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Abstract 

The statistical distribution of brittle fracture loci 
was measured in the Brazilian disc test. A logical 
circuit was used to iden@ the fracture event in 
addition to fractographic examination. The empirical 
distribution of brittle fracture loci is compared with 
the predictions of the multiaxial Weibull theory. The 
results indicate that a shear-insensitive criterion is more 
suitable than a shear-sensitive criterion to describe 
the fracture behaviour of natural Jaws in ceramic 
materials. Copyright 0 1996 Elsevier Science Ltd 

1 Introduction 

The failure behaviour of ceramics under multiaxial 
loading can be described by the Weibull theory, 
which is developed in Refs 14. In this theory, the 
failure behaviour of natural flaws such as pores, 
inclusions and grain boundary wedges, is analysed 
by a fracture mechanics model. The natural flaws 
are replaced by planar cracks of ideal shapes, and 
the loading of each crack is quantified in terms of 
the corresponding stress intensity factors. In gen- 
eral, a randomly oriented crack in a multiaxial 
stress field is subjected to mixed-mode loading, 
and an appropriate multiaxiality criterion has to 
be chosen (see Ref. 5 for a summarizing descrip- 
tion of available criteria). 

Keeping in mind that the planar cracks in the 
Weibull theory are in reality natural flaws of various 
shapes and differing in physical nature, it cannot be 
concluded without a substantial amount of experi- 
mental evidence that there is a universal multiaxi- 
ality criterion. 6 Rather, the multiaxiality criterion 
seems to be specific to a given material and has to 
be determined by suitable experimental procedures. 

Ceramic components are designed to meet a 
given level of reliability. Within the framework of 
the Weibull theory, the calculated value of relia- 
bility depends on the Weibull parameters and on 

the multiaxiality criterion. While there is a stan- 
dard procedure for estimating the Weibull param- 
eters (e.g. Ref. 7), no commonly accepted method 
exists for determining the failure behaviour of 
ceramics under multiaxial loading. It can be shown5 
that the variation of the calculated reliability 
value with the multiaxiality criterion is almost 
negligible compared with the accuracy of the 
experimental results if failure is triggered from 
regions in which a stress state with positive principal 
stresses prevails. However, great differences may 
occur if there are positive and negative principal 
stresses in critical regions, e.g. if a uniaxial tensile 
operational stress is superimposed on compressive 
residual stresses. Hence, the multiaxiality criterion 
can be determined by comparing two different test 
series - the first performed with specimens in 
which a tensile stress state prevails, and the sec- 
ond performed with specimens in which the stress 
tensor is composed of positive and negative princi- 
pal stresses. Examples are given in Refs 8 and 9. 

The problem with all these test series is that 
specimens having different shapes that were made 
using different finishing and possibly manufactur- 
ing procedures have to be compared with each 
other. This may lead to incompatible results,* even 
though the Weibull theory is still valid. Hence, a 
test procedure relying on only one type of speci- 
men seems to be necessary. 

This paper deals with the theoretical and experi- 
mental evaluation of the local risk of rupture,“,” 
which can be used to discriminate between multi- 
axiality criteria. The following section contains the 
definition of the local risk of rupture and the cor- 
responding cumulative distribution function. This 
quantity can be determined if the location of the 
critical flaw is measured on the fracture surface of 
a failed specimen. The corresponding experimental 
procedure is described in the next section. The 
experimental results including the Weibull analysis 
are then presented, while theory and experiment 
are compared in the final section. 
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Theory 

Most of the information presented in this section 
has already been given in previous publications5q1’ 
and is repeated here for the sake of completeness. 
First, the basic ideas of the Weibull theory will be 
summarized. The probability that the size of a 
given flaw will exceed the critical flaw size a, is 
expressed by: 

where V denotes the volume of the component 
considered, 0 the surface of a unit radius sphere, 
x the coordinate vector, andf; (x), f,(O), f, (a) are 
the probability density functions of the corre- 
sponding random variables. 

The critical flaw size can be determined using 
fracture mechanics, if the natural flaws can be 
approximated by planar cracks. Within the frame- 
work of this model, a multiaxial stress state gives 
rise to mixed-mode loading of a crack, and the 
critical crack size is a function of the mode I to 
mode III stress intensity factors K,, K,,, Km: 

with 

K,, = &Y,, (3) 

where Y,, Y,, and Yin are correction factors. The 
stress a, normal to the crack plane is given by the 
following relation: 

a, = (a, cos2~ + a2 sin24) sin28 + a3 cos28 (4) 

where (T,, a,, u3 are the principal stresses and 4, 8 
are the polar angles determining the orientation of 
the crack plane relative to the principal axes. The 
shear stress r in the crack plane is given by: 

r=d_ rrCp + rl.0 (5) 

with 

and 

7 r+, = (g2 - a,) sin C$ cos 4 sin 8 (6) 

7 re = (a, cos2$ + u2 sin2 4 - 0~3) sin 8 cos 8 (7) 

An equivalent mode I stress intensity factor J&, 
can be introduced with 

Keq = a,, G (8) 

where the equivalent stress a,, depends on a,, T 
and on Y,, Y,, and Yin. The critical crack size is 
given by: 

4, 2 
a,= ___ ( 1 ueq YI 

(9) 

where K,, denotes the fracture toughness. A vari- 
ety of multiaxiality criteria are given in the litera- 
ture leading to different expressions for ue4. A 
summary is contained in Ref. 5. 

An example of one of these criteria for penny- 
shaped cracks is12 

a,, = [U; + 6($--r$,7' + (&r~~r (lo) 

which is derived on the assumption that the crack 
extends on the plane where the energy release rate 
is maximum. The shear insensitive criterion: 

oes = U” (11) 

is applicable if the natural flaws extend solely 
because of mode I loading. 

In the Weibull theory the following expression is 
used for the integral over the crack size in eqn (1):7 

(12) 

where eqn (9) was used for the critical crack size. 
The parameters m and T,, in eqn (12) depend on 
the toughness of the matrix material and on the 
statistical properties of the flaw size distribution. 

If all locations of flaws and all orientations 
occur with equal probability, the material is 
homogeneous and isotropic, and J; (x) and fn (0) 
can be replaced by uniform distributions: 

The number n of cracks in the volume V is also a 
random variable and can be described by a Pois- 
son distribution. The probability of having exactly 
n cracks in V is given by: 

p = M” CM 
n 

n! 
(14) 

where M is the average number of cracks in V. 
The following relation is obtained for the failure 
probability P,, from eqns (13), (14)5 and by sum- 
ming up all possible numbers of cracks: 

Pf = 1 - exp(-M Q,) (15) 

These basic ideas of the Weibull theory will now 
be used to define the local risk of rupture. 

The probability that a flaw is located in a sub- 
volume V, and propagates unstably is equal to 

The survival probability of a flaw located in V, or 
V-V, is given by: 
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4 (v) = 1 - Q, (0 (17) 

If n flaws are present in If, none of them propa- 
gates unstably with the probability 

R, (v) = (1 .- Q, V9)” (18) 

Hence fracture is triggered by one flaw in V, and all 
other y1- 1 flaws remain stable with the probability 

S, ( I”,) = n Q, (K) (1 - Q, CJ9>“m’ (19) 

Combining eqn (19) with the probability p,,, eqn 
(14), to have n flaws in V and summation over n 
yields the probability that there is exactly one 
unstable flaw contained in lthe subvolume V, and an 
arbitrary number of non-propagating flaws in I? 

s (VS) = n;Pn s, (VS) (20) 

i.e. 

S (I’,) = M Q, K> exp C-M Q, (v)> (21) 

The normalized quantity 

P, (If,) = $# (22) 

is the quotient of the fracture risks associated with 
the volumes V, and I’, respectively, and can be 
written as: 

P,(V,)=# 
I 

(23) 

PO (I’,) is independent of the applied load level. 
For a very small subvolume, V, = dx, the inte- 

gral over V, can be replaced by the integrand 
times dx, and the probability is obtained that fail- 
ure is caused by a flaw alt point x in the interval 
[x, x + dx]: 

Sfl @drn do po (x) dx - 

SvSn (me,>” dmx 
(24) 

The quantity p0 corresponlds to the marginal prob- 
ability density function of the location of the frac- 
ture origins obtained by Matsuo and Kitakami” 
using the competing risk theory, and PO in eqn (23) 
is the corresponding probability distribution func- 
tion if V, is defined as an interval in three-dimen- 
sional space. p. also corresponds to the local risk 
of fracture. 

The cumulative probability distribution func- 
tion of the fracture loci: 

P&?%x,, Yly,,Zlz,) 

can be determined for any specimen or compo- 
nent, if the location (x0, yo, zo) of the fatal flaw is 
measured. 

Fig. 1. Brazilian disc test. 

Experiments 

In the Brazilian disc test a circular disc is sub- 
jected to diametral compression (Fig. 1). A biaxial 
stress state is induced which contains both tensile 
and compressive components (see next section). 
The test was applied successfully to rock materials 
and low-strength ceramics.13*14 Preliminary tests 
with high-strength ceramicsi showed that fracture 
of the majority of specimens was triggered by 
flaws on the perimeter in the vicinity of the load 
pins where a zone of global damage develops due 
to high compressive loads. An additional failure 
mode (splitting of a specimen parallel to the disc 
surface) could be attributed to high tensile stresses 
on the perimeter normal to the disc surface that 
are induced by friction between the load pins and 
the disc.16 These unwanted failure modes can be 
almost completely eliminated by a special design 
of the specimen grips (Fig. 2). A compressive 
force perpendicular to the disc surface is imposed 
by the screws in the vicinity of the load pins. 

The location of the fracture origins was mea- 
sured in two different ways. First, a careful fracto- 
graphic examination was carried out in which 
both the fracture pattern (see Fig. 3) and the frac- 
ture surfaces were studied. In a second method of 
evaluation, a series of parallel conducting strips of 
silver was deposited on the disc surfaces. They 
were used as logical electrical switches which are 
in the ‘on’ state in the case of the intact disc and 
change to the ‘off state upon passage of the crack 
tip. A logical circuit analyses the time sequence of 
rupture and allows the location of the failure ori- 
gin to be determined. 

A mounted specimen is shown in Fig. 4. The 
fracture origin is assumed to be located in the 
vicinity of the first ruptured strip. Those speci- 
mens for which no fracture locus could be identified 
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Fig. 2. Schematic representation of the test rig for the Brazilian 
disc test. 

outside the specimen grips were eliminated from 
the test series, because failure may have been trig- 
gered from the damage zone in the vicinity of the 
load pins. 

Three different materials were tested, a low- 
strength ceramic (stoneware trade name: Keraion), 
and two high-strength silicon nitride materials. 
The material parameters are summarized in Table 1. 
The radius of the discs was R = 22.5 mm in all 
cases. The thickness t of the stoneware disks was 

3 1 

CD f 
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8 

Fig. 3. Development of a typical fracture pattern starting 
from a central crack. 

7.4 mm, whereas t = 4.0 mm was used for the sili- 
con nitrides. The loading rate was comparatively 
small (7 MPa s-’ for the stoneware material, 
3 MPa s-l for the silicon nitrides) in order to 
avoid complete specimen destruction after fracture. 
The load was transferred to the disc via compara- 
tively soft steel plates, which deformed plastically 
under the high compressive loads. 

Results 

The Weibull exponent m is required for the pre- 
diction of the distribution of fracture loci [see eqn 
(24)]. Therefore, a statistical analysis was per- 
formed of the fracture stresses. First, the test 
results were plotted on Weibull paper. Then, the 
parameters of the corresponding Weibull distribu- 
tions were calculated using the maximum likeli- 
hood method.17 A bias correction factor was 
introduced for the parameter m.” The results of 
the Weibull analysis are summarized in Table 2. 
The Weibull parameter b in Table 2 is defined as: 

with the reference stress dr, from which the fail- 
ure probability can be written in terms of a 
Weibull distribution: 

Pf = 1 - exp - $ 
m 

I( )I (27) 

The fractographic examination yielded results 
which are only reliable for the silicon nitrides. The 
fracture loci were very hard to identify on the frac- 
ture surface for the stoneware material, and the 
analysis had to be based on the rupture of the sil- 
ver strips. Hence, only the y-coordinate of the 
fracture loci (see Fig. 1) was available. 

The observed values yi were ranked in ascend- 
ing order and the empirical probability 

was attributed to 
sample size. The 
shown in Figs 5-7. 

Discussion 

Pi (yi) = ; 

the ith value, where N is the 
resulting step functions are 

The stress field of the Brazilian disc is given by:18 

(29) 



Discrimination of multiaxiality criteria using brittle fracture loci 1205 

Fig. 4. Fixture with specimen mounted. 

F 
ar4 

= -- 
TtR 

where r, C#J are the polar coordinates defined in where y. = rosin $J and r and C#I are the polar coor- 
Fig. 1. The loading angle cx defines the area on the dinates defined in Fig. 1; R denotes the radius of 
perimeter over which the load is uniformly dis- the disc, and t its thickness. 

tributed. The stress fields perpendicular to the 
loading axis 0, = 0) and along the loading axis 
(x = 0) are shown in Figs 8 and 9, respectively. 

This stress field is inserted in the appropriate 
multiaxiality criterion, eqns (10) and (1 I), respec- 
tively, in order to determine a,, which, in turn, is 
inserted in the marginal probability distribution of 
fracture loci: 

PO (YCYO) = 
2$,” _I’: $I, _f, o-‘& dR dzrdrd+ 

2J,” _f,” _fb .fn o’& dR dzrdrd+ 
(32) 

Table 1. Material parameters 

Material Manufacturer Poisson k 
ratio 

Young k 
modulus (GPa) 

Fracture 
toughness - 

Keraion 
(stone- 
ware) 

HIPSN 

HIPSN 

Keramische 
Betriebe 
EIuchtal 

ABB 

ESK 

0.25 52 0.9 

0.24 300 4-3 

0.24 300 4.9 

Table 2. Results of Weibull analysis 

Material Sample size Weibull exponent, Weibull parameter, b 
m (MW 

Stoneware 20 35.6 37.5 
[26.4, 48.41 [37,1, 37.91 

HIPSN 14 10.5 553 
(ABB) 17.3. 15.21 [529, 5791 

HIPSN 21 6.0 672 
(ESK) [4.5, 8.21 [630, 7181 
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Equation (32) implies that fracture is triggered 
from a flaw at 0 I y I y. with the probabihty PO. 

~ 1.0 
.C 
= 
m 
i 0.8 

2 
P 

0.6 

0.4 

: 
0.0 

, 
I I I I I I I I I 

0 5 10 15 20 25 

Y, mm 

Fig. 5. Cumulative distribution function of brittle fracture 
loci, stoneware material: ~ prediction using the shear- 
insensitive criterion, eqn (11); - ‘- - -, prediction using the 

shear-sensitive criterion, eqn (10). 

0.6 

0 5 10 15 20 25 

Y, mm 

Fig. 6. Cumulative distribution function of brittle fracture 
loci, HIPSN (ABB material); ~ prediction using the 
shear-insensitive criterion, eqn (11); - J - -, prediction using 

the shear-sensitive criterion, eqn (10). 
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0.6 - 

0 5 10 15 20 25 
Y, mm 

Fig. 7. Cumulative distribution function of brittle fracture 
loci, HIPSN (ESK material): ~ prediction using the 
shear-insensitive criterion, eqn (11); - 1 - -, prediction using 

the shear-sensitive criterion, eqn (10). 

This corresponds to the empirical probability pi 

defined in eqn (28). The integrals in eqn (32) were 
evaluated using the multiaxiality criteria [eqns 
(10) and (WI, with the bias-corrected values of 
the Weibull exponent m contained in Table 2. In 
Figs 5-7 the results are compared with the experi- 
mental findings. 

The empirical distribution of the fracture loci 
of the stoneware material deviates strongly from 
the theoretical curve obtained with eqn (32) if 
a shear-sensitive multiaxiality criterion is used. 
The theoretical and experimental distribution 
functions are only compatible with each other 
if the shear-insensitive criterion is applied. In 
this case, the maximum distance between both 
curves does not exceed the critical distance defined 
in a Kolmogorov-Smirnov test at 95% confidence 
level. This result is in agreement with the findings 
in Ref. 9 where the distributions of fracture 
stress obtained in different test series including 
the Brazilian disc test were compared with each 
other. 

Similar results are obtained for the silicon- 
nitride materials. The difference between the shear- 
sensitive and the shear-insensitive criteria is less 
pronounced than for the Keraion material due to 
lower values of the Weibull exponent m. Never- 
theless, the shear-sensitive criterion is ruled out by 
comparison of the theory with the experiment, 

0 0.2 0.4 0.6 0.8 1.0 

distance to centre line, y/R 

Fig. 8. Stress distribution in the disc perpendicular to the load 
axis. 
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Fig. 9. Stress distribution in the disc along the load axis. 
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whereas the shear-insensitive criterion yields a dis- 
tribution function which is compatible with the 
empirical distribution in terms of a Kolmogorov- 
Smirnov test. A similar result was obtained by 
comparing the Weibull distributions obtained with 
various test series.’ 

The agreement between theory and experiment 
appears to be slightly better for the silicon nitride 
materials than for the stoneware material, although 
in all cases the discrepancies between predicted 
and measured distributions are within the range of 
statistical uncertainty. However, this tendency 
may be attributed to the fact that for the silicon 
nitride materials the empirical distributions are 
based on fractographic evidence, whereas the results 
for the stoneware rely completely on the indica- 
tions of the logical circuit. This may reduce the 
accuracy of the experimental values for the brittle 
fracture loci. 

Conclusions 

The cumulative distribution function of the frac- 
ture loci can be derived using the local risk of rup- 
ture. As the distribution function depends on the 
multiaxiality criterion in a way similar to the fail- 
ure probability of the multiaxial Weibull theory, 
this quantity can be used to discriminate between 
various criteria. The advantage of this procedure 
is that only specimens of a specific type have to be 
compared with each other, and the well-known 
problems concerning different manufacturing rou- 
tines and surface-finishing procedures are avoided, 
which may greatly influence the results obtained 
with test series performed with different kinds of 
specimens. The cumulative distribution function 
of fracture loci was measured using low- and high- 
strength ceramics. The test method selected was 
the Brazilian disc test, because the complicated 
stress state prevailing in the specimens leads to 
great differences in the predictions obtained with 
different multiaxiality criteria. The comparison 
between theory and experiment indicates that the 
failure behaviour of natural flaws in the materials 
tested should be described by a shear-insensitive 
criterion. This means that if a planar crack is 
assigned to each natural flaw, this crack fails 
through pure mode I fracture. 
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