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Abstract

The interrupted static fatigue (ISF) test can be
used to evaluate the threshold for sub-critical crack
growth, K,. A critical theoretical analysis of this
technique is presented in order to elucidate its
advantages and limitations and to furnish some
suggestions for a more definitive procedure for evalu-
ating K. It was concluded that a critical parameter
in the ISF procedure is the duration of the static
hold time. In particular, one should demonstrate
that the calculated value of K, does not change
when this holding time is increased. Moreover, the
applied stress must be chosen such that a significant
fraction of samples fail in the hold period. Two
different approaches are suggested for calculating
the value of K, from experimental data. The first
approach is considered preferable for materials with
larger Weibull moduli and the threshold is deter-
mined from the applied stress intensity factor at
which 50% of samples jails during the stress hold.
In the second approach, the stress intensity factor
applied to the weakest specimen during the stress
hold is calculated for various hold times. Once this
value becomes independent of hold time, it is equiv-
alent to the threshold.

1 Introduction

The use of glasses and ceramic materials in struc-
tural applications can be limited by the phe-
nomenon known as sub-critical crack growth. For
ceramics that exhibit this fatigue behaviour,
strength becomes dependent upon time and envi-
ronmental conditions. The design of structural
components consisting of materials that exhibit
fatigue behaviour must proceed by the estimation
of a design stress, which corresponds to a required
minimum failure time.

Some studies on sub-critical crack growth in
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glasses and ceramics have shown that this phe-
nomenon seems to have a lower limit in the sense
that crack propagation velocities tend to zero for
some particular value of the applied stress inten-
sity factor, Kj;. This is termed the fatigue limit or
the threshold stress intensity factor.'”’* From an
engineering design point of view, the existence of
a fatigue limit turns out to be extremely desirable,
as it allows an applied stress to be defined, below
which delayed failure does not occur.

In spite of the importance of the fatigue thresh-
old, no comprehensive test methodology has been
presented for its determination. In early works on
sub-critical crack growth in glasses and ceramics,
specimens, usually pre-cracked, were loaded at
different stress levels and the lifetime was deter-
mined.""”? The ‘endurance limit’ was defined as the
stress at which the fatigue curve shows an asymp-
totic limit. For glass in a moist environment, values
ranging from 0-2 to 0-4 times the strength measured
in liquid nitrogen were obtained.’ The same ap-
proach has also been used in more recent works.'® '*

Studies devoted to sub-critical crack velocity
determination as a function of the applied stress
intensity factor showed, in some cases, the existence
of a threshold below which crack motion did not
occur. In these cases, fracture mechanics speci-
mens such as the double cantilever beam (DCB)
and double torsion geometries were used and
crack advancement was measured as a function of
time'X‘IO.IS.M‘lQ—Zl

The difficulty with the methodologies described
above is that extremely long experimental times
are necessary to evaluate the crack growth at these
low stress levels. In fact, the fatigue limit is usu-
ally extrapolated from stress or stress intensity
factor data to obtain information at long times.

The difficulties, outlined above, can be by-passed
by using some indirect methods. For example, in
the work of Michalske, DCB glass specimens were
loaded in water at a stress intensity factor value of
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0-225 MPa Vm and aged in this state for fixed
periods.?? The stress intensity factor was then
raised and crack motion as a function of time was
recorded. The existence of a stress corrosion limit
in glass, postulated to be the result of crack tip
blunting, was exhibited by observing a delay in
the crack growth upon reloading. A fatigue limit
<025 MPa Ym in soda lime silicate glass was
proposed.?

An approach that is experimentally easier was
presented by Dutton and Rogowski® and Wilkins
and Dutton.?* In their studies, alumina and glass
samples were loaded in a ‘corrosive’ environment
and the load was maintained for times of the
order of a few hours. The strength was then mea-
sured and compared to the initial strength. This
has been termed the interrupted static fatigue
(ISF) test. The same technique has been used by
Hayashi er al. to measure the fatigue limit of
borosilicate glass rods in water.?

Tressler and coworkers?® ? have further devel-
oped the approach proposed by Dutton and
Rogowski.? In studies on silicon carbide and
silicon nitride ceramics at high temperatures, they
measured the average strength of samples aged
under different loads. The threshold stress inten-
sity factor was calculated from the stress level
above which samples failed during the static hold
part of the test. Nevertheless, the lack of a solid
theoretical background sometimes made the inter-
pretation of the data difficult.”*® Tanaka and
Pezzotti pointed out that some of the data pro-
posed by Tressler and coworkers do not represent
the real fatigue limit but are the result of a typical
time-to-failure test.*

In the following study, a theoretical analysis on
the interrupted static fatigue test is presented. The
behaviour of silicon carbide at high temperatures
and of glass in water is simulated using fracture
mechanics so that the conditions for the correct eval-
uation of the fatigue limit can be highlighted. The
results of the theoretical analysis allow some sugges-
tions regarding the methodology for threshold stress
intensity factor determination to be proposed.

2 Theoretical Approach

In order to describe the strength degradation that
occurs in the interrupted static fatigue test, a func-
tion describing the sub-critical crack propagation
velocity is required. The crack growth behaviour
is usually expressed as a power function of the stress
intensity factor K and can be written as follows:
2 n
y=de - (1’:—) if K> K, (1a)

¢

y=0 if K<K, (1b)

where K, corresponds to the fracture toughness, v,
and n are constants which depend upon the mate-
rial and the environment, K, is the threshold for
sub-critical crack growth and c is the crack length.

The stress intensity factor K, associated with a
‘crack-like’ flaw subjected to an applied stress o, 1s
given by

K=o ¥ )

where ¥ is the geometric factor that includes the
effect of flaw shape, boundary interactions and
loading geometry. In the absence of residual stress
fields, the strength S, associated with a crack of
length ¢, can be written as

K 3
¥Ae

According to eqn (la), when a constant stress,
gy, is applied for a time ¢ and K> Kj;,, the flaw size
increases from the initial value ¢, to a final value
¢,. Correspondingly, strength decreases from S, to
S,. Substitution of eqn (2), with o = g, into eqn
(1) and subsequent integration allows one to eval-
uate S, as a function of hold time ¢ as

S =

n 1/n-2)
S, = (53-2 - 1};—’) if K>K, (4a)

S, =S, if K<K,  (4b)

where
2K?

= =% 5
(n-2) ¥y, ©)

When 7 is a real number, eqn (4a) is not defined
for o> o* = (B S3¥nH'", the condition for which
S, =0.

Equation (4) can also be expressed in terms of
the stress intensity factor K;, applied at the start
of the static hold. From eqns (2) and (3),

0, =So— (6)

and thus, for K} > K,;, eqn (4a) becomes

SKp 1) Ve
KB )

In this case, S, is not defined for K,>K* = K,
[B/(S21]¥. The importance of this condition
resides in the fact that, when a stress intensity fac-
tor larger than K* is applied for a time ¢, the final
strength S, is zero. This condition can also be
defined in terms of the ratio x = K/K,, as

* 200 Iin
“ ((n—2)tv0 ) ®

S =S (1 - @)
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3 Simulation Results

On the basis of the theoretical background devel-
oped in the previous section, the behaviour of sili-
con carbide at 1400°C and soda-lime silicate glass
in water at room temperature was simulated. The
properties used in the calculations are given in
Table 1.2*32 In these initial calculations, average
strength values were used. The effect of strength
variability will be explored later.

Figure 1 shows the strength of SiC after the ISF
test as a function of the applied stress for three
different holding times, as calculated from eqn (4),
in the absence of a threshold. Sub-critical crack
growth is responsible for the strength decrease
that occurs over a small range of applied stress
values. This behaviour demonstrates that, even in
absence of a threshcld for fatigue, strength
remains practically constant for most of the life-
time of the sample. It can also be observed that
the stress value (o*) at which strength ‘drop-off’
occurs, decreases for increasing hold time.

Diagrams such as Fig. | can also be given in
terms of the stress intensity factor (eqn (7)), as
shown in Fig. 2. In this case, the threshold for
sub-critical crack growth was assumed to be 1
MPa Vm.*' A distinct strength drop-off is still evi-
dent and K* decreases for increasing hold times
until the threshold is reached. At this point, fur-
ther increases in hold time do not have any infl-
uence on the stress intensity factor corresponding
to the strength drop-off.

Figures 1 and 2 illustrate some important fea-
tures regarding threshold measurement by the ISF
test. When S, is measured to be equal to the initial
strength S, it is not possible to definitely conclude
that this is the effect of K being lower than the

Table 1. Properties of SiC and soda-lime glass considered in

this study*'*

S, (MPu, K, (MPa~Nm) n B (MPd’s)
470 2.7 21 1423
130 075 19-3 019
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Fig. 1. Strength S, of SiC after the ISF test as a function of
the applied stress oy, for three different holding times.
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Fig. 2. Strength S, of SiC after the ISF test as a function of
the applied stress intensity factor K, for increasing holding
times. A fatigue threshold equal to | MPa ¥m was assumed.

threshold. In addition, as shown in Fig. 2 for SiC
at 1400°C, hold times during the ISF test must be
longer than 44-2 h in order to guarantee that the
strength degradation is only a result of the stress
intensity factor being above the threshold.

The importance of the hold time on the perfor-
mance of the ISF test can be highlighted further
by Fig. 3, in which the stress intensity factor at
which strength drop-off occurs (K*) is plotted as a
function of 1. It is clear that if the material pos-
sesses a threshold, it is critical to ensure the
strength loss due to sub-critical crack growth is
occurring at the threshold conditions. Diagrams in
Fig. 3 were calculated starting from initial strength
values of 470, 149 and 47 MPa. The first of these
values was that used in Table 1 while the other two
were calculated by assuming that the initial crack
size was 10 and 100 times larger. Such behaviour
would be obtained if cracks were purposely intro-
duced into the test specimens. The behaviour in
Fig. 3 indicates that the presence of larger flaws
leads to an increase in the time necessary for defin-
ing the threshold behaviour in the ISF test. Indeed,
the introduction of artificial larger cracks, in order,
for instance, to reduce the strength scatter, has a
negative impact on the efficiency of the test
methodology in terms of time management.

Calculations similar to those presented for SiC
at 1400°C were also performed for soda-lime sili-
cate glass in water at room temperature. The most
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Fig. 3. ‘Drop off’ point K* for SiC as a function of the holding
times for different initial strengths S,.
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Fig. 4. Strength S, of soda-lime silicate glass after the ISF test as

a function of the applied stress intensity factor K, for increasing

holding times. A fatigue threshold equal to 0-2 MPa vm was
assumed.

significant result is shown in Fig. 4, where the
strength after holding under constant stress is
plotted as a function of K, for different dwell
times. In this case a threshold for sub-critical
crack growth was assumed to be 0-2 MPa Vm."
For this case, hold times in excess of 384 h were
found to be necessary to ensure the threshold is
being measured properly for soda-lime silicate
glass. Clearly, lower values of the ratio K/K,
would further increase the necessary hold times
for threshold detection.

Simulation of the strength degradation behaviour
of soda-lime glass was analysed further in order to
point out the influence of an interrupted static
fatigue test on the strength distribution. Thus far,
calculations were developed by considering only
the average strength (Table 1). Due to the typical
large scatter shown by the strength of ceramic
materials, a complete analysis should not leave
out of consideration the variation in the initial
crack sizes. This is an important feature as it
implies a variability in K.

Glass strength was assumed to follow a Weibull
distribution, as defined by the relationship*

e aSf] o

Ty

where F is the failure probability, 4 is a constant
depending on the geometry of the specimen and of
the test, while o, and m represent the scale param-
eter and the shape factor, or Weibull modulus,
respectively. The constant 4 was assumed to be
equal to 1 for easier calculation, but this does not
compromise the generality of the analysis. The
strength distribution was generated by assuming a
mean strength S, and a Weibull modulus equal to
130 MPa (Table 1) and 35, respectively.® The scale
parameter g, was determined by the relation®

oy = __S'"_ (10)

T+ Ym)

where I' is the gamma function. Two situations,
corresponding to a number of test specimens (N)
equal to 10 and 100, respectively, were considered.
Failure probability was calculated as F = j/(N + 1),
J being the rank in the ascending strength distribu-
tion.** Discrete values of the strength were obtained
from eqn (9). The simulation of strength distribu-
tion variations after ISF testing was performed by
considering holding times (¢) ranging from 1 to
1000 h and applied stresses (o) of 15, 30, 45 and 60
MPa. As earlier, a threshold stress intensity value
of 0-2 MPa Vm was assumed. Each element of the
initial strength distribution S; (j = 1,N) was associ-
ated with a particular initial flaw size ¢,;. This value
was used to evaluate the stress intensity factor K;
applied to each specimen by eqn (2), once the hold
stress was defined. Depending on the K value, the
strength S; was calculated by eqn (4) as a function
of hold time and applied stress.

Figure 5(a) shows the Weibull plot of the
strength distributions after the holding at different
stress levels for 1 h, for N = 100. The failure prob-
ability of specimens surviving the static hold were
calculated as a censored distribution. The initial
distribution, corresponding to an applied stress
equal to 0, i1s obviously represented by a straight
line.** Increased values of o lead to significant
changes in the strength distribution. This appears
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Fig. 5. Weibull plot of the strength distribution of soda-lime
silicate glass after the holding at different stress levels for 1 h.
The initial strength distribution corresponds to the applied
stress of 0 MPa. (a) Number of specimens, N = 100, (b) N = 10.
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as a ‘twist’ in the distribution, which is truncated
for specimens that fail during the static hold. Sub-
critical growth accounts for these effects. The
larger the defect, the higher the stress intensity
factor applied during the hold and this increases
the amount of sub-crizical crack growth. Thus,
larger flaws can grow significantly or even fail
during the constant stress period. Similar trends
were also observed when N = 10, although the
‘twisting’ becomes more difficult to distinguish, as
shown in Fig. 5(b). Clearly, the behaviour in a
real experimental test would be further compli-
cated by the actual scatter in the ¢, values and
statistical sampling effects.

The effect of increasing hold time is shown in
Fig. 6, for N = 100 and, as expected, a larger
number of specimens fail during the stress hold
for a given applied stress (all specimens fail when
o = 60 MPa and =100 h). A limit is reached
when an increased hold time does not affect the
distributions further, i.e. the twist in the distribu-
tion disappears, as shown in Fig. 6(c) and (d).
This implies that all the specimens that fail in the
hold had K values above the threshold, while
those that survived were below the threshold. The
same behaviour was also observed for N = 10.

Changes in strength distribution after specimens
have been held at particular stress levels have been
used in some previous studies as a means to iden-
tify the threshold fo- sub-critical growth in
glass.”** For example, Wilkins and Dutton®* and
Hayashi et al* determined K, for soda-lime glass
at 400°C and for borosilicate glass in water at
room temperature, respectively. In these studies
the threshold was defined as the point in the
strength distribution at which the ‘twisting’ starts.
This approach is based on the assumption that the
element of the distribution from which ‘twisting’
starts corresponds to the specimen subjected to a
stress intensity factor equal to or lower than the
threshold. If the data oatput used to draw Figs S
and 6 are considered, the elements subjected to K
= K, can easily be identified. The points corre-
sponding to these specimens are marked with the
letter X in Fig. 7, whick shows three of the distri-
butions presented in Fig. 5(a). It is evident that the
points denoted as X, and X, are not the same as
the points at which the twisting becomes signifi-
cant. As already pointed out in the earlier analysis,
specimens that do not show any strength degrada-
tion may not have been subjected to a stress inten-
sity factor value lower than K, (Fig. 1). When
experimental data are considered, detection of the
points denoted as ‘X’ in Fig. 7 is an even more
formidable task as the current analysis did not
include the type of scatter seen experimentally. If
points like those marked with ‘Y’ in Fig. 7, are

considered in place of “X’, this leads to an overesti-
mation of the fatigue limit. For example, the use of
points Y, and Y, leads to threshold estimates of
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Fig. 6. Weibull plot of the strength distribution of soda-lime

silicate glass after the holding at different stress levels for (a)

10 h, (b) 100 h, (c) 500 h and (d) 1000 h. The initial strength
distribution corresponds to an applied stress of 0 MPa.
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Fig. 7. Weibull plot of the strength distribution after the
holding at two different stress levels for 1 h (Fig. 5(a)). The
initial strength distribution corresponds to the applied stress
of 0 MPa. Some elements of the distributions were removed
around points marked with ‘X’ and 'Y’ for better clarity.
Explanation of points ‘X’, ‘Y’ and ‘W’ is given in the text.

0-26 and 0-25 MPa Vm, respectively, instead of the
value assumed in the analysis (0-2 MPa Vm).

On the basis of the presented simulation (Figs 5
and 6), a different approach to threshold estima-
tion is proposed. If the weakest specimen of the
distribution (marked as ‘W’ in Fig. 7) is consid-
ered, the corresponding stress intensity factor Ky
tends to, and then equals, the threshold, as the
holding time is increased, as shown in Fig. 8. This
shows that calculated Ky, values correspond to the
previously assumed fatigue limit (0-2 MPa Ym) for
t 2500 h, when N = 100. One would expect that
the number of specimens used for each test condi-
tion would be important, as this increases the
range of K, values (Fig. 5); that is, one is more
likely to obtain K,<K, and more specimens
would break during the constant stress phase.
Clearly, using a larger number of specimens infl-
uences both economics and duration of the experi-
mental work.

A final step in the simulation was performed by
using data shown in Fig. 6 in order to plot the
strength as a function of the applied stress inten-
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Fig. 8. Stress intensity factor K, corresponding to the weakest

sample of the strength distributions after the ISF test at stress

levels of 30 and 45 MPa (Figs. S5(a) and (6)) as a function of

the holding time ¢. Symbols at ¢ equal to 500 and 1000 h are
overlapped.

sity factor. Average values (K,,) of the stress
intensity factor applied during the hold were
calculated from the initial average strength from
eqn (6). The average strength after holding, and
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Fig. 9. Average strength S, after the holding at different stress
levels as a function of the applied stress intensity factor Kj,
for holding times of (a) 10 h, (b) 100 h, (c) 500 h and (d) 1000 h.
The initial strength is shown at K,, = 0 MPa Ym. Both S,
and K,, were calculated on the basis of results shown in Fig. 6.
The numbers close to the solid symbols represent the number
of specimens failing during the hold. The stress intensity
factor Ky, corresponding to failure of 50% of the specimens
during the hold, was calculated by linear interpolation.
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corresponding standard deviation, were determined
from data in Figs 5 and 6. Figure 9 shows the
results for N = 100. The number of samples failing
during the stress hold is also shown and the stress
intensity factor (Ky,) corresponding to the failure
of 50% of the specimens during the hold is shown.
Ky, is meant to represznt the value of the stress
intensity factor at which the average of the
strength S, tends to zero in eqn 4(a). In Fig. 9,
Ky, was calculated, by linear interpolation, as the
stress intensity factor at which 50 specimens
failed. As was previously pointed out, it is evident
that K, tends to, and then equals, the fatigue
limit as 7 increases. These calculations suggest a
second approach to threshold determination, i.e.
design the ISF test such that specimens break dur-
ing the hold time and then increase the hold time.

4 Suggestions for a Correct Procedure for the ISF Test

The results presented in the last section suggest
appropriate procedures for the measurement of
the fatigue limit for sub-critical crack growth.

Two different approaches have been suggested.
The first one is related to the determination of the
strength distribution changes for specimens that
survive the hold period, while the second one con-
siders the changes in the average strength values.
Suggested procedures for these two approaches
are given below.

4.1 Strength of weakest specimen approach

The initial strength distribution (S,) must be deter-
mined in an inert environment. Samples are then
subjected to the ISF test using constant stress o
for a time . Knowledge of the fatigue parameters
n and B from dynamic fatigue experiments is
very useful as it allows one to estimate o* and K*
values from eqns (4) and (7). If an estimated value
of the threshold is available, o and ¢ can be
decided on the basis of o and K*, such that some
failures will occur during the static hold. Strengths
are also measured in the inert environment after
the ISF test to obtain the distribution S;. A
strength of zero is assigned to samples that fail
during the stress hold and this allows one to
obtain the censored distributions such as those
illustrated in Figs S and 6. The weakest sample is
identified and its rank in the strength distribution
allows its strength (S,,) to be defined from the
previously determined iritial strength distribution.
The stress intensity factor K, applied to this weak-
est sample can then be calculated as:

K, = K. (SL) (11)

Knowledge of the toughness K. is essential for a
precise definition of K. The value of K, is then
determined at the same hold stress but with
increasing hold times. When K, becomes invariant
with hold time, K, = K.

This first approach is considered to be prefer-
able for materials with lower Weibull moduli. In
fact, due to the large strength scatter when m is
low, only a few trials are necessary to identify the
stress and times required for the hold periods.
Conversely, for very narrow strength distribu-
tions, several trials could be necessary before the
optimal applied stress value can be identified.

[t has been outlined that the strength measure-
ment should be performed in an inert environ-
ment. Determination of K|, from eqn (11) requires
the inert strength to be known. Unfortunately,
inert conditions are sometimes difficult to obtain,
especially when the behaviour of materials at high
temperatures is considered. When the strength is
measured in an active environment, it is usually
lower than the inert value and this results in an
overestimation of the threshold.

4.2 Hold period failure approach

In this alternative approach, the average initial
strength S;,. is measured. Then samples are sub-
jected to some ISF tests in which different stress
levels are used for a certain time ¢. In this case,
values of o and ¢ can be a decided on the basis of
the assumption of a particular value for the
threshold and from a knowledge of n and B. The
number of samples failing during the hold at each
stress level is recorded and the applied stress cor-
responding to 50% of samples failing during the
hold (o.,) can be calculated by easy linear inter-
polation. The corresponding stress intensity factor
is given by

Oav

Ky, = K. ("5—"“) (12)

As in the previous case, the hold time is increased
and, once Ksy, becomes invariant with hold time,
Koy, = Kip-

This second approach is considered to be
appropriate for materials with large Weibull
moduli. First of all, the precision of the average
strength and of the number of samples failing dur-
ing the hold is higher for larger values of m. In
addition, several trials could be necessary to deter-
mine oy, precisely for wider strength distributions.
Interestingly, in this approach, determination of the
strength after the holding is not even necessary
unless the purpose of the study is also to detect
some strengthening effect taking place during the
hold, for instance a strength increase could be
correlated to crack tip blunting.?’
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5 Conclusions

A theoretical simulation of the interrupted static
fatigue (ISF) tests, used for the evaluation of
the fatigue threshold K, was presented. The
behaviour of SiC at 1400°C and soda-lime glass in
water at room temperature was analysed using
fracture mechanics principles. The analysis consid-
ered changes in both the average strength values
and strength distribution as a result of a period of
constant stress. The duration of the ISF test and
the applied stress turned out to be extremely
important for a correct evaluation of the threshold.
Optimal values for these two parameters can be
calculated a priori from the fatigue parameters n
and B, and from the assumption of a particular
value of K. Two different approaches were pro-
posed for fatigue limit determination. In the first
case, a stress level is applied in order to obtain
some failures during the hold, which then allow
the ‘interrupted’ strength distribution to be deter-
mined. The stress intensity factor corresponding
to the weakest sample that survives the hold is cal-
culated as the estimate for K, and this value is
then determined as a function of increased hold
time. In the second approach, sample sets are sub-
jected to various stress levels. The stress intensity
factor corresponding to 50% of failures occurring
during the stress hold is assumed as the estimate
K,,. The value of K, is than re-determined as a
function of hold time until it becomes invariant.
The two approaches outlined above were consid-
ered to be preferable for materials with lower and
higher Weibull moduli, respectively.
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