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Abstract 

A new approach for the analysis o f  sub-critical 
crack growth measured by static and dynamic 
fatigues is proposed. This approach is based on the 
knowledge of  the initial defect size distribution, 
which is mathematically related to time to failure 
probability in the case of  static fatigue or to the 
.fracture stress probability in the case of  dynamic 
fatigue. This method, which allows the determina- 
tion of  the sub-critical crack growth parameters 
with a good accuracy with a minimum number of  
specimens and under a single applied load, has been 
applied to mullite and zirconia. In the case of  the 
dynamic fatigue test, the sub-critical crack growth 
parameters can be obtained with a single loading 
rate or with two close rates for more precision. 
Under these conditions, the parameters corresponding 
to the Wrst stage of  the standard propagation law 
can be inferred, making the results relevant for life- 
time prediction. 

Eine neue Methode zur Analyse des unterkritischen 
RiJ~wachstums, ermittelt mit Hilfe statischer und 
dynamischer Ermfidung, wird vorgeschlagen. Die 
Methode basiert auf der Beziehung zwischen 
anfdnglicher Defektgr6flenverteilung und, im Falle 
statischer Ermiidung, der Lebensdauerwahrschein- 
lichkeit oder, bei dynamischer Ermfidung, der Bruch- 
spannung. Dieses Verfahren erlaubt die zuverldssige 
Bestimmung der unterkritischen Riflwachstums- 
parameter mit einer geringen Anzahl yon Proben 
bei einem einzigen Lastwert und wurde fiir Mullit 
und Zirkoniumoxid angewendet, lm Fall der dy- 
namischen Ermiidung k6nnen die unterkritischen 
RiJ3wachstumaparameter unter Verwendung einer 
einzigen Lastrate oder zur Erhdhung der Genauigkeit 
bei zwei Lastraten bestimmt werden. Unter diesen 
Bedingungen ldflt sich schlieflen, daft die Parameter, 
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die dem ersten Stadium des Standardwachstums- 
gesetz entsprechen, zur Bestimmung der Lebensdauer 
verwendet werden kOnnen. 

Une nouvelle approche pour l'analyse statistique de 
la croissance sous critique mesurOe par fatigues 
statique ou dynamique est propos~e. Cette approche 
est basOe sur la connaissance de la distribution de 
tailles initiales de wssures, qui est mathkmatiquement 
reliOe d la probabilit~ de temps d rupture dans le cas 
de la fatigue statique et dl la probabilitO de contraintes 
dt rupture dans le cas de la fatigue dynamique. Cette 
mOthode qui permet de dkterminer les paramktres de 
croissance sous critique avec une bonne prkcision et 
un minimum d~chantillons a ktO appliquOe d une 
zircone et une mullite. Dans le cas de la fatigue 
dynamique, les paramOtres de croissance sous critique 
peuvent dtre obtenus avec une seule vitesse de 
chargement ou bien avec deux vitesses proches pour 
une plus grande prkcision. Dans ces conditions, les 
param~tres correspondant au premier stade de la 
propagation sous critique peuvent Jtre obtenus, ce 
qui permet de prOvoir des durbes de vies correctes. 
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I Introduction 

Numerous methods exist for the measurement and 
the analysis of the subcritical crack growth in 
ceramics. These different methods can be practically 
divided into two groups: (i) direct measurement 
methods where the crack velocity is recorded as 
a function of the stress intensity factor and (ii) 
indirect measurement methods where the shape of 
the curve needs to be presupposed. 

The former methods which include techniques 
such as double torsion, 14 double cantilever 4-7 and 
bending bars) present the advantage of allowing 
the determination of the precise shape of the 
V-K curve and especially the three stages often 
observed in air. These techniques, however, are 
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relatively complex to carry out and can not be 
conducted down to extremely low crack velocities 
with sufficient precision. Moreover the artificial 
cracks, generally longer than 1 mm, that are intro- 
duced, may not be relevant to predict the fatigue 
behaviour of real flaws. 

The latter methods, which include static fatigue, 8'9 
dynamic fatigue 5 and even cyclic methods, ~°-~2 
present the advantage of being easy to conduct on 
specimens of very simple shape. Moreover, static 
fatigue allows measurements down to extremely 
low velocities. These methods are generally based 
on a similar principle. A shape of the V - K  curve 
is presupposed (generally V = A K f )  and the 
different parameters of this law are obtained from 
the fitting of experimental results to the integra- 
tion of the presupposed law over the stressing 
condition. In the case of static fatigue standard 
analysis a series of specimen sets is tested under 
different constant applied loads and the results in 
terms of time to failure are plotted on a log(t0 
versus log(o-) diagram. Under the former hypo- 
thesis, the plot should define a straight line of 
slope -n. In the case of dynamic fatigue, a series of 
specimen sets are tested under different constant 
loading velocities and the results in terms of stress 
to rupture are plotted on a log(o-r) versus log 
(loading rate) plot that should define a straight 
line of slope 1/(n+l). 

Such methods can not separate the different 
propagation stages and the A and n values represent 
average values of the three stages investigated. 
The major problem is that the importance of the 
respective stages depends either on the time to 
failure investigated (static fatigue) or on the loading 
rate (in the case of the dynamic fatigue test). 

The case of static fatigue is less critical since it 
characterizes only the first stage when used with 
long durations, which is generally of interest for 
lifetime prediction of real components. However, 
owing to the dispersion of results, a lot of 
specimens are generally required for a fine analysis 
of the static fatigue results, and accordingly the 
studies are of long duration. 

Observing that the standard procedure consists 
of fitting the median values of given applied 
stresses, Jakus et al. ~3 have proposed different 
refinements of the statistical treatment. They 
include all the different results in the analysis and 
therefore improve the precision. Fett and co- 
workers 14-16 have proposed a modified analysis 
which presents the main advantage of not requiring 
any prerequisite on the shape of the sub-critical 
crack law. This method is based on the scattering 
of either the initial crack lengths or applied 
stresses. 

The dynamic fatigue test is easy to conduct and 

of short duration but still requires a significant 
number of specimens. Moreover, as already 
mentioned, it can be of low scientific usefulness 
since it mostly leads to an average value of the 
different stages. Even if a single stage really 
operates, the presence of a threshold value or a 
too high loading rate have been shown to lead 
to erroneous results. T M  Kadouch 18 has shown 
that in such a case, only a limited range of loading 
rates could be conducted to obtain relevant 
results. 

The purpose of this paper is to present an original 
statistical method that was initially applied for 
thermal fatigue determinationJ 9 The idea is to 
introduce artificial defects of known sizes and 
to use the initial length scattering to obtain the 
propagation law with a single applied stress in 
the case of static fatigue and a limited number of 
specimens. For this target, an analytical function 
of the failure probability that depends on the 
test is established and adjusted to the experi- 
mental results in order to determine the slow 
crack growth parameters. The method is also 
applied to dynamic fatigue. Although it might be 
theoretically possible to obtain the parameters 
with a single applied loading rate, a more precise 
determination will require two loading rates. 
The first stage parameters will therefore be ob- 
tained. 

2 Theoretical Background 

2.1 Static fatigue application 
The prerequisite of the analysis is that the initial 
flaw distribution is definitely known. For this pur- 
pose, artificial defects that can be precisely known 
are introduced in the specimens. A convenient 
way is by Vickers indentation, where the initial 
size can be controlled by the applied load. Under 
specific loads the initial crack can therefore be of 
half-penny shape. The Vickers indentation leads 
to two perpendicular cracks but it may reasonably 
be assumed that the crack parallel to the load 
does not induce any perturbation. Such cracks can 
be shown to fairly fit a Gaussian distribution, 
which gives the following probability density as a 
function of flaw size ai: 

1 1 ( a i -  !a)l: 1 
f~(ai) - Sd(2,n.)572exp ( -  ~ Sa ] ] (1) 

where (a) and S d respectively the average and 
standard deviation values. 

Considering the static fatigue test where the 
specimens are submitted to a constant stress or, the 
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probabili ty densities of  crack size a~ and lifetime tf 
are defined as: 

P(ai < aio < ai + dai) 
f.(ai) TM (2) 

da~ 

P(t f  + dt f  < tro < tO 
f ( t0  : (3) 

- d t f  

where P(a i < % < ai + dai) and P(t f  + dt f  < tfo < t o 
represent the probabilities that  the initial crack 
size aio and the lifetime tfo are in the range a~ to a i 
+ daa and tf + dtf to tf respectively. It is impor tan t  
to note that  the smaller the crack size the longer 
the lifetime. Since the probabilities are equal, eqns 
(2) and (3) lead to: 

dai 
fit:) : - f a ( a i ) -  (4) 

dtf 

which relates the probabili ty density of  initial 
crack size to the probabil i ty density of  t ime to 
failure. 

The second part  of  the analysis will therefore 
consist of  expressing the initial size as a function 
of  the parameters  of  the test and of the time to 
failure and to insert it into eqn (4). 

The crack propaga t ion  velocity is related to the 
stress intensity factor by: 

da 
- A K ' ~  (5) 

dt 

The stress intensity factor is related to the crack 
size and the applied stress by: 

K l = Yo'a 1/2 (6) 

Inserting eqn (6) in eqn (5) leads to the s tandard 
crack propagat ion  equation: 

da 
- A Y ~ a  n/2 (7) 

dt  

Integrat ing the crack size f rom ai to at dur ing the 
time 0 to tf in relation (7) and considering 2° that the 
final crack size to the power (2 - n)/2 is negligible 
compared  to the initial crack size to the same 
power, yields the crack size as: 

n - 2  
ai 2 n/2 _ A Ynontf (8) 

2 

Derivation of  a~ in eqn (8) with respect to tf and 
inserting in eqn (4) yields: 

[ [ .  _ _  , ' ~  n xl/(2 n) 
j~tf) = f a ( a i ) [ t ~ )  A2( Yor)2nt~t (9) 

Inserting the probabili ty density of  initial crack 

f i t )  = 

size eqn (1) in eqn (9) gives the probabili ty density 
of  lifetime: 

Sd,121r 

x exp - 2S~ 

Accordingly,  the cumula ted  failure probabil i ty of  
lifetime is obtained by integrating relation (10): 

F(lrc) = f ( t O  dl f  ( 1 1 ) 

The failure probabil i ty is therefore explicitly 
known and is a function of  the parameters  K (a), 
Sd, or, A and n. The initial crack size distr ibution 
can be measured,  and the applied stress is pre- 
cisely known.  The initial value of  the Y parameter  
can not be precisely known,  but  with a higher pre- 
cision than natural  defects. The value is slightly 
varying with crack propagat ion  during the test. 
However,  if not too extended crack propagat ion  
is experimentally obtained,  the variation does not 
exceed a few percent, and can be considered 
as constant  as a first approximat ion.  The only 
adjustable values in the theoretical function (l l) 
are therefore the A and n parameters  of  the sub- 
critical crack growth law eqn (5). 

Experimental  t ime to failure results can be 
classified and a failure probabili ty P~(t n) can be 
attributed. The fitting of  these experimental 
results by the theoretical failure probability, by a 
least-squares procedure,  will therefore lead to the 
values of  the A and n parameters.  Note  that  a 
single applied stress value is required. 

2.2 Applicat ion to dynamic  fat igue 
The former analysis can be applied to dynamic 
fatigue test after few modifications. Again artificial 
cracks are in t roduced in the specimens and they 
obey the density of  probabili ty eqn (1). The results 
are now represented in terms of  the failure stress 
o r . The density of  probability of  fracture stress is 
given by: 

P(O'r + dcrr < O'ro < O'r) 
A,~r) = (12) 

-do-r 

where P(o- r + dcr r < O'ro < Or) represents the proba- 
bilities that  failure stress O'ro is in the range o-r + 
do-r to ~rr. By the same analysis a relation similar 
to eqn (4) is obtained: 

dai 
f(O'r) = --fa(ai)--- (13) 

do-r 

The slow crack growth eqn (7) is still valid but the 
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stress must be replaced by: 

oIt) = w t  (14) 

where to is the loading rate during the test and t the 
time. Inserting eqn (14) in eqn (7) and integrating 
the crack size from ai to ar when the stress 
increases from 0 to the failure stress o-, under the 
same simplifying hypothesis a! 2 n)/2 >> at2 ,)/2 leads 
tO: 

a~2_,)/2 - n -  2 Aro.r,+lto_ 1 (15) 
2 n + 2  

It should be noted that neglecting the final crack 
length is here less rigorous than for static fatigue, 
since the crack propagates over shorter time. De- 
riving eqn (15) with respect to O'r and inserting in 
eqn (13) yields: 

n - 2 , A 2 . y2, ~1/(2 n) 
f(O'r) = fa(ai ) ( (2~-~- ) to 2 o "3n ) (16) 

Inserting eqn (15) in eqn (1) and in eqn (16) leads 
to: 

( n  _ 2 ]n A2 . y2n \l/(2-n) 

\2n + 2 ! ~o 5 tr3|vrn] 
JI A) = Sd 

2 n + 2  - ( a )  (17) 

× exp - 2S,~ 

Similarly to relation (11) the failure probability 
can be obtained by integrating relation (17) 

F(o'rc ) = do" r (18) 

A similar procedure as that presented for static 
fatigue can therefore be applied to obtain the 
parameters of the slow crack growth law, A and n. 
It should be noted that a single loading rate 
should be theoretically sufficient. In addition to the 
reduced number of specimens and the increased 
precision, the method in this last case brings the 
advantage of theoretically allowing the determina- 
tion of the slow crack growth law with a sole slow 
loading rate. This could lead to the determination 
of the first stage parameters, which is generally 
not the case by the standard analysis. 

3 Applications 

3,1 Static fatigue 
The method was first applied to static fatigue 
analysis. For this purpose, two different materials 
have been selected: a Y-TZP zirconia (Ceramiques 
Techniques Desmarquest, France) and a mullite 
material (Ceraten, Spain). It should be noted that 

0.8 

0.6 

0.4 

0.2 

0 
100 180 220 

Probability 

i / I  ! 
140 

! 

Crack length (prn) 
Fig. 1. Initial crack length distributions fitted by Gaussian 

laws. 

these two materials should not experience any R- 
curve behaviour that could perturb the analysis. 
Indeed, it has been shown 21 that, in the case of 
R-curve material, the difference between the 
crack propagation of micro- or macro-defects is 
significant. Starting from artificial defects would 
therefore lead to data irrelevant for the lifetime 
prediction of real components.  

The mullite selected here is a brittle material 
that does not exhibit any R-curve behaviour. Y-TZP 
is acknowledged to exhibit a strong reinforcement 
by transformation toughening and to exhibit R- 
curve behaviour. However the crack resistance is 
also difficult to measure because it extends over 
only few microns and this material is therefore 
often considered as a flat R-curve material. 22 

Both materials were cut into bars of section 6 x 
4 mm 2 and polished down to a 3 /xm grit. The 
artificial defects were made by Vickers indentation 
under loads of 100 N for the zirconia and 60 N 
for the mullite material. After checking that half- 
penny shape cracks were made, the surface length 
was measured by optical microscopy. Figure 1 
shows that both series of crack lengths can be 
fitted fairly well to a Gaussian law. Such a distribu- 
tion law presents the advantage of  being described 
by only two parameters, the average and the 
standard deviation that are quoted in Table 1. The 
mullite specimens were heated to 1000°C for 1 h 
in order to anneal the residual stress. This could 
not be done in the case of the zirconia material 

Table 1. Average and standard deviation values of the initial 
crack length distribution initiated by Vickers indentation on 

the mullite and the zirconia material 

Material Vickers A verage size Standard 
load ( N) ( txm ) deviation 

(um) 

Y-TZP 100 140 6 
Mullite 60 200 12 
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since the heat treatment was shown to induce 
some crack healing. 22 

3.1.1 Application to Y- T Z P  
The statistical analysis described in the theoretical 
section has been applied. For  this purpose, 20 
specimens were tested at 132-5 MPa  and the 
different times to failure ti were recorded. The 
experimental failure probability has been attributed, 
after classification of  the different times to failure, 
by the following expression: 

i -  0-5 
Pi(t0 - (19) 

20 

The experimental time to failure probabil i ty was 
therefore expressed as: 

Pi -- function (ti) (20) 

The results are displayed in Fig. 2. The theoretical 
probabil i ty of  time to failure expressed by the re- 
lation (11) depends on the two parameters A and 
n that can be adjusted in order that the theoretical 
probabil i ty fits the experimental one. This is 
achieved by a least squares procedure,  i.e. by 
minimizing the following relation: 

N 

S = ~ [F(tfi, n, A) - ei(tr,)] 2 (21) 
i=1 

where N represents the number  of  tested speci- 
mens. The minimum value was found for para- 
meters values of  A = 0.99 × 10 -~8 and n = 26. 

The first question that arises is the problem of  
the uniqueness of  the solution. This has been 
investigated by calculating the parameter  S for a 
wide range of  (n, A) values. It appears that for a 
given n value, the graph of  S versus A exhibits 

Probability 
1 

O 

0.6 

0.20"4 ~ ~  n=25 

0 
0 105 2.105 

Time to failure (s) 
Fig. 2. Fitting of the experimental time to failure probability 
of the Y-TZP material by the theoretical probability of 
failure under an applied stress of 132.5 MPa. By adjusting A 

and n the best fitting can be obtained. 

5 S(A) ! I I 

4 ~ Smin(n~26) j 

3 

2 

0 I ___ 
0 0.5 10 is 10 "18 1.5 10 18 2 0 18 

A 
Fig. 3. S as a function of the parameter n for different 

couples (A, n) in order to find the minimum value. 

a marked minimum (Fig. 3). Conversely, a clear 
minimum of  the S(n) graph is obtained for a fixed 
A value. The representation of  these minima in 
the log(A) versus n graph which is displayed in 
Fig. 4 surprisingly defines a straight line. Along 
this line, the variation of  S also shows a minimum 
(Fig. 5) but  that is less marked. In fact, it does 
correspond to the uncertainties over the A and n 
values. It therefore implies that a range of  (A, n) 
couples fits the experimental results fairly well. 

In order to demonstrate  the validity of  this 
method, the standard procedure analysis requiring 
several applied stresses was also applied in the 
case of  the zirconia material. For  this purpose, the 
indented specimens were submitted to three differ- 
ent stresses o- a, and the times to failure tr were 
recorded. The results are displayed in Fig. 6. It is 
to be noted that the second series of  specimens 
(applied stress of  132-5 MPa) contains a larger 
number of  specimens, since it has been used to 
illustrate the new method. The different results 
were plotted on a standard log t r log  o'a diagram 
whose slope can give the stress exponent of  the 

A 

10 -14 I I I 

I016 

10-1e 

10-2o 

10 ~ 
15 20 25 30 35 

n 
Fig. 4. Fitting of the experimental time from the theoretical 
curve. Representation of the optimum value of A for a given 
value of n. Along this line the variation of S is relatively 

smooth. 
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Smin(n) 
0.14 = = I 

0.12 

0.1 

0.08 

0.06 

0.04 

0.02 / 
0 - t t 'f t 

15 20 25 30 35 
n 

Fig. 5. Representat ion o f  the m i n i m u m  value o f  S(A, n) as a 
function of the parameter n. This corresponds to the values 

of S along the straight line displayed in Fig. 4. 

propagation law n. A least squares linear regres- 
sion leads to A = 4.32 × 10 17 and n = 20.6. Since 
the initial defect sizes were known, the second 
parameter A of the propagation law can be 
obtained. 

The V - K  curve can subsequently be represented 
and compared with results obtained from the 
standard analysis. This has been achieved in Fig. 7 
where the results measured by double torsion on 
the same material has also been plotted. Both the 
static fatigue results obtained from the standard 
analysis and the new approach proposed here 
appear to lead to relevant data, at least when 
compared with double torsion. It is to be noted, 
however, that the new method seems to lead to 
more discrepancy. However, since the comparison 
with double torsion can only be made by extrapo- 
lating the results to lower values, it is difficult to 
affirm which data are better. Indeed, it should be 
recalled that while the standard analysis is 
conducted with different applied stresses, the new 
method is applied with a single applied stress. The 
range in crack velocities investigated might there- 
fore be different. 

T ime to fai lure (s) 
10 6 i , , 

10 s 

10 4 

10 3 

132.5 MPa 
147.2 MPa 

1 0  2 I I I I I I 

125 130 135 140 145 150 
Applied load (MPa) 

Fig. 6. Analysis of  the static fatigue by the standard method. 
The point represents the average value, and the bars give the 

maxima. 

Crack velocity (m/s) 
10 "1 

10 .3 

10 -5 
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10-9 

10-11 

(b) 
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J >, 

5 7 10 

/, 

(c) 
I "  

2 3 

KI(MPa,/-~) 

Fig. 7. Subcritical crack growth velocity as a function of the 
stress intensity factor in the case of the zirconia material. 
Comparison of results obtained by double torsion (a) (see 
Ref. 22), by static fatigue using the present analysis (b) and 
the standard analysis (c) and by dynamic fatigue using the 

present analysis (d). 

3.1.2 Application to mullite 
This statistical approach has also been applied 
to mullite under the same conditions, except the 
number of specimens, which was lower. The 
specimens were indented and the initial crack sizes 
were measured (Table 1). Again it fits a Gaussian 
law fairly well, but this time with a higher disper- 
sion, since the standard deviation is higher than 
that obtained with the zirconia material. Thirteen 
specimens were further loaded to an applied stress 
of 53 MPa. The results were classified and the 
same procedure applied to adjust the theoretical 
curve to the experimental results (Fig. 8). Similarly 
to zirconia, a range of (A, n) couples can be 
obtained showing the final uncertainties. 

Since the proposed analysis requires the 
knowledge of the initial crack lengths, it may be 
argued that a more simple analysis could be 
conducted by directly applying the relation (8). 
Indeed, the plot of the time to failure (t0 as a 
function of the initial crack length (ai) o n  a 
log-log scale could lead to the determination of 
the A and n parameters. This analysis has been 
conducted on the mullite material where the real 
initial crack lengths have been measured. The 
results are displayed in Fig. 9. It appears that 
the correlation coefficient of the regression line 
is equal to 0.60, which is rather poor, especially 
compared to that obtained in Fig. 8. This shows 
that for a given number of specimens the pro- 
posed approach gives a better result. This can be 
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Fig. 8. Fitting of the experimental time to failure by the 

theoretical probability of failure for the mullite material. 
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Fig. 9. Representation of the lifetime as a function of the 
crack size on a log-log plot for the data of the mullite 

material. 

understood by the fact that this method is based 
on an average distribution of  initial flaws, which 
limits the errors that are otherwise cumulated. 
Moreover  this average distribution can even be 
improved by measuring a large number  of  similar 
artificial flaws made on a single specimen, pro- 
viding that the different tested samples have the 
same microstructure. 

It should be noted that a relatively precise value 
of  the SCG law can be obtained with a moderate  
number  of  specimens. The precision depends on 
the width of  the final distribution, the wider the 
distribution the higher the precision. This final 
distribution is, however, not only related to the 
distribution of  initial defects but also to the stress 
exponent. This is due to the fact that the method 
is based on the t ransformation of  the initial crack 
size distribution during the sub-critical crack 
growth. A large n value or a small value of  Sj will 
decrease the precision. 

3.2 Dynamic fatigue 
The application of  this method to dynamic fatigue 
has also been conducted. 

The difficulty with the standard dynamic fatigue 
test is the relevance of  the data when the real V-K 
curve shows a typical three stage law. Indeed, the 
test consists of  loading several sets of  specimens at 
different loading rates, for instance in bending. 
The mathematical  analysis of  the test 2° shows that 
under the hypothesis of  a single V-K curve, the 
plot of  the logarithm of  the apparent strength 
versus the logarithm of  the loading rate defines 
a straight line related to the A and n parameters 
(cf. eqn (15)). However, the relative influence of  
the different stages of  the real V-K curve strongly 
depends on the loading rate. ~7 Thus the result of  
the test will depend on the different loading rates 
selected and will give some kind of  average value. 
This can be illustrated by conducting a simulation 

of  dynamic fatigue from real data obtained, for 
instance by double torsion. Figure 10 shows such 
an example calculated from experimental data ob- 
tained on zirconia and mullite. The simulation is, 
in each case, conducted from results measured by 
double torsion using the three recorded different 
stages and also by using the first stage only. 
Therefore the comparison of  both results can 
show the loading rate range in which the dynamic 
fatigue test should lead to first stage parameters. 
Since the parameters corresponding to the first 
stage are of  most importance for prediction and 
since only these parameters can be solely obtained, 
it appears that low loading rates should be se- 
lected. However, since the standard analysis re- 
quires a relatively wide range of loading rates and 
since extremely low range can not be practically 
obtained, it cannot  lead to correct parameters 
when a marked three stage law operates. 

The statistical analysis proposed in this paper 
can, however, be used to predict the A~ and n] 
parameters, since it theoretically requires only one 

Fracture stress (MPa) 

' ' ' ~ ' 300 

200 Zirconia ~ '250 

180 ~ ~ r j ~  ~ '  200 
160 

140 ~ __ ~ > - - - ~  ~ - 
Mullite 150 

120~ 

100 i i i 
0.01 0.1 1 10 100 

Loading rate (MPa/s) 

Fig. 10. Results of simulation of dynamic fatigue test from 
double torsion data of mullite ([-3, i )  and zirconia (©, 0). 
i ,  • Simulation conducted with the three stages of the 
propagation law, D, O, simulation with the first stage only 

(Ref. 17). 
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Fig. 11. Fitting of the experimental failure stress by the 
theoretical probability for the two experimental loading 
rates. Note that in the case of the lower loading rate, a better 

accuracy for the determination of A and n is obtained. 
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Fig. 12. Representation of the best A parameter value as a 
function of the n value for both tested loading rates. 

loading rate, which can be selected in the proper 
range. 

Such an experiment has been conducted on the 
zirconia material. It was first aimed to use the first 
lowest loading rate authorizing the determination 
of  the correct first stage parameters (Fig. 10). For  
this purpose, seven specimens were indented and 
tested at a loading rate of  0.366 MPa/s. The same 
procedure as that described for static fatigue was 
applied for fitting the experimental results to the 
theoretical curve. The results in terms of  the 
cumulated probability as a function of  the fracture 
stress are shown in Fig. 11. The same general 
characteristic of  the fitting as for the static test 
appears, i.e. a wide range of  the (A, n) couple 
can be obtained. However, the range is even larger 
and it is also important  to note that the test 
duration is too short to significantly modify 
the initial Gaussian graph, which is still relatively 
symmetrical. 

Therefore a second series of  tests was conducted 
at a lower loading rate of  0.0448 MPa/s. The 
minimum values of  S for a given fixed n value 
were plotted for both  series. In both  cases a 
straight line is again observed but  with slightly 
different slopes (Fig. 12). It might be considered 
that the intercept of  the two lines leads to the 
most probable (A, n) couples, which in the end 
leads to the V - K  curve represented in Fig. 8. The 
values are respectively A = 2.25 × 10 -17 and n = 
19.5. This figure shows that the proposed method 
can give the parameters of  the first stage with only 
two loading rates with a very good precision. 

4 Conclusion 

A new statistical method has been developed for 
the determination of  sub-critical crack growth by 
static fatigue and dynamic fatigue. 

This method, which presents the advantage of  
requiring a single applied stress for the static 
fatigue test, has been applied to two different 
materials, zirconia and mullite. It has been shown 
that relatively precise values could be obtained 
with a moderate number of  specimens. In the case of  
dynamic fatigue, although the theoretical analysis 
shows that a single applied loading rate should be 
necessary, for a high precision, two will generally 
be required. However,  it can still be possible to 
select relatively low loading rate values in order to 
obtain results corresponding to the first stage of  
the propagat ion law, making the dynamic fatigue 
test relevant. 

It is to be noted that the method requires the 
knowledge of  the initial distribution. A Gaussian 
law has been applied here in order to fit the 
indented distribution flaws. A similar procedure 
could be applied to natural flaws using, for 
instance, a Weibull distribution. 
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