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Abstract 

The maximum particle packing density in a binary 
powder system can be predicted by the Furnas 
model. The packing density is lower when the size 
ratio of coarse particles to fine particles decreases, 
and is also governed by the volume fraction of 
coarse or fine particles. Here an empirical equation 
is derived which describes the packing density as 
a function of the initial packing ejiciencies of 
particles, the particle size ratio, and the volume 
fraction variations of the system. 

Introduction 

The importance of particle packing in ceramic 
processing is generally appreciated because of its 
influence on the unfired mechanical properties, the 
shrinkage and density on sintering, and the micro- 
structure and properties of the final ceramic product. 
A high maximum packing density* is directly 
dependent upon the particle size distribution. Many 
studies have demonstrated the importance of the 
particle size distribution to obtain dense pack- 
ing. l-l4 For a two component mixture of coarse 
and fine particles, the ideal packing density is pre- 
dicted by the Furnas mode11,3,4 (and sometimes, 
the Westman and Hugill mode12), (Fig. 1). The 
specific packing volume is defined as the reciprocal 
of the packing efficiency. According to the Furnas 
model, the theoretical maximum packing efficiency, 

pEmax, of a mixture of coarse and fine particles is:14 

PEnlaX = PE, -t- (1 - PEJPE, (1) 

or 

PE,, = 1 - d&f (2) 

where PE, and PE, are the packing efficiency of 
the coarse and fine particle fractions, respectively, 
and 4 = 1 - PE, is the interstitial pore fraction of 

“To whom correspondence should be addressed at Thermo- 
Disc, 1981 Port City Boulevard, Muskegon, MI 49443, USA. 
*Maximum packing density is used in a macroscopic sense; 
particles are assumed to be randomly arranged. The term pack- 
ing density and packing efficiency are used interchangeably. 

packed particles of a single size (fine or coarse 
particles only). Notice that the ratio of two terms 
of the right side of Eqn (1) is the volume ratio of 
the coarse to the fine particles to achieve the max- 
imum packing efficiency. 

The packing mechanism of the Furnas model is 
such that smaller particles are introduced and 
distributed to the interstices of larger packed 
particles so that the porosity is reduced. The 
calculation of the ideal packing density is based 
on the assumption that the size ratio of coarse 
particles to fine particles is infinitely large. It has 
been observed in practice by many researchers 
that when this particle size ratio decreases, the 
packing efficiency of mixed powders is lower than 
that predicted by the Furnas model (the West- 
man-Hugill diagram, Fig. 1). In order to under- 
stand the reason for those packing density 
deviations, Messing and Onoda’5,16 developed a 
packing model on the notion that the Furnas 
model may apply locally, but the different volume 
fractions of coarse and fine particles through the 
mixture lead to reductions in the overall packing 
density. Zok and LangeI recently studied the 
effects of the surface of inclusions (the coarse par- 
ticles) and the contacts of inclusions on the overall 
packing density. This theoretical analysis was on 
the scale of the dimension of the fine particles. 
However, the results from that study are not con- 
venient for the calculation of packing density of a 
binary particle system with a variable volume 
fracion, particle size ratio, and different initial 
packing efficiencies. 

Various empirical equations have been devel- 
oped to predict the particle packing density of a 
binary system,18-21 Some equations are either too 
complicated to apply,‘* or *only consider the initial 
packing efficiency as a constant.” Most work in 
this research field has been reviewed recently.22 

In this paper, an empirical equation is devel- 
oped, which takes into account the particle size 
ratio, the volume fraction of powders, and their 
initial packing efficiencies. Constants in the pro- 
posed equation are adjusted to fit experimental 
data, which makes predicting the packing density 
of the mixture more accurate. 
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Fig. 1. The Furnas model. Theoretical variation of packing 
volume for the packing of smaller particles among coarser 
particles. (a) The Westman-Hugill plot of the Furnas model; 
straight lines correspond to ideal packing when the size ratio 
is infinite, and curved lines indicate typical behavior. (b) The 
Furnas model plotted as the packing density versus particle 
volume fraction. Figure l(a) is preferred because the straight 
lines are easy to draw and their physical meaning is apparent.15 
_@is the volume fraction of fine particles to achieve the maxi- 

mum packing density. 

Derivation of the Equation 

For a coarse-fine binary particle size composite, 
the maximum packing density is predicted by the 
Furnas model (eqn (1)). The terms on the right 
side of eqn (1) are the volume fractions of coarse 
and fine particles, respectively. :Starting with 
coarse powders and adding fine powders, the ini- 
tial packing density is equal to the first term: the 
second term indicates the maximum possible den- 
sity increase when the fine powder is added. For a 
real binary mixture, the maximum packing density 
increase should also be a function of the volume 
fraction and the size ratio of coarse to fine parti- 
cles. Hence, we propose the following equation to 
calculate the packing density of a binary mixture 

(P&i,) : 

PE,, = PE, + (1 - PE,)PE, F&T,> F,(R) (3) 

where F, is a function of the volume fraction of 
fine particles, Xr; FZ is a function of the size ratio 

Table 1. Volume fractions of coarse and fme particles calculated 
from the theoretical Fumas model 

Packing eficiency 

PE, = PE, 

0.6 
0.5 
0.4 

Volume fraction 

x ti 

0.714 0.286 
0.667 0.333 
0.625 0.375 

of coarse particles to fine particles, R (average 
particle size ratio if the pure coarse or fine parti- 
cles are not exactly monosize particles). It is seen, 
from Fig. 1, that F1 must be zero when Xr = 0 or 
1, and Fi would reach its maximum when Xr = 
A’$ (*is the volume fraction of the fine particles at 
which maximum packing density is achieved). Fig- 
ure 1 also indicates that F, must be 0 when the size 
ratio is 1, and F2 is 1 when the size ratio is infmite. 

For solutions to eqn 3 the functions Fi and F2 

must be assumed or determined. 

Selection of Fl 
To select F,, a realistic A’$ value must first be 
determined. Table 1 lists the theoretical value of 
X$ calculated from the Furnas model with the 
assumption that PE, = PE,. For spherical-like 
monosize particles, the packing efficiency for ran- 
dom packing is around 0.6; and hence, from Table 
1, x+ 0.3. Table 1 shows that _A$ increases 
slightly with a decrease of the packing efficiency 
value for monosize particles. We have also 
observed that measured data from previous 
research1T2 show that as the particle size ratio 
decreases, the e value tends to increase slightly. 
In most cases, the *is between O-3 to 0.4. 

Bearing this value in mind, F, is arbitrarily cho- 
sen as: 

Fl(Xf) = le X, 1nXf’l (4) 

where e is the base of a natural logarithm and C, 
is a constant. Fl versus Xr with different Ci values 
are plotted in Fig. 2. It is seen from Fig. 2, that 
the curve of this equation meets the required criteria, 
i.e. it is zero when X, equals 0 or 1, and reaches 
the maximum when X, is between 0.3 to 0.4. 

It is also seen from Fig. 2, that the constant Ci 
affects the shapes and the curvature of the curves. 
The procedure to determine C, is to assign differ- 
ent C, values into function F,; then substitute F, 
and F2 into eqn (3) and use the data from eqn (3) 
to plot the Westman-Hugill diagram. The C, giv- 
ing the best match to the experimental data is then 
selected. 

After comparing Ci values for different binary 
systems, it was found that by taking C, as a function 
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Fig. 2. Normalized packing density variation Fl as a function 
of volume fraction of fine particles, X,. F, is zero when Xr 
equals 0 or 1; F, is maximum when Xr is between 0.3 to 0.4. 

Value of the constant, C,, alters the shape of the curves. 

of PE,, instead of a constant, a better fit was ob- 
tained. The function is: 

C1 = ._?_ 
4PE, 

(5) 

The fact that C1 is a function of PE, is actually 
expected because the curves in the Westman- 
Hugill diagram are slightly different for binary 
systems with different PE, and PE, values. The 
Westman-Hugill data approaches the theoretical 
maximum packing density, the straight lines in 
Fig. l(a), when the particle size ratio is infinitely 
large. When the particle size ratio is small, the 
data is continuous. In Fig. 2, smooth curves for F1 
show that the empirical equation derived in this 
paper is only suitable for systems with small particle 
size ratios. A particle size ratio of 10 or lower is 
considered small. If the yparticle size ratio is larger 
than 10, the packing density of the system is more 
closely predicted by the theoretical model. 

0 Furnas (PESOS) 
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Fig. 3. Normalized packing density variation as a function of 
the articles size ratio for experimentally measured data and 

model. C, = 4 for best fit to measured data. 

Seledion of F2 
Function F2 governs the increase of packing den- 
sity as a function of the particle size ratio. It is 
seen that the maximum increase in packing den- 
sity by adding fine particles to coarse, PE,(l - 
PE,), is a function of the initial packing efficien- 
cies of coarse and fine particles. In order to com- 
pare the effects of particle size ratio on the 
increase in packing density, F2 is normalized by 
PE,(l - PE,). Hence, I;; is usually less than 1 for a 
real binary powder system. Figure 3 shows the 
normalized maximum packing density increase 
versus the particle size ratio of previous 
researchers.‘,* According to the distribution of 
these data, the fitting function F2 is proposed as: 

-c2 
F2 = exp(- 

R) 

where C, is a constant. It is seen, from Fig. 3, that 
a smaller C2 leads to a more rapid increase of the 
F2 value when the particle size ratio increases. It is 
also seen that when C, equals 4, the curve most 
closely fits the measured data. 

After empirically obtaining the functions of FI 

and F2, eqn (3) is combined with eqns (4), (5) and 
(6), to get the full descriptive equation for calcu- 
lating the packing density of a binary mixture: 

PE,, = PE, + 

(1 - PEC)PE~e.Xf.lnXf]~exp (- 5) 
(7) 

The specific volume of binary mixtures calcu- 
lated from eqn (7) ‘is plotted in Figs 4 and 5. The 
calculations are based on the assumption that in 
the binary mixtures PE, = PE,, and PE, equals 0.6 
and 0.5, respectively for Figs 4 and 5. It is 
observed from Figs 4 and 5, that the curves 
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Fig. 4. Calculated specific volume versus particle size ratio 
using eqn (7). Initial packing efficiency PE, = PE, = 0.6. 
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Fig. 5. Calculated specific volume versus particle size ratio 
using eqn (7). Initial packing efficiency PE, = PE, = 0.5. 

calculated by this empirical equation are generally 
similar to what is observed in practice, except that 
at a high volume fraction of fine particles, the calcu- 
lated specific volume is slightly higher than that 
seen in practice. For example, if the volume frac- 
tion of fine particles is 0.849, in Fig. 5, the cal- 
culated packing density by eqn (7) could be about 
2% lower than the measured one. 

For a binary powder mixture PE, f PE, 
For a binary powder system having PE, # PE,, 
eqn (7) can still be used when the volume of the 
coarse powders is dominant in the mixture. For a 
system in which the volume of fine particles is 
dominant, PE, may be used as the first term in 
eqn (7) instead of PE,. Figure 6 shows the experi- 
mentally measured specific volume, as well as the 
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Fig. 6. Calculated specific volume versus particle size ratio 
using both PE, or PE, in the first term of eqn (7) when PE, is 

not equal to PE, 

values calculated by eqn (7), using both PE, or 
PE, as the first term. This shows that when the 
volume fraction of fine particles is less than 0.3, 
the calculated data using PE, fits the experimental 
data. When the volume fraction of fine particles is 
larger than 0.5, the calculated data using PE, fits 
the experimental data. If the volume of fine parti- 
cles is between 0.3 to 0.5, the experimental data is 
between the two calculated values. 

Summary and Conclusion 

The Furnas model describes the ideal particle 
packing behavior of a binary powder system. The 
packing density, however, is lower when the size 
ratio of coarse particles to fine particles decreases. 
Packing density also depends on the volume frac- 
tion of coarse or fine particles. An empirical equa- 
tion (eqn (7)) was derived to estimate the packing 
density of a real binary system. This equation, 
which takes into account the particle size ratio, 
the compositional variations of the system, and 
the initial packing efficiencies of particles as vari- 
ables, enables one to easily predict the packing 
density of a binary particle system from its parti- 
cle size ratio and volume fractions of coarse and 
fine particles. 
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