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Abstract 

The failure probability of tensile bars containing 
circular notches is calculated using the multiaxial 
Weibull theory. The influence exerted by the stress 
concentration factor, the stress gradient in the notch 
root, and the Weibull exponent are analysed. A 
local risk of rupture is de$ned, and it is shown how 
characteristic sub-volumes of the notched tensile bar 
contribute to the failure probability. An analytical 
expression is derived which is based on a linear 
approximation of the stress field in the vicinity of 
the notch root, and which yields the dependence of the 
leading term of the failure probability on characteristic 
quantities such as the stress concentration factor 
and the Weibull modulus. 0 1996 Elsevier Science 
Limited. 

1 Introduction 

The design of ceramic components aims at meeting 
a specific level of reliability instead of specifying a 
minimum allowable strength due to the inherent 
scatter of strength. As failure is triggered by the most 
dangerous flaw, which may be located in a region 
of comparatively low stress, any stressed volume in 
the component contributes to the risk of rupture. 
Hence, the stress distribution of the entire compo- 
nent has to be calculated for design purposes. 

This is obviously different from common design 
practice for metallic components, for which the 
maximum stress at the most critical point is com- 
pared to the strength. Frequently this maximum 
stress can be determined even if a full stress analysis 
of the component under consideration has not been 
made. A well-known example is provided by notches 
for which analytical and approximate values of the 
stress concentration factor in the notch root have 
been determined for a large number of notch 
geometries.‘.2 

The aim of this study is to investigate the infl- 
uence of notches on the reliability of ceramic com- 
ponents in order to provide a database from 

which appropriate design rules can be derived. A 
well-established theory, 3~6 the so-called multiaxial 
Weibull theory, is now available, by which the reli- 
ability of a ceramic component subjected to an arbi- 
trary stress state can be evaluated. Within the 
framework of this theory, the reliability is determined 
via an integral over the stress field. In general, a finite- 
element analysis of the component under 
consideration has to be performed prior to the reli- 
ability analysis in order to determine the complete 
stress field with sufficient accuracy. This implies that 
comparing alternative designs is an arduous task, 
since a comprehensive finite element analysis is 
required even for minor modifications of the original 
design. 

It is desirable to assess the contribution of charac- 
teristic details such as notches on the basis of tabu- 
lated values or preferably on the basis of approximate 
analytical solutions. For this purpose, simple tensile 
bars containing notches of various geometries are 
analysed in this paper using the finite-element 
method to determine the stress field and using 
the multiaxial Weibull theory. The dependence of 
the reliability on the stress concentration factor, on 
the stress gradient in the notch root and on the 
material parameters of the ceramic material is 
determined. An approximate formula for the stress 
field of a certain class of notches is given from 
which the contribution of circular notch in a tensile 
stress field to the risk of rupture can be derived. 

2 Weibull Theory for Multiaxial Loading 

The failure behaviour of ceramic components sub- 
jected to a multiaxial stress state can be assessed 
using the multiaxial Weibull theory as developed 
by Batdorf et al.3’4 Evans,’ and Matsuo.‘j It is 
assumed that failure is caused by unstable exten- 
sion of natural flaws of random size, of random 
location and of random orientation with respect 
to the principal stress axes. The worst flaw, i.e. the 
flaw for which the most unfavourable combination 
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of size, location and orientation is obtained, will prop- 
agate unstably and will cause catastrophic failure. 

The probability that the size a of a given flaw 
exceeds the critical crack size a, is given by: 

f,(a) da dC! dx (1) 

where V denotes the volume of the component 
considered, CR the surface of a unit sphere with the 
polar angles 4 and 8 and surface element dS2 = sin 
0 d0 d$, x the coordinate vector, and fX(x), f& 
(4,0), f,(a) are the probability density functions of 
the corresponding random variables. 

The critical crack size can be determined using 
fracture mechanics, if the natural flaws can be 
approximated by planar cracks. Within the frame- 
work of this model, a multiaxial stress state gives 
rise to mixed mode loading of a crack, and the 
critical crack size is a function of the mode I-III 
stress intensity factors K,, K,,, K,,,: 

with 

K, = (T, fi Y, 

K,, = 7 fi Y,, 

K,,, = 7 Ja- Y,,,. 

The correction factors Y,, Y,, and 

(3) 

Y,,, represent the 
influence of the crack geometry. The stress a,, normal 
to the crack plane is given by the following relation: 

a, = (a, cos2+ + a2 sin24 ).sin28 + a,cos*O (4) 

where (T,, a,, and a, are the principal stresses and 4 
and 8 are the polar angles determining the orien- 
tation of the crack plane relative to the principal 
axes. The shear stress 7 in the crack plane is given by 

r= Jr&+ z; (5) 
with 

and 

r rd = (02 - a&in4 cosf$ sin@ (6) 

r t-e = (a, cos2$ + a2 sin*+ - a&sin0 cos 8. (7) 

An equivalent mode I stress intensity factor Kleq 
can be introduced with 

G, = o,;fi r, (8) 

where the equivalent stress a,, depends on a,,, T and 
on Y,, Y,,, and Y,,,. The critical crack size is then 
given by: 

a,. = KIC 2 ( 1 a,, . Y, 

A variety of multiaxiality criteria are given in 
the literature leading to different expressions 
for a,,. A summary can be found in ref 7. An 
example of one of these criteria is:8 

(10) 

which is derived using the assumption that the 
value of the energy release rate in the crack plane 
determines the onset of unstable crack propaga- 
tion, and a penny-shaped crack is a suitable model 
for the natural flaws. 

In Weibull theory the following expression is 
used for the integral over the crack size in eqn (1):’ 

li’ (11) 

where eqn (9) was used for the critical crack size. 
The parameters m, 7. in eqn (11) depend on the 
toughness of the matrix material and on the statis- 
tical properties of the flaw size distribution. 

If all locations of flaws and all orientations 
occur with equal probability, the material is 
homogeneous and isotropic, andf,(x) andf+,,(&,O) 
can be replaced by uniform distributions. Hence, 
Q, in eqn (1) is equal to: 

Q, = +jb,& jn ($jmdfi dx . (12) 

The number n of cracks in the volume V is also a 
random variable and can be described by Pois- 
son’s distribution. The probability of having 
exactly it cracks in V is given by: 

p = MnKM 
n 

n! ’ 
(13) 

where M is the average number of cracks in V. 
The following relation for the failure probability 
Pf is obtained from eqns (12) and (13):’ 

Pf = 1 - exp(- M.Q,) . (14) 

With the definition of a new material parameter a,: 

v + 
00 = To. vo.M ( 1 (15) 

where V, is a reference or unit volume, the follow- 
ing relation is finally obtained for the failure prob- 
ability: 

Pi= 1 -exp(-iJV& !(%pfidx). (16) 

Equation (16) can be rewritten as: 

pf = lo exp 
u* m ( H b (17) 

where K,, denotes the fracture toughness. 
where u* is a reference stress characterising the 
loading of the component, and 
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(18) 

with the normalised stress integral 

Equation (17) implies that the stress at fracture is 
a Weibull distributed random variable. 

The normalised stress integral H is independent 
of the applied load level and is hence a convenient 
tool to characterise the effect of the spatial stress 
distribution on the failure probability, particularly 
if two components with different geometries are 
compared. In this case the corresponding Weibull 
parameters b(l), b(2) (eqn (17)) are related by: 

L(l) u (2) 

(20) 

The allowable stress levels dr(‘), a*(2) for two diff- 
erent designs of a component are related by: 

- H (2) 
a”‘* 

@ (I)* H (1) (21) 

at a given level of reliability which is characterised 
by a specific value of Pf. From eqns (17)-(21) it is 
clear that the information needed for the design of 
ceramic components is contained in the normalised 
stress integral, which will be used in the subse- 
quent investigations. However, it should be kept in 
mind that the numerical value of H depends on the 
choice of the normalisation volume I’,. The same 
applies to the ratio of H-values, if the Weibull 
exponent m is not kept constant. 

3 Numerical Evaluation of the Failure Probability 

The five-dimensional integral eqn (19) has to be 
evaluated in order to determine the failure proba- 
bility or the normalized stress integral H. Conven- 
tional numerical integration procedures such as 
the Gauss integration can be used to integrate 
over the orientation angles, whereas the integra- 
tion over the volume is more difficult. 

The stress tensor for real structures is generally 
determined by a finite element analysis, which yields 
the values of aij at a limited number of points 
within each element, the so-called Gauss points. 
Because of the high value of m which is obtained for 
advanced ceramic materials, the gradients of the 
integrand within each element are very steep, and a 
large number of evaluation points are needed in 
order to achieve convergence of the numerical inte- 
gration. A very fine finite-element mesh could be used 
to solve this problem, but then the computational 
costs of the stress analysis may become prohibitive. 

An arbitrary number of evaluation points can 
be generated, if the shape functions of the finite- 
elements is used to interpolate the stress field 
between the Gauss points of the finite-element 
mesh. Using these additional points conventional 
numerical integration methods can again be 
applied to calculate the volume integral eqn (12) 
or eqn (19). This procedure is implemented in the 
STAU computer code and its extensions 
(STAULE for lifetime evaluation and STAUB for 
proof testing) 

4 Notches in Ceramic Components 

4.1 Normalised stress integral H 
The stress field of a notched tensile bar for various 
notch geometries was calculated using a linear eleastic 
finite-element analysis. Figure 1 shows the geometry 
of the bar with a typical finite-element mesh. The 
stress field in the notched cross-section is given in 
Fig. 2, which also illustrates the characteristics of the 
stress field, namely the stress-concentration factor: 

(22) 

and the normalised stress gradient 

1 do, x*=_._ 
UI, n,u.y dx .y = o 

(23) 

Fig. 1. Geometry of notched tensile bar with typical finite- 
element mesh. 
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Fig. 2. Stress distribution in the notched cross-section. 

where uI max is the maximum stress in the notch 
root (X =‘O) and a,,, is the nominal stress. 

The geometries of the notches considered are 
shown in Fig. 3. The width of the notched cross- 
section d was kept constant in all cases. With 
these geometries a wide range of cu,-x*-values has 
been covered (see Table 1, 1.9 < (Yk < 5 and 0.3 < 
p < 2). The normalised stress gradient x* could be 
evaluated with sufficient accuracy only for those 
notches for which the notch roots were situated on 
the y = 0 symmetry line of the structure because 
of the limitations imposed by the finite-element 
mesh. 

The normalised stress integral H, eqn (19) was 
calculated for these notched tensile bars using the 
finite-element code ABAQUS and the post-processor 
STAU.” The reference stress (T * in eqn (19) was 
set equal to the nominal stress. The equivalent 
stress was determined using eqn (10). 

All dimensions including the unit volume V, 
were given in mm. The thickness of the bars was 
assumed to be equal to 1, the nominal width d 
was 40, and the length L was 90. 

Figure 4 shows the variation of the normalised 
stress integral H with the stress concentration fac- 
tor (Yk. For low values of the Weibull exponent m, 
the value of H depends only weakly on the stress 
concentration factor whereas H approaches (Yk for 

Fig. 3. Notch geometries. 

Table 1. Dimension of notches defined in Fig. 3 in notched 
tensile bars with length L = 90 mm and nominal thickness 

d=40mm 

D 
Notch number q., eqn (22) x*, mm-‘, eqn (23) d, see Fig. 1 

Nil 
N12 
N13 
N14 

N21 
N22 
N23 
N24 

N31 
N32 
N33 
N34 
N35 

N41 
N42 
N43 
N44 
N45 

N51 
N52 
N53 
N54 
N55 

N61 
N62 
N63 
N64 

3.65 1.250 
2.99 1.250 
2.71 1.250 
2.55 1,250 

5.03 I.250 
4.05 I .250 
3.60 I.250 
3.32 1.250 

2.15 1,250 
2.48 1,250 
2.85 1.250 
3.17 1.250 
3-46 0.63 1.250 

4.97 1.21 1.250 
3.84 0.75 1.250 
3.27 0.50 1.250 
2.92 0.47 1,250 
2.67 0.38 1,250 

2.90 I .oo I.250 
2.47 0.70 I.250 
2.21 0.52 1.250 
2.04 0.42 1.250 
1.91 0.35 1.250 

1.95 1.19 1,030 
1.90 0.82 I.045 
1.92 0.57 1.075 
1.89 0.49 1.115 

high values of m, i.e. low scatter of the materials’ 
strength. In the deterministic limit (m + -), only 
the maximum stress (T,,,,, contributes to the failure 
probability and H is equal to (Yk. The influence of 
the shape of the notch is small compared to the 
influence of the stress-concentration factor for realistic 
values of m, as notches of very difficult shapes 
such as N21 and N41 yield H-values H,, = 3.53 
and H,, = 340, respectively, for m = 15 which are 

0 m=5 

.H 0 ml=15 

- m=cn 

11 
1 2 3 4 5 6 

stress-concentration factor 

Fig. 4. Dependence of the normalised stress integral H on 
the stress concentration factor cu,; m = 00 deterministic limit 

with H = ok. 
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much closer to each other than the values obtained 
from notches of similar shapes and different values 
of CQ (e.g. Nl 1 and N21: H,, = 2.63 and II,, = 340). 

Because of the strong correlation between (Yk 
and p for most of the examples studied here a 
special class of notches was selected with almost 
COrMant ak = 1.9 and 0.35 < p < 1.2 (N55, N61- 
64 in Fig. 3). These notches are compared to notches 
with (Yk= x* and p in the same order of magni- 
tude (N51-55 in Fig. 3). Figure 5(a, b) show the 
normalised stress integral H as a function of x* in 
both cases. 

A reduced nominal thickness of d = 20 was 
used in this case in order to obtain more accurate 
values for the stress gradients. The effect of the 
nominal width on the normalised stress integral H 
is quite important, especially for low values of m, 
as can be seen by comparing Fig. 4 with Fig. 5(a). 

The relationship between H and x* (Fig. 5(a)) 
looks very similar to that between H and (Yk for 
N51-55 (Fig. 4) i.e. the effect of the stress gradient 

Z41 

0.6 0.8 1 1.2 
normolised stress gradient 

(4 8 m=5 

El + m=15 

*m=m a 
d 

0 0.2 0.4 0.6 0.8 1 1.2 
normalisad stress gradient 

@I 

Fig. 5. (a) Dependence of the normalised stress integral H on 
the normalised stress gradient ,y*; notches with CQ = ,y* 
(N51-55). (b) Dependence of the normalised stress integral H 
on the normalised stress gradient x*; notches with ak = 1.9 

(NSS and N61-64). Fig. 6. Definition of the sub-volumes Vl-5. 

cannot be separated from the effect of the peak 
stress in the notch root. The increase in H with x* 
(i.e. a steeper gradient of the stress in the notch 
root) observed for m = 5 in the case of N55 and 
N61-64 (see Fig. 5(b)) is due to the fact that the 
stress gradient p increases with increasing total 
width D (see Table 1). The nominal width and the 
nominal stress were kept constant, and hence a 
larger value of D implies that the stress in the 
remainder of the bar outside the notched cross- 
section decreases. H decreases with increasing x* 
for m = 15, because the width effect is suppressed 
and the change of the stressed volume in the 
notched cross-section becomes dominant. 

4.2 Local risk of rupture for notches 
The influences on the value or the normalised 
stress integral H can be clarified using the local 
risk of rupture as introduced in ref. 11. The fol- 
lowing sub-volumes of the notched tensile bar are 
defined (see Fig. 6): 

l Vl depending on the peak stress and on x* 
with 

0 I p I r,(w)= r;(l + % w), Olwl? 

l V2 characterizing the distribution of the 
stress field in the centre of the notched 
cross-section with 

r, = rc.( 1 + 4 0) < P I + 
?r 

OlW<; 
L 

l V3 depending on the gradient of 
field along the notch contour with 

the stress 

l V4 linking V3 to the unnotched bar with 

l V5 taking care of the contribution from the 
remainder of the bar: 
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o.j ~~~~~:~~--r~ 1 
0 2 4 6 8 10 12 14 16 18 20 

Weibull exponent m 

Fig. 7. Local risk of rupture pO for the sub-volumes Vl-5; 
notch N51. 

OW$andj 
d 

x2 + y2 > -. 
2 

Here p denotes the distance from the notch root, 
o the polar angle as shown in Fig. 6, and rC is 
defined as 

1 _ 4(ak T ‘) 
(Yk X . d 

(24) 

The local risk of rupture of sub-volume I/i is 
equal to:9%” 

ueqm da d I’ 
(25) 

J J ” c1 ueq “’ da d I’ 

pO( IQ) is equal to the probability that the worst 
flaw triggering fracture is contained in Vi. The 
local risk of rupture is depicted in Fig. 7 for notch 
N5 1. Similar pictures are obtained for other notch 
geometries. Figure 7 shows that the highest risk of 
rupture is associated with sub-volume V5 for low 
values of m. This implies that the stress field in the 
remainder of the notched tensile bar outside the 
notched cross-section dominates the failure proba- 
bility. The notch geometry, on the other hand, 
influences the stress field in sub-volumes Vl and V3 
which determine the failure probability for m 2 8. 

4.3 Approximation formula for H 
The stress field of the notched tensile bars depends 
on the StreSS COnCentEttiOn factor ak, the nor- 
malised stress gradient x*, and the relative notch 
depth d/D. Although the detailed stress distribu- 
tion may be quite complicated (see e.g. ref. l), a 
comparatively coarse approximation of the stress 
field may be sufficient in order to determine the 

normalised stress integral H, which depends 
mainly on ak (m large) or on the stressed VOlUme 
(m small). 

The following relation is used for the 
principal stress of a notched tensile bar: 

ak.(l-x*.r;L)in 
r,(m) 

o1 (Yk . (1 -x* . r,) in V2 and 
7= 
u I- (Ye (1 - x* ‘5) in V3 

d 
in V5 

D 

maximum 

Vl 

v4 (26) 

where VI-5 and r,(w) were defined in Section (2) 
and r, follows from eqn (24). The approximate 
stress field, eqn (26), decreases linearly in the 
notched cross-section with the gradient--cu,,x* 
until it attains a constant value. It fulfils the equi- 
librium condition in the notched cross-section. 
The second principal stress is small compared to 
(TV in the vicinity of the notch root (see Fig. 2) and 
is set equal to zero. 

The normalised stress integral H, eqn (19) can 
be split up into a volume integral and an integral 
over the orientation angles: 

H = H, . Ha 

(27) 

The following relations are obtained from eqn 
(26) for the contributions of the sub-volumes 
Vl-5: 

H”,, = 
137r 
6 YXkrn . 

1 - (1 -x* rC)m+’ . (x* r&n + 1) + 1) 

(x*>“(m+ l)‘(m+2) 
(28) 

H “;2 = 5 .akrn . (1 - x* rC)nt . (9 - 13r:) (29) 

1 -(l -x* r,)nl+’ . (x* r,(m + 1) + 1) 

(x*)2 . (m + 1) . (m + 2) 
(30) 

H = m - 
v4 - 16 .%*’ .(l -x*rC)lli.(>‘-9r,l) (31) 

and 

H.:i=(~~.~2.((~-,~).$+ I-+). (32) 

The value of Ha eqn (27); can be determined by 
straightforward numerical integration, as the 
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equivalent stress a,, depends only on one polar 
angle for uniaxial stress states, (see eqns (4)-(8)). 
A closed-form analytical solution can be obtained 
in special cases (see Appendix). Combining eqns 
(28)-(32), the normalised stress integral follows 
from: 

H=(4.(Hm,,+HG+Hfl”;3 

+ H “v4 + H r;,$ .Ho. (33) 

Figure 8 shows the H-values obtained from eqns 
(8)-(33) and the H-values obtained by numerical 
integration of the stress field which had been 
determined by a finite-element analysis. The agree- 
ment obtained for notches N51 and N55 is very 
good. 

It should be kept in mind, however, that eqns 
(27)-(33) are applicable only in cases where the 
notch root lies on the symmetry line. There are 
greater deviations for non-central notches as can 
be concluded from Fig. 4 which shows the varia- 
tion of H for a given value of CQ. It may also be 
difficult in these cases to obtain reliable values of 
x*. In all cases considered in this paper the fol- 
lowing relationships hold for m > 10 

H= 
CY ‘;: 

$2 m2 

and, according to eqn (Al 2): 

(35) 

with an accuracy of about loo/o. Combining eqns 
(34) and (35) leads to the following expression for 
the stress integral H: 

Hm 
ffk 

$2 . ,3+ 

(36) 

In using this relation it should be kept in. mind 
that it was derived on the basis of a limited number 

1.50 

1 
\ i' 0 I : : I I 

1 

2?- 
‘11. 

i : I I 

0.501 
0 5 10 15 20 25 30 

Weibull exponent m 

Fig. 8. Comparison of the analytical approximation for H, 
eqns (28)-(33), with the results of the finite-element analysis; 

___ analytical solution; - numerical analysis. 

of examples and is strictly speaking only applica- 
ble to cases with very similar notch contours in a 
uniaxial stress field. However, additional examples 
not included in this paper showed a very similar 
behaviour. Hence it is felt that the relation (36) 
can be used in a somewhat more general sense, 
and that it yields the dependence of the leading 
term of the failure probability on characteristic 
quantities such as the stress concentration factor, 
the normalised stress gradient, and the Weibull 
modulus. 

5 Conclusion 

The influence of notches on the reliability of 
ceramic components can be assessed using a nor- 
malised stress integral. The stress-concentration 
factor (Ye in the notch root is the most important 
influencing factor which implies that notches of 
different shapes but similar values of (Yk yield simi- 
lar values of the stress integral. This conclusion 
was drawn from results obtained with tensile bars 
containing circular notches. The local risk of rup- 
ture in the vicinity of the notch root approaches 
unity for m > 8, i.e. failure is almost always 
caused by flaw located near the notch root. This is 
why a linear approximation of the stress field in 
the vicinity of the notch root, from which a 
closed-form solution of the stress integral can be 
derived, agrees very well with the values of the 
stress integral obtained by numerical integration 
of the exact stress field. 
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Appendix 

A uniaxial stress state leads to the following rela- 
tions for the normal stress a,, (mode I loading) 
and the shear stress T (mode II loading): 

a” = (T,* . cos28 (AlI 

7 =(T~ 1 sin 8 cos 8 1 (A-2) 

where eqns (4)-(7) have been used. Equation (10) 
yields for the equivalent stress: 

(A3) 

Hence the integral Hn, eqn (27), has the following 
form: 

’ cos”t? . sin8 d0 (A4) 

which can be integrated in closed form for even 
values of m. 

With the binomial relation 

and the substitution x = cos 8, the integral eqn 
(A4) can be written as: 

(1 - x*)~ dx (A@ 

The following relation can be derived by succes- 
sive integration by parts: 

I 
I 

0 

X*m - *k . (1 _ X*)k dx = 

GI ?k 
n: L 

(2m + 1) . (2m - 1) . . . . (2m - 2k + 1) 
(A7) 

which leads to the following expression for Ho: 

ml2 

Equation (A8) is valid only for even values of m. 
The orientation integral Hn for general values of 
m can be obtained by interpolation. 

Equation (A8) can be simplified using 

m - 21 < m-21 

2m-21-1 - 2m-41 
=+forl= 1, 

. ..) y-1 (A9) 

and 

m - 21 m-21 
, , 

2 
= 2m-21-l-2m-1 - 2m-1 for 1 0, 

m _ __ . ..) 
2 

1. (Al01 

The following bounds are obtained for Hn after 
some re-arrangement of the sums: 

1 

2m+l’ 

‘-((&r. 2m2-1 r+’ 
l_ 2 * ( - 1 2 

2-v 2m - 1 

1 
5 

2m+l’ 

1-((2--y+’ 
2 

l- - 
( 1 

* 1 

2-v ?- 

1 

(Al 1) 

(2m + 1)(2m - 1) 

These bounds can be used to obtain an estimate 
of Ha for general values of m, since Ho is a 
smooth function of m. Equation (Al 1) implies that 

H$d- 
m 

6412) 

for m 2 10. The same relationship can be obtained 
for other criteria with the proportionality factor 
depending on the multiaxiality criterion. 


