = / 3 1 4 -  3to - - 2)to] o_2  sin2(; ) 
+ c~to(o)- 1) + sin2 {2to ) (166) 

"/TO) _ D~'=tan(~ ){to /3 2 

+ a t o ( o ) - 1 ) - c o s  2 (2to)} (16e) 
X I ] 

1 { ct;(to - 2)(o) - 1)(2o) - 1 ) A~'- l+c~  

+ o~/3[cos2 (2to)(2to- 3 ) - 4 ( o ) - 2 )  3 

- 9(o) - 2) 2 - 6(o) - 2) - 1] 
l 

+ 3 ( t o - 2 ) +  1] 
2 77" +/3[-s in  (~to) (2to-  3) + (to -- 2) 2] 

(A6f) 
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