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Abstract 

In ceramic materials, bridging stresses are gener- 
ated in the wake of propagating cracks due to crack 
interactions. Such stresses can be caused by friction 
of sliding grains or by elastic interactions where 
the crack surface contact behaves like a spring. 
Both types of interactions are described and a 
model is proposed which allows us to combine the 
two efects. 

1 Introduction 

Coarse-grained A&O, shows an R-curve behaviour 
which is characterised by an increase in crack 
growth resistance with increasing crack extension. 
In the past it has been shown by experimental’ 
and theoretical investigations2 that the R-curve is 
not a unique material property. The shape of the 
curve depends on the geometry of the test speci- 
mens, the initial crack depth, the type of loading 
(tension, bending) and on the special type of crack 
extension (stable and subcritical crack propaga- 
tion). 

It was demonstrated experimentally3-6 that this 
effect is caused by crack border interactions in the 
wake of the advancing crack. The bridging inter- 
actions were observed mainly in materials with 
large grains. The crack face interactions localised 
at single grains can transfer loads which can be 
modelled in a more homogeneous way by so-called 
bridging stresses abr which depend only on the crack 
opening displacement 8. The bridging stresses 
shield the crack tip from the external loads. 

In the special case of R-curves caused by bridging 
effects, the relation between bridging stresses and 
crack opening displacement is a material property 
which is expected to be much less influenced by 
special test conditions. In the literature the bridging 
stresses are mostly considered to be caused by 
frictional effects.7 This description is well estab- 
lished for coarse-grained A&03. In hot-pressed silicon 
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nitride, bridging zones act more like elastic springs 
of limited extension.’ 

Recently, Dauskardt’ found experimental evidence 
for a combination of frictional and elastic 
behaviour of bridging interactions in alumina. 

It is the intention of this investigation to 

present a bridging relation for elastic bridg- 
ing interactions taking into consideration a 
distribution for the maximum displacements 
at which the bridge fails and to 
describe a bridging model that exhibits the 
main features of load versus displacement 
curves as measured by Dauskardt.’ 

Therefore, in the first part of this investigation, 
bridging relations are described which are based 
on bridging interactions caused by friction and 
spring effects. In the second part a model is dis- 
cussed which describes elastic and friction-induced 
response of crack surface interactions on crack 
opening displacements. 

2 Bridging Relations 

2.1 Relation for friction induced bridging stresses 
For bridging stresses o,,br which are caused by friction 
effects, Mai and Lawn7 proposed a relation 

ao(l - S/SJm for U&cl 
for S/S,>1 

m = 0 1 2 
, , ,*** (1) 

as shown in Fig. l(a) for m = 1. If we assume that 
the characteristic displacement for which the 
bridging stresses vanish is distributed like a r- 
distribution of first ordeti with a densityf(6,) 

then the macroscopically averaged bridging stresses 
result from 

(3) 
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Fig. 1. Bridging stresses. (a) Local stress-displacement relation for frictional crack-surface interactions; (b) global stressdisplacement 
relation for frictional crack-surface interactions; (c) local stress-displacement relation for a single spring; (d) global stressdisplacement 

relation for spring-like crack-surface interactions. 

For the mostly used case m = 1 the averaged 
bridging stress relation results 

ubr,aver = ~0 exp( - S/6,) 

as plotted in Fig. l(b). 

(4 

2.2 Bridging relations for springs with limited 
extensions 
In case of spring-like stresses the bridging stresses 
in a single bridge may be expressed by 

a, s/s, 
gbr,spring = 0 i 

for S/S,<1 
for S/S,>1 1 (5) 

with maximum extension 8, and maximum stress 
a,, shown in Fig. l(c). 

Similar to the bridging effect it is assumed that 
the characteristic displacement 8, for which the 
bridging stresses vanish is also I-distributed with 
a characteristical displacement value 8, character- 
ising the ‘width’ of the distribution. The macro- 
scopically averaged bridging stresses result from 

s 
00 

u br = 
0 

abr,sprin,gfl’c) ds~ (6) 

and one obtains by integration 

CT br = co g exp( - 8/6o) (7) 
0 

as given by Fig. l(d). If we now assume a more 
narrow distribution of the values of 6,‘s we can 
use the next higher order I-distribution, namely 

(8) 

and we obtain for the bridging-relation 

exp(- a/&) (9) 

For a comparison of eqns (7) and (9) see Fig. 11. 

3 A Model for Frictional Bridging Stresses 

In the following considerations a model is discussed 
that allows us to derive a relation for friction- 
induced bridging effects containing elastic compo- 
nents. As a first step the bridging effect is modelled 
as a two-dimensional problem for an internal 
crack in an infinite body, which is bridged by one 
single grain. In the second step a distribution of 
bridging grains is considered. In Fig. 2 a section 

=_: ...... I-i?%* ,..._______....._____.......___.....~___. 

!__..____t------_,,------f_--_____.~ 

Fig. 2. Bridging model.. A crack zone bridged by large grains. 
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Fig. 3. Bridged crack. (a) Model of a bridged crack (unloaded). (b) Stresses and displacements for low remote loadings 
(schematic). (c) Stresses and displacements for high remote loadings (schematic). 

of the bridged crack is shown. For the model the 
effect of one grain is considered and the problem 
can be treated as a crack of length 2c (twice the 
distance between two bridged grains). An elemen- 
tary cell is shown in Fig. 3(a). Between the bridging 
grain and the surrounding material a residual 
stress acts due to mismatch of thermal expansion 
which creates the force F. This configuration is 
loaded by a remote stress a,,,,, It is the aim of the 
following considerations ‘to calculate the displace- 
ments at a remote location y = y. as a function of 
the applied stress. Figure :3(a) illustrates the geome- 
try in the absence of externally applied stresses. 
For small, externally applied remote stresses aaPPl 
(Fig. 3(b)) the stresses and displacements are 
governed by the mixed boundary problem 

S = 0 for 1.x( I b 
u= 0 for lb1 < 1x1 < ICI (10) 

These conditions are valid until the load carried 
by the grain reaches the maximum friction force 
pFo between the bridging grain and its surround- 
ings, i.e. for 

2 $&) dx 5 & (11) 

If the load carried by the grain exceeds kFo, sliding 
between the bridging grain and the surroundings, 
with an amount Ah, occurs (Fig. 3(c)), the interac- 
tion force reduces to 

F= F. !iAh (12) 

and the equilibrium condition of forces reads 

2ibo(x) dx = pFoy (13) 

In this case, the boundary problem can be ex- 
pressed by 

S = Ah for 1x1 I b 
u = 0 for (bl < 1x1 < ICI (14) 

3.1 Calculation of displacements 
Due to the symmetry of the problem with respect 
to x = 0, the computations can be restricted to 
positive values of x. Using the relation between 
stresses and displacements,” the mixed boundary 
problem can be written 

1 c c 
F o max(x Jz(c’,x)h(c’,x’)u.(x(x’)dc’dx’ = Ah ss , (15) 

for x I b a=0 for b c x c c 

The weight function for an internal crack in an 
infinite body under symmetrical load is” 

h(v) = -& [(g$+ (z)y = (16) 

3 

In the absence of a bridging interaction the crack 
opening displacement field is given by 

(17) 

The crack opening displacements caused by the 
stresses in the grain have to nullify these crack 
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Fig. 4. Partial crack problem. Case 1: pair of collinear cracks. 

opening displacements in the range 1x1 I b. So we 
have to solve 

There are different possibilities of proceeding: (i) 
eqn (18) can be solved numerically; (ii) The dis- 
placement field can be superimposed by solutions 
existing for partial problems. 

We will choose the second way here. As a first 
partial problem we compute the crack opening 
displacements for two neighbouring single cracks, 
Fig. 4, ensuring zero displacements within 1x1 I b. 
The crack opening displacements are (see for 
example’ ‘) 

-Ah’=0 

- 0.5 

iih 
--- 1 .. 

.___------ ------TL__ 1.5 
':_- --_.___ 

--7-1 ,----- 

where F(‘(cp, k) and E(cp, k) are the first and second 
elliptical integrals to the modulus k with 

k = 4 1 - (b/c)* , rp = arc sin 
d 

I? - x2 ~ 
I? - b* 

(20) 

and K(k), E(k) are the complete elliptical integrals. 
In this context, it should be mentioned that in 
Ref. 11 the elliptical integral K is missing in the 
denominator of eqn (19). Equation (19) represents 
the displacement field for Ah = 0. In order to satisfy 
theconstantdisplacements~>Oin~cxcb,we 
have to add the displacement field for a parallel rigid 
wedge of thickness 2Ah within -b c x < b. In order 
to avoid a separation of the contact surfaces we assume 
the wedge to be welded with the surrounding mate- 
rial along the interfaces. The displacements are 
also given in handbooks (e.g. Ref. 11). It holds 

F(cp,k) Ah &dx) = K(k) (21) 

and, finally, the total solution for the displace- 
ments is given by 

s(x) = EK(k) 
?!t_!?@ [K(k) E(cp,k) - 

E(k) &P, @I + q 

The crack opening displacement 
from eqn (22) is shown in Fig. 5. 

Ah 

(22) 

field resulting 

3.2 Calculation of stresses in the bridging element 
The corresponding stresses a(x) in the grain can 
be calculated numerically with eqn (18). In order 
to solve eqn (18), we will first calculate as a partial 
problem the stress distribution for a crack of length 
2c which is opened by a parallel wedge of length 
2b and thickness Ah (see Fig. 6). The Westergaard 
stress function for this problem is given in Ref. 11 as 

6 w 
ttttttt 

6 aDpI 

Fig. 5. Bridged crack. Displacements calculated with eqn (22), 
b/c = 0.2 and uappl = constant, Ah’ = BAhl(2cr,,,,c). 

Fig. 6. Partial crack problem. Case 2: single crack opened by 
a wedge of constant thickness. 
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Fig. 7. Stresses in the bridging grain. Stresses calculated with 

eqn (18) b/c = 0.2, a,,,, = const., Ah’ = E’Ah/(2aa,,,c). 

(23) \ I 

i 

-- 

k 
= 

1 - (b/c)* 

from which the normal stress uY results by 

a; = Re{Z(z)} - y Im{Z’(z)} 

For y = 0 one obtains 

(24) 

uy = Re{Z(z)) + 

~ _ E’Ahc 1 
Y 2K(k) ijc2_x2 +L~* 

(25) 

For the pair of collinear cracks - which result for 
Ah = 0 - the stresses in the range -b I x I b 
caused by the remote applied stress a,,, are (see 
Ref. 12) 

u appl c%k) - 2K(k) - - 
uy = K(k) d(c2_x* > (b* -x2 ) 

(26) 

Superposition of the two partial crack problems 
yields 

1 

uy = K(k) 

a,,@E(k) -- x*K(k)] - cAhE’/2 

I/ (c* -x2 ) (b* -x2 ) 
(27) 

The total force P carried by the bridging element 
is then 

P = 2 obuy dx = 2~,,, s 
c[2E(k’) - K(k’)] -E’ Ah (28) 

@=‘/-I-k2=bic (2% 

3.3 Luad+lisplacement curve 
The total volume resulting from the displacements 

V= 4bAh = 4 s 
Xl=,‘jj(x) dx (30) 

is a measure of the externally recorded loading- 
point displacements. From eqns (11) and (28) we 

find the applied stress at which the maximum fric- 
tion force F, is reached 

u l-4 
appl*O = 2c[2E(k’) - K(k’)] 

The volume at crappI = gappl,o is 

v. = 8cuapp,o 
E’K(k) 

K(k) s,cE(a k) dx - E(k) s,EF(v, k) dx 
I 

For stresses below this limit the volume is 

v= ,> 
an&O 

and for higher stresses applied one obtains 

v = v. %@- + 4bAh + + /; F(cp, k) dx 
uaPPLo K(k) 

with Ah given as 

Ah = h 
2E(k’) - K(k’) 

h’ - [2E(k’) - K(k’)] 

h’= hE 
-__ 

t 

u awl -- 1 
u appl,O 

Lcuappl,O 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

The volume - standing for the remote 
displacement at a given point - as a function of 
the applied remote stress is shown in Fig. 8. We 
can identify three regions: 

1. For aappl 5 aappt,e the displacements are 
proportional to the applied load, as expressed 
by eqn (33). 

2. At Ogppl,e the applied stress overcomes the 
friction forces pFo. For uappl,o < aappl I 
(T appl,max the increase in displacements is 
steeper than in the range gappl < uappl,o. 

6 app~ / 6opp~o 

Fig. 8. Volume of the opened crack. Volume of the opened 
crack as a measure for the loading-point displacements, geo- 
mr trical data: specimens thickness = 1 (i.e. crack opening 
area = crack opening volume), b/c = 0.2, different values of h 

as defhred by eqn (36). 
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crack opening displacement 

Fig. 9. COD-behaviour. Applied load, P, versus crack open- 
ing displacement curves for Al,O, obtained by Dauskardt’ 

(schematic). 

3. At ~pl,max the bridging element is com- 
pletely pulled out, equivalent to Ah = h, 

CT aprA- _ h’ 

2E(k’) - K(k’) (37) 
Uwpl,O 

and the subsequent curve follows according to 

V = -!S??.& = Vapp,,max 
u (38) 

appLm= 

Dauskardt’ reports load-COD-curves which are 
very similar to those represented in Fig. 8. A typi- 
cal P-COD-curve is schematically shown in Fig. 9 
for one cycle of a cyclic test. Dauskardt calls the 
first steep part (corresponding to the initial flat 
parts of Fig. 8) ‘elastic bridging’ and the following 
phase ‘frictional bridging’. Having in mind the 
COD-calculations made in this section, we can 
interpret the displacements during elastic bridging 
as the displacements occurring in the crack regions 
outside the actual bridging element (no elastic 
strain of the bridging element itself). Obviously, 
the displacements in Ref. 9 were not large enough 
(K1 = K,, may be reached before) to exhibit the 
third part of the curve, i.e. the unbridged state. 

Fig. 10. Bridging stress relation. Bridging stress resulting 
from Fig. 8. 

The bridging stresses result from the difference 
between the curve plotted in Fig. 8 and that curve 
which is obtained by prolongation of the line for 
u appl 2 Uappl max to the origin (representing the com- 
pletely unbridged state) as symbolised by the in- 
sert in Fig. 10. Considering the statistical 
distribution of the bridging-element lengths h, one 
obtains a smoother curve. If S,, is the displacement 
corresponding to oappl,o and 6, is the displacement 

at gapphax9 we can write the local bridging stresses as 

! W, for S C S,, 

In the most general case one may consider the 
two typical displacements to be distributed inde- 
pendent of each other. But since the maximum 
friction force F, characterising the onset of sliding, 
S = &, is proportional to the length h of the 
bridging element and also the characteristic dis- 
placement of complete pull-out is identical to h, it 
is sufficient to consider the distribution of 6, by 
introducing the ratio 

A = SJS,, = constant (40) 

Replacing S,, in eqn (39) by 6, A and introducing 
this local bridging relation into eqn (3) yields for a 
I-distributed 6, according to eqn (2) the averaged 
bridging relation 

ubr = a0 T& [exp( - 8/i%)) - exp( - h a/&)] (41) 

In Ref. 13 the authors used a Morse-like bridging 
relation 

ab, = a0 [eXp( - 6/60> - exp( - 2 S/&J] (42) 

Fig. 11. Comparison of bridging stress relations. Solid curve: 
eqr (7), dashed curve: eqn (9), dash-dotted curve: eqn (42); 
S,, is that displacement at which the stress reaches its maxi- 

mum value. 
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which is a special case of eqn (41) with A = 2. 
A comparison between the bridging relations 
described by eqns (7), (9), and (42) is given in 
Fig. 11. 

4 Summary 

Bridging stresses in ceramic materials are responsible 
for the R-curve behaviour. They are generated by 
crack surface interactions; in the wake of a propa- 
gating crack and can be caused by friction of sliding 
grains or by elastic interactions where the crack 
surface contact behaves like a spring. In this paper, 
relations for the average bridging stresses as a 
function of the actual crack opening displacement 
are proposed and a model is discussed which allows 
to combine the two effects leading to ‘elastic 
bridging’ and ‘frictional bridging’ as observed by 
Dauskardt.’ 

The model yields a relation between the bridg- 
ing stresses and the crack opening displacements. 
The three free parameters a,, A and 6, may be 
determined 

by direct measurements of the bridging 
stresses in tensile tests,14 
from loaddisplacement curves as given by 
Dauskardt,’ 
by fitting the bridging relation to measured 
Rcurves. 
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