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Abstract

The results of calculations of the mode I stress
intensity factors associated with surface-breaking
semi-elliptical cracks situated close to Hertzian con-
tacts are presented. The ellipticity of the crack is
shown to have a pronounced e�ect on the magnitudes
of calculated surface and crack-bottom KI values;
the implications of this for determining the fracture
toughness of brittle materials via Hertzian indenta-
tion are discussed, as is the stability of the ensuing
fracture. # 1998 Elsevier Science Limited. All
rights reserved

1 Nomenclature

a Hertzian contact radius
bz(x

0,z0) Burgers vector density for 3-D
calculations

Br(z) Burgers vector density for 2-D
calculations

c crack depth
C dimensionless constant calcu-

lated from maximum value of
stress intensity factor

d crack length at surface of
substrate

�a incremental change in Hert-
zian contact radius

�P incremental change in applied
load

E1,E2 Young's modulus for sphere
and substrate respectively

E* combination of elastic con-
stants of sphere and substrate

G shear modulus
H(x,z,x0,z0) bounded function for 3-D

calculations

KI mode I stress intensity factor
KIC fracture toughness
K(z,r) kernel of integral equation for

2-D calculations
� Kolosov's constant
� stress intensity factor

normalised with respect to
crack depth and peak
Hertzian pressure

�1,�2 Poisson's ratio for sphere and
substrate, respectively

P load applied to sphere
Pfmin threshold load for Hertzian

fracture
po peak Hertzian pressure
R sphere radius
S domain of integration for 3-D

calculations
�ij(z,r),�yy(x,z) radial Hertzian stress ®elds

for 2-D and 3-D calculations,
respectively

2 Introduction

Localised fracture of brittle materials frequently
accompanies surface indentations, where either a
blunt or a sharp object presses into a surface. The
simplest situation of this type to analyse is the so-
called Hertzian1 contact where a relatively large
sphere (radius greater than �1mm) is pushed into
a surface, close to a pre-existing crack. If there is
no localised plasticity then the stress ®eld devel-
oped was ®rst determined by Huber;2 fracture
mechanics analysis can be used to calculate the
associated stress intensity factors and fracture
criteria. This is a challenging problem because of
the very steep stress gradients that exist close to
surface contacts and also because of the presence
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of the free surface itself. Numerous solutions to
this problem exist in the literature: see for example
the work of Frank and Lawn,3 Wilshaw,4 Warren,5

Mouginot and Maugis6 and Warren et al.7 Most of
this previous work has made the simplifying
assumption that the cracks are planeÐi.e. the
fracture mechanics problem is a 2-dimensional one.
Here, we use the eigenstrain technique8 to calculate
the stress intensity factors for semi-elliptical and
semi-circular surface-breaking cracks close to a
Hertzian contact and compare the results with the
simpler 2-D formulation.
The primary motivation for this study is the use

of Hertzian indentation to evaluate the fracture
toughness, KIC, of brittle materials.9 Because of the
steep gradients in the radial component of stress
that exist close to a Hertzian contact the stress
intensity factor, KI, for cracks is not a mono-
tonically increasing function of crack length nor of
distance from the centre of the contact (Fig. 1).
Short cracks are associated with a small value of KI

simply because they are short, while long cracks
are also associated with small values of KI because
the crack-tip will now lie in a region of greatly
reduced radial stress or even compressive radial
stress. This implies that there is a maximum value
of KI for a crack of intermediate length; this max-
imum in KI corresponds to a minimum load for
crack propagation. Hence, by performing a num-
ber of Hertzian fracture tests on a well-abraded
ceramic surface (so that there is a large density of
pre-existing ¯aws) and determining the threshold
load below which no fracture is ever observed, KIC

can be determined. If the radius of the sphere used
in the tests is R and �1, �2 and E1, E2 are Poisson's
ratio and Young's modulus for the sphere and
ceramic, respectively, then the minimum load for
fracture is9 Pfmin:

KIC �
����������������
E�Pfmin

p
CR

�1�

Here

1=E� � 1ÿ �21
ÿ �

=E1 � 1ÿ �22
ÿ �

=E2 �2�

and C is a dimensionless constant whose value
depends on Poisson's ratio of the substrate, for the
case where the sphere and substrate are made of
the same material. For example, for glass with
� � 0.25 then for a plane crack C � 3131. Experi-
mentally,9 using a glass sphere of radius
R � 2.5 mm on an glass substrate lapped with
600-grit SiC the minimum load for fracture was
105N, giving a calculated fracture toughness
KIC � 0.8 MPam1=2 a value that compares well
with results obtained by more conventional meth-
ods: typically a value of 0.7MPam1/2 is quoted.
The advantage of using this Hertzian method is
that no measurement of any crack size is neces-
saryÐbecause the method relies on performing
enough tests to be sure of ®nding one crack (situ-
ated at the right position) for which KI is a max-
imum. The value of the constant C also depends on
the shape of the crackÐbecause clearly the max-
imum value of KI is crack shape dependent.
Therefore, we need information about the crack
shape dependence of C to be able to use eqn (1) for
calculating KIC with con®dence.
We now proceed to describe brie¯y the method

of calculation of stress intensity factors for surface
breaking cracks in steep stress gradients. First, we
describe the method appropriate for planar, 2-D,
cracks, that of the distributed dislocation techni-
que.10 In this method, a short plane crack of depth
c, normal to the free surface is placed close to the
contact zone. The state of stress in the crack's
absence is found. When the crack is inserted,
unsatis®ed tractions appear along the line of the
crack. These may be cancelled by the application of
equal and opposite tractions along the crack faces
which may be generated by installing a distribution
of dislocations. These dislocations are not real dis-
locations in a crystalline lattice, but a mathematical
device. The state of stress induced by one of these
dislocations in a half-plane is knownÐthe expres-
sions are given explicitly in Ref. 10. By applying a
distribution of dislocations, of unknown density
Br z� � the requirement that the crack faces be trac-
tion free may be ensured by writing

0 � ~�ij z; r� � � G

� �� 1� �
�c
0

Br z� �K z; r� �dz �3�

Fig. 1. Hertzian contact: geometry and coordinate systems for
the 2-D and 3-D calculations. Under a load P a sphere makes
contact on a substrate. Close to the contact patch is a crack.
For the 2-D case the crack is an in®nitely long straight crack
of depth c, we use radial coordinate r and z is measured into
the substrate. For the 3-D case the crack is semi-elliptical, with
a surface trace of length 2d and a depth c. We de®ne the

ellipticity as d=c, the co-ordinate system is rectangular
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G is the shear modulus of the material, � is Kolo-
sov's constant (� 3ÿ 4� in plane strain), the co-
ordinates r; z are as in Fig. 1; the function K z; r� �
is given in Ref. 10. The unknown quantity, Br z� �, is
de®ned by Br z� � � dbr=dz, and ~�ij z; r� � represents
the state of stress induced by the contact in the
crack's absenceÐi.e. in this case the radial compo-
nent of the Hertzian stress ®eld. By using a stan-
dard numerical quadrature this integral equation is
reduced to a set of linear algebraic equations,
typically 20; the mode I stress intensity factor can
then be expressed in terms of the unknown coe�-
cients in these linear equations. A standard com-
puter library routine for the solution of
simultaneous equations is then employed.
If the radial Hertzian stress (� ~�ij z; r� � is expres-

sed in terms of the peak Hertzian pressure, po, then
the result of the calculation is a number � which is
related to KI by:

� � KI

po

�����
�c
p where � � f

r

a
;
c

a
; �

� �
�4a�

where a is the radius of the Hertzian contact,
a � 3RP=4E�� �1=3 and po � 3P=2�a2 and P is the
applied load.
Normalizing with respect to a rather than c we

have

KI

po

������
�a
p � �

�������
c=a

p
�4b�

For the case of semi-elliptical or semi-circular
cracks the principle of the calculation is identical.
First, place a crack close to the contact and calcu-
late the stress in the crack's absence, then cancel
the unsatis®ed tractions that arise by the introduc-
tion of a distribution of strain nuclei. The strain
nuclei chosen are in®nitesimal dislocation loops
and the resulting integral equation is

0 � ~�yy x; y� � � G

4� 1ÿ �� �
�
S

1

r3
�H x; z; x0; z0� �

� �
� bz x0; z0� �dS

where S is the domain occupied by the crack, and
we use rectangular coordinates as shown in Fig. 1.
H x; z;x0; z0� � is a bounded function that accounts
for the presence of the free surface. This equation
is a hypersingular integral equation, singular to the
third degree, in the unknown function bz x0; z0� �
which represents the crack opening displacement.
It is not possible to solve this equation analytically
so the domain S is split up into a number of smal-
ler elements and the Burgers loop strength is

required to vary from point-to-point according to
some prescribed shape function. The simplest one
which may be chosen is a piecewise constant dis-
tribution. In this case the integral equation is
replaced by a family of simultaneous equations
which may readily be solved and the (normalised)
stress intensity factor found as before. Further
details are given by Hills et al.8

3 Results

Figure 2 shows the results from the 2-D calculation
for a material with a Poisson's ratio 0.25. We plot
the normalised stress intensity factor versus nor-
malised crack position for various values of nor-
malised crack size. From the graph we see that
there is a maximum in the stress intensity factor for
a crack of size c=a � 0.04 at a position r=a � 1.20,
more accurate values are c=a � 0.044, r=a � 1.189.
For this crack KI=p0

������
�a
p � 0.01829. The value of

the constant C is given by10 C � �=3=0.018292
� 3131:
Figure 3 shows the results from the 3-D calcu-

lation for a material with Poisson's ratio 0.25.
Again, we plot the normalised stress intensity factor
versus normalised crack position for various values
of the normalised crack size. The values of stress
intensity factor are those at the base of the crack
and are for cracks of varying ellipticity as indicated
in the caption. In this case, for each ellipticity we
again have a maximum in the stress intensity fac-
tor. In each case the maximum occurs at
c=a � 0.04 at r=a 1.2 as in the 2-D case but we note
that the value of the maxima are considerably

Fig. 2. Results of the 2-D calculation. Normalised stress
intensity factor versus normalised crack position for various

normalised crack sizes. Poisson's ratio� 0.25:

(5)
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smaller for the 3-D solution: for d=c � 0.5 the
maximum is � 0.006, for d=c � 1.0 it is � 0.010
while for d=c � 2.0 it is � 0.014. This in turn
implies values for the constant C of �29089,
�10472 and �5343, respectively, cf. C � 3131 for
the case d/c!1. It can thus be seen that the value
of C is extremely sensitive to the assumed crack
shape.
Figure 4 shows similar results from the 3-D cal-

culation except that the stress intensity factors are
now evaluated at points close to where the crack
breaks the surface. To evaluate the stress intensity
factors actually at the surface is impossible in
principle because the degree of singularity here no
longer shows the characteristic square-root beha-
viour.8 As described in the Introduction, in the 3-D
calculation the crack is split up into a number of
smaller elements, typically 40. The results pre-
sented here are for the crack-front in the element
just below the surface at a depth �c/100. Again, we
see that there is a maximum in the normalised
stress intensity factor. For d=c � 0.5 the maximum
value is �0.0185 at c=a � 0.16, r=a � 1.2; for
d=c � 1.0 the maximum value is �0.0195 at
c=a � 0.14, r=a � 1.2 while for d=c � 2.0 the max-
imum value is �0.0181 for c=a � 0.08 at r=a � 1.1.
These values for the maxima are much closer to
those obtained from the 2-D solution.

4 Discussion

We begin by noting that there is a signi®cant dif-
ference in the stress intensity factors at the base of
the crack for the 3-D solution as compared to the
2-D case; for the crack ellipticities studied the 3-D
solution gives consistently lower values. For stress
intensity factors evaluated near the surface the
maximum values from the 3-D solution are very
similar to the maximum value from the 2-D solu-
tion, although of course the 2-D solution only
considers the values at the base of the crack. This
suggests that while the value of the constant C to
be used in eqn (1) is acceptable, crack propagation
initially occurs by extension of the pre-existing ¯aw
close to the surface rather than extension of the
deeper parts of the crack.
It is pertinent to make some comments about the

stability of crack growth close to Hertzian con-
tacts. For the 2-D case we have seen that there is a
maximum in the stress intensity factor: at a ®xed
contact radius, a, this automatically implies that
dKI=dc < 0Ðassuming that the crack propagates
perpendicular to the surface. For r=a � 1.189,
c=a � 0.044 we ®nd that KI=po

������
�a
p � 0:018288244;

for r=a � 1.189 and for a slightly longer crack,
c=a � 0.0441 we have KI=po

������
�a
p � 0.018288243 so

Fig. 3. Results of the 3-D calculation. Normalised stress
intensity factors at the base of the crack versus normalised
crack position for various normalised crack sizes. Poisson's
ratio � 0.25. (a) Ellipticity � 0.5, (b) ellipticity � 1.0, (c)

ellipticity � 2.0.
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that dKI=dc is, as expected, negative. (It should be
noted that we are quoting values of stress intensity
factor to 9 ®gures simply to demonstrate that
dKI=dc is negative.) Thus, saying that a maximum
in the stress intensity factor corresponds to a
minimum in the fracture load is not strictly true
because the requirement for fracture that dKI=dc > 0
is not satis®ed. Clearly, this conclusion may not be
true if the crack does not propagate perpendicular
to the surface: it is observed experimentally that
at some depth below the surface the growing
ring-crack starts to fan out, eventually giving
rise to the well known cone-crack. The fracture
mechanics solution for this kinked crack con®gu-
ration does not, as yet, exist.
If, at the minimum load, the load is allowed to

increase slightly then the calculation of the asso-
ciated change in KI becomes more complex because
the values of po r=a and c=a all change: from eqn
(4b), letting P!P+dP (and hence a!a+da) we
have the following result:

KI �
3
ÿ
P� �P� �����

�c
p

�
ÿ
a� �a�2 f

�
r

a� �a ;
c

a� �a ; �
�

�a � 3R

4E�

� �1=3 �P

3P 2=3

�6�

For � � 0.25 and �a � 0.001 we have r= a� �a� � �
1.187812, c= a� �a� � � 0.043956 and we obtain the
new value KI=po

������
�a
p � 0.018315653. So, a slight

increase in load leads to an increase in stress
intensity factor and crack growth will occur, but
the fracture is still not unstable because for
r= a� �a� � � 1.187812 and c= a� �a� � � 0.044056
we obtain KI=po

������
�a
p � 0.018315566. To summar-

ise, at the minimum load we expect crack growth
to occur if the load increases slightly but not if
the crack grows at a ®xed load. To follow the
entire 2-D crack growth process as both load and
crack length change is work that is in progress. For
the 3-D case the problem is even more compli-
cated because the crack ellipticity will change as
di�erent parts of the crack propagate; as indicated
above the ®rst stage of crack growth will occur in
the near-surface region, tending to increase the
ellipicity.
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Fig. 4. Results of the 3-D calculation. Normalised stress
intensity factors near the surface versus normalised crack
position for various normalised crack sizes. Poisson's ratio
� 0.25. (a) Ellipticity � 0.5, (b) ellipticity � 1.0, (c) ellipticity

� 2.0:
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