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Abstract

We have investigated the dynamics and harmonic free energy of the (0001) surface of a-Al2O3 with both semi-empirical and ab
initio techniques. The shell models provide a convenient way to to simulate the more expensive ab initio methods and to check some
of their technical limitations, in particular the quality of the vibrational Brillouin zone sampling and the harmonic approximation.
We have used the supercell approach to compute the frequencies of normal modes at special k-points, which allows the free energy

to be calculated at different temperatures. From the corresponding phonon eigenvectors we evaluate the mean square displacements
of Al and O ions. The surface phonons are particularly sensitive to the modelling technique. The ab initio surface modes are more
localized and of higher amplitude, but they are not anharmonic enough to account for the discrepancy observed between the
measured and calculated inward relaxation of the surface aluminium atoms.

# 2003 Elsevier Ltd. All rights reserved.
Keywords: Interfaces; Lattice
1. Introduction

a-Alumina is arguably the simplest aluminium oxide,
also the most stable thermodynamically, and a much
studied model system for understanding metal oxides
generally. Many technological applications (corrosion
and wear protection, thin film substrates, catalyst sup-
ports) are also based on alumina surfaces and interfaces.
One of the mysteries of the surface science of alumina
concerns the nature of the simplest surface, i.e. a-Al2O3
(0001). Experiments and calculations differ noticeably
not only in the amount of relaxation of the surface, but
also (albeit to a lesser extent) in the composition of the
surface (Al, O, a mixture ?). Ion-scattering Refs.1,2 and
X-ray2,3 experiments conclude that the surface is Al
terminated although Refs.1 and3 only considered purely
Al or O terminated surfaces. One of the tensor-LEED4

analyses concluded that a 2:1 mix of Al and O termi-
nated terraces was the best model to the data. However
a more recent tensor-LEED5,6 analysis strongly
favoured the Al termination. The same conclusion is
reached by the most recent ion-scattering2 experiment,
whose authors also considered mixtures of terminations
as candidates. The theoretical conclusions are more
consistent:all studies, whether semi-empirical7�9 or
using different flavours of ab initio, Hartree-Fock
(HF)10 or based on density functional theory
(DFT),11�15 identify the Al terminated surface as the
most stable in ambient conditions. Note that more
recent DFT work includes the effect of environment on
the surface free energy in a very simple way, namely by
taking into account the effect of a partial pressure of
water,11 hydrogen13 or oxygen.14 In all cases, an Al ter-
minated surface is the most stable at oxygen partial
pressures ranging from above one atmosphere down to
almost the dissociation pressure of the oxide.
While there seems to be fairly good agreement that the
surface is stoichiometric and Al-terminated (a relaxed
bulk termination), the way the surface relaxes is not
resolved yet. Experiments indicate an inward relaxation
of 50–60% for the outermost Al layer, while theoretical
studies suggest something nearer 70–80%. Discrepancies
of this magnitude, amounting to 0.2–0.3 Å, must be
regarded as a serious test for theory and experiments.
Calculations which included a monolayer of hydrogen13

improved the situation somewhat, reducing the relaxa-
tion to 69%, but this is still rather more than experi-
mental values, and furthermore in the most recent
LEED study,6 the authors suggest that their specimen
preparation should have eliminated so much hydrogen.
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Alternatively, the discrepancy between zero-temperature
calculations and room-temperature experiments could
be explained if there were large ampliude, anharmonic,
surface vibration modes. This has already been pro-
posed for the (001)surfaces of TiO2,

16 and is the expla-
nation favoured by the authors of Ref.6 We consider
this hypothesis in our present paper. Some previous
theoretical studies have been made of the dynamics of
a-Al2O3 (0001),8,9 but the authors did not publish
details of the surface modes, and the calculations so far
are only based on semi-empirical models.
The goal of this work is to study the surface dynamics
of a-Al2O3 in suffcient detail to decide whether or not a
localised soft surface mode could be responsible for the
reduced relaxation as measured experimentally. Also,
using the same theoretical machinery, we have obtained
the vibrational contribution to the free energy (at least
within the harmonic or quasiharmonic approxima-
tions), and estimate the surface free energy at non
zero temperature. Our favoured approach for total
energy and force-constant calculations is Plane Wave
Density Functional Theory (PW-DFT), but we also
use two semi-empirical shell models, as explained
later.
2. Methods

We have used both first principles (ab initio) methods
and classical shell models for calculating energies and
forces. Ab initio PW-DFT calculations are a fairly reli-
able way to obtain surface properties, without relying
on empirically derived parameters. Semiempirical
potentials such as the shell model are very much faster
to apply, and the results are easy to interpret physically.
However, it is not clear how reliably they can be transfered
from bulk to surface environments.
Our purpose in applying shell models here is twofold.
On the one hand we can study how closely they mimic
ab initio calculations, particularly regarding the surface
dynamics, and on the other hand we can use them to
check the convergence of certain quantities more thor-
oughly than would be possible with the ab initio
method. These include the surface properties as a func-
tion of slab thickness and the phonon free energy as a
function of k-space sampling.
We use two parameterizations of the shell model.
Whereas these models are known to stabilize the bix-
byite structure instead of the corundum structure for
alumina, which they predict is only metastable, never-
theless their description of the relaxed structure of the
(0001)surface is very comparable to the ab initio results.
The parameters of these models and a more detailed
discussion of their description of the (0001)surface can
be found in Ref.17 We have used the GULP code18 for
all the shell model calculations.
2.1. Slab thickness

Periodic boundary conditions are imposed in all three
directions, so that a slab consisting of several atomic
layers is constructed and separated from its periodic
images by a layer of vacuum. To minimize slab–slab
interactions, the slab and the vacuum layer have to be
thick enough, which increases the computational cost.
We find that a slab containing 6 stoichiometric layers (a
stoichiometric layer comprises a plane of 3n oxygen
atoms with a plane of n Al atoms on each side of it) is
suffcient for the surface free energy to be within 0.4% of
its value for 12 such layers. The surface energy for a
system in which the vacuum is 6 such layers thick is
within 0.1% of its value with the vacuum three times as
thick.

2.2. Brillouin zone sampling

We use a periodic supercell approach to compute the
dynamical matrix, so the phonon frequencies are only
accessible at the � point of the supercell. These fre-
quencies map onto points and directions of high sym-
metry for the primitive cell. For example, along
<0001> , by trebling the length of the supercell we
obtain eigenvalues and eigenvectors of the dynamical
matrix corresponding to points at 1/3 and 2/3 of the
way from � to the primitive Brillouin zone boundary at
Z (see Fig. 1). This sampling has been used to approx-
imate the integrals over the Brillouin zone that we
require for estimating the harmonic free energy and
atomic mean squared displacements (MSD). Here
again, semi-empirical calculations allow a thorough
check of the sampling of the vibrational Brillouin zone,
via a Monkhorst-Pack scheme, which we have carried
out up to 12�12�1 k-points. We find that even just a
two k-point sampling of the vibrational Brillouin zone
in the slab geometry gives well converged results for the
free energy and MSD of a surface.

2.3. Harmonic vs quasiharmonic

In the harmonic and quasiharmonic approximations
the Helmholtz free energy at a temperature T is given by

F V;Tð Þ ¼ E Vð Þ þ
X

q;j

f j qð Þ ð1Þ

in which the contribution of the jth mode at wavevector
q is

fj qð Þ ¼
1

2
hvj qð Þ þ kTln 1-exp -hvj qð Þ=kT

� �� �
ð2Þ

E(V) is the potential energy of the static lattice at a
volume V. The jth normal mode has frequency Pj.
Anharmonic effects are included through the explicit
volume dependence of the potential energy. As noted
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previously,17 the dependance of the surface free energy
on the temperature can vary strongly with the type of
lattice dynamic approximation used (harmonic or qua-
siharmonic). We have implemented a simplified form of
quasiharmonic approximation by taking into account
only the homogeneous thermal expansion, obtained by
minimizing F with respect to V. The free energies cal-
culated with shell models (see also Fig. 5) show that the
increase of the surface area can be at least as important
as the effect due to the temperature decrease in the free
energy difference.

2.4. DFT parameters

The electronic structures, total energies and harmonic
frequencies were calculated with the free energy plane
waves pseudopotential method in which the finite tem-
perature density matrix is diagonalized from a Trotter
factorization, as implemented in the FEMD code.19 The
conventional local density approximation is used, as in
Ref.12 The pseudopotentials are in the Kleinman-
Bylander form. A PW cutoff 80 Ry was used in all
calculations. The number of electronic k-points for all
but 10 atom cells was chosen to correspond to 4 k-
points for the 30 atom cell. The atomic positions are
relaxed by steepest-descents following the Hellmann-
Feynman forces.
3. Results of bulk calculations

a-Alumina has the corundum structure, a rhombohe-
dral space group R3

-
C, with two formula units per pri-

mitive cell. The crystal can also be represented as a
hexagonal structure with 6 formula units per unit cell,
which is useful for studying its (0001) surface. It can
also be viewed as a stacking of alternating O and Al
planes along the (0001) direction, according to the
sequence AlO3Al–AlO3Al, where the oxygens in each
group of three are coplanar. We used the following
experimental20 lattice parameters as a first guess for our
energy minimization: a=0.5128 nm a=55.28 (corre-
sponding in the hexagonal structure to a=b=0.4759
nm and c=1.299 nm).

3.1. Structure

In the static limit, (at 0 K), the DFT corundum
structure has hexagonal lattice constants of 0.459 and
1.256 nm. The contraction of 3% with respect to the
experimental values is typical of LDA; the shell model
potentials perform much better as they are fitted to the
experimental parameters (0.4789,1.2537 and 0.4838,
1.2761 respectively for the two parameterisations).
It is relatively easy to to obtain the quasiharmonic
free energy using the shell models, whereby the free
energy is minimised at constant pressure for any given
temperature using the GULP code.18 The calculated
expansion coefficients are 4.9 and 4.7 10�6 K�1 at 300 K.
The above procedure is not yet automated for DFT
calculations; one has to calculate the free energy for
different temperatures and for a range of lattice con-
stants, and then determine for each temperature the
lattice constant at which the free energy is minimum.
The corresponding expansion coefficient is 2.9 10�6 K�1

at 300 K and 4.7 10�6 K�1 at 600 K, comparable, if
somehow smaller than the experimental value (in the
range 5.9–6.9 10�6 K�1). Note that a more accurate
calculation would involve in addition the independent
relaxation of the further two internal degrees of freedom
that characterize the corundum structure, besides the
two cell parameters, requiring a quasiharmonic phonon
calculation and free energy evaluation at each set of
parameters.

3.2. Dynamics

The bulk dispersion curves are known experimen-
tally21 and have been calculated by DFT22 using linear
response theory. We show the dispersion curves along
Fig. 1. Bulk a-Al2O3 dispersion curves along the �–Z direction.The
crosses represent the neutron scattering results of Ref.21, the dots the

shell model 1 frequencies and the circles the DFT frequencies.
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the �-Z direction in Fig. 1. There are 20 branches,
corresponding to the 10 atoms in the primitive unit cell,
with longitudinal and degenerate transverse modes.
Note that the frequencies of those modes that polarize
the cell are not accurately accessible within the supercell
scheme, since periodic boundary conditions omit the
depolarizing field that splits LO and TO modes.
A second important feature is the systematic over-
estimation of the frequencies by the DFT. This is not
uncommon (see for instance Ref.23) and is associated
with the underestimation of the lattice constant com-
pared to its experimental value. In retrospect however,
since the surface energy calculated with the pseudopo-
tential used here is also higher than that of other DFT
calculations, we believe we could have made use of a
more accurate pseudopotential.
Nevertheless, both shell model and DFT capture well
the main features of the dispersion curves.
4. Surface

4.1. Structure and relaxations

The relaxation of the surface layers is very large by
comparison with other materials.
The relaxations (including the results of previous
work for comparison) are summarized in Table 1. It
shows that a broad range of relaxations is spanned by
previous calculations. With the exception of Ref.4, all
results are at least in the same direction. The distance
between the outermost Al atoms (labelled Al1) and the
first O plane (labeled O1)is greatly reduced (with respect
to the bulk value of 79 pm), by around 50% according
to most experiments, and up to 85% for DFT calcula-
tions. The magnitude of the relaxation between O1 and
the second Al plane (labelled Al2) is much smaller and
in all but one case positive. There is less experimental
data for the deeper layers.
The first shell model relaxations give the best agree-
ment with recent experimental results, better than either
the second shell model or ab initio results. However, it
would be premature to conclude that this model is more
realistic than ab initio calculations, although in one
respect it probably is, namely the modelling of long-
range Van der Waals interactions, which DFT omits.

4.2. Dynamics

4.2.1. Surface modes
The components of the eigenvectors of the dynamical
matrix are the displacements associated with each pho-
non. From these it possible to identify the surface
modes, i.e. those where the displacements of the atoms
decay to zero into the bulk.
The mode which exhibits the highest amplitude at the
surface is illustrated for shell model 1 and DFT calcu-
lations in Fig. 2.
For the DFT calculation, the mode is rather more
localised than for the shell model. This is especially evi-
dent for the outer Aluminium plane (Al1). As the slab
has two surfaces, these localized modes appear in nearly
degenerate pairs, the two surface displacements being
either in-phase or out of phase. The out of phase
mode polarizes the slab, so its frequency is spuriously
lowered, due to the error described previously, thus we
can be more confident of the in-phase frequencies and
eigenvectors.
Fig. 2. Phonon mode with the most pronounced surface localisation

from (a) shell model 1, and (b) DFT.
Table 1

Relaxations of Al terminated surfaces (percent of the relevant bulk

spacing)
Method
 Al1O1
 O1Al2
 Al2Al3
 Al3O2
 O2Al4
X-ray3
 �51
 �16
 �29
 20
 –
TOF-SARS1
 �63
 –
 –
 –
 –
LEED4
 30
 6
 �55
 –
 –
Tensor LEED5
 �50.0
 6.3
 –
 –
 –
HF10
 �78.8
 �3.7
 �43.6
 �7.9
 –
LDA11
 �85
 3
 �45
 20
 –
GGA13
 �86
 6
 �49
 22
 6
GGA (with H)13
 �69
 –
 –
 –
 –
GGA12
 �69.6
 10.4
 �34.3
 18.5
 3.4
Shell,MD9
 �58
 4
 �42
 24�
 –
Shell1 (300 K) this work
 �56.9
 6.9
 �44.2
 23.7
 6.5
Shell2 (300 K) this work
 �73.9
 12.0
 �41.6
 26.6
 11.5
LDA, this work
 �81.8
 3.6
 �44.2
 18.5
 4.5
2732 A. Marmier et al. / Journal of the European Ceramic Society 23 (2003) 2729–2735



4.2.2. Mean squared displacements
We also analyse the dynamics of the slab in terms of
mean–square displacements (MSD) and root–mean–
square displacements (RMSD), calculated from the
eigenvectors of the dynamical matrix.24 At 350K (a
temperature chosen for direct comparison with Refs.5

and 6 we find that the RMSD is 8.9 pm for the Al atoms
(10.2 and 9.9 pm for the shell models). Bearing in mind
that for a simple harmonic oscillator the RMSD is
related to its amplitude by a factor 1/

ffiffiffi
2

p
, these values

(corresponding to amplitudes of 12.6, 14.4 and 14.0 pm
respectively) compare favourably with the 12 pm esti-
mated from Refs.5 and 6 (see later).
We plot the MSDs of the atoms as a function of their
depth in the slab for a temperatures of 300 K in Fig. 3.
We have separated the two type of atoms and the per-
pendicular and parallel to the surface contributions to
the MSD. Significant differences appear in the bulk
values, which are roughly twice as large for the shell
models as for DFT. There are also notable differences in
the relative parallel/perpendicular contributions, and in
the relative amplitude of the MSD of the surface Al
atom Al1. For Al1, the RMSD perpendicular to the
surface at 300 K is 88% more than in the bulk, to be
compared with the ratios 32 and 48% for the two shell
models. Our DFT calculations overestimate frequencies
by roughly 10%, and hence should underestimate the
MSDs, since the amplitudes of modes vary as the
inverse square of their frequency. However, the relative
results should be more reliable. A comparable source of
error in this case is the two k-point approximation, as
checked by fully converging the shell model results with
k-points. In summary, there is a significant difference
between the shell model and DFT.
The predicted large amplitude of the surface vibra-
tions is in agreement with the results of the recent tensor
LEED analysis.5,6 In that paper, it is argued, in order to
best model the experimental data, a ‘split Al atom’ has
to be used, meaning that a mixture of two domains was
used to the date, with independent variation of the
atomic positions in each domain. This is simply a device
to capture the range of vibrational excursions, which is
represented by the difference in the position of the Al
atoms in the two domains. The experimental difference in
positions is about 24 pm, and is interpreted as corre-
sponding to a large amplitude of vibration of about 12 pm.

4.2.3. Anharmonicity
At this point, it remains to be checked whether the
localised modes are anharmonic enough to account for
the discrepancy of about 0.02 nm in the surface relaxa-
tion. Recall that the phonon modes calculated from
shell models are not so localised and the amplitude of
the outermost Al atom is ‘only’ at most 50% more than
in the bulk. This suggests that the DFT mode is a better
candidate for our purpose.
We have displaced the atoms along the eigenvector of
our most localised phonon mode and calculated the
corresponding energy of its potential well. Fig. 4 shows
the energy variation of the mode shown in Fig. 2b as a
function of the displacement of the outermost Al atom.
A negative value corresponds to a displacement into the
surface. This procedure shows not only that the mode
has too little anharmonicity to shift the mean position
significantly, but also that the small effect of such anhar-
monicity is in the wrong direction! The equilibrium posi-
tion of the outermost Al atom would be shifted in the
direction of the surface (by very little), which would make
the Al1–O1 distance even smaller. That is the opposite of
what is required to improve agreement with experiment.

4.2.4. Surface free energy
To the best of our knowledge, there is only one
previous calculation of the a-Al2O3 (0001)surface free
energy gs.8 Using semi empirical potentials, Simms
showed that gs depends significantly on the potential
used, ranging from 1.6 to 3.2 J m�2 at 0 K. On the other
hand, the decrease of gs with temperature shows less of
a difference between the potentials, its total variation
Fig. 3. Mean square displacements at 300 K. The continuous curves

are the DFT values, the dashed ones are obtained with shell model 1.
A. Marmier et al. / Journal of the European Ceramic Society 23 (2003) 2729–2735 2733



with temperature being around �0.18 J m�2 over the
range 0–1500 K. Calculated values of the surface energy
(without the vibrational contribution) are more com-
mon. There is one experimental value, from calorimetric
measurement,25 which is is 2.6 J m�2. Most theoretical
values lie between 2.0 and 3.0 J m�2 (see Table 2).
In the static limit, we obtain a value for the surface
energy of 2.63 J m�2. Including zero point energy at 0 K,
we get 2.750 and 2.746 J m�2 for sampling with one and
two k-points respectively. As mentioned above, our
value is rather high compared to other DFT calcula-
tions, which is probably a fault of the pseudopotential
we have used.
We plot gs as a function of temperature in Fig. 5, as
calculated with the shell models and the DFT. The solid
curves represent the full quasi-harmonic results, while
the broken curves and the DFT results refer to the har-
monic approximation with just 2 k-points. The com-
parison between these sets of curves for the two shell
models and the ab initio surface free energy, which they
bracket, shows that we can expect the quasiharmonic
value of gs to decrease more steeply with temperature.
This is mostly a consequence of the fact that the har-
monic approximation does not take into account the
increase in surface area due to thermal expansion. The
two k-point sampling appears to be a good approxima-
tion (see also Ref.17). Fully quasiharmonic DFT calcu-
lations are very time consuming and are still in progress.
5. Conclusions

We have calculated structural and dynamical proper-
ties for the stoichiometric, Al terminated (0001)surface
of a-Al2O3 using an ab initio DFT description in the
harmonic approximation, and two shell models in the
quasi-harmonic approximation.
Table 2

Surface energy and free energy)
Method
 Surface energy

(J m�2)
Experiment25
 2.60
LDA26
 1.76
GGA12
 1.95
GGA13
 2.13
LDA11
 1.98
GGA (LAPW)15
 2.15
LDA (LAPW)27
 2.59
Shell, MD (300 K)9
 3.20
Shell1, QA (300 K)
 2.89
Shell2, QA (300 K)
 2.44
LDA (static limit) this work
 2.64
Fig. 4. Potential energy well for the high amplitude surface mode

illustrated in Fig. 2b.
Fig. 5. Surface free energy as a function of temperature.
2734 A. Marmier et al. / Journal of the European Ceramic Society 23 (2003) 2729–2735



As with all preceding ab initio simulations of this
surface, we find unusually large relaxations. These
would be in satisfactory agreement with experimental
findings, were it not for the size of the relaxation of the
surface Al, consistently predicted by DFT (and the most
recent Hartree-Fock calculations) to be around 80%,
whereas recent experiments suggest only 50% (a differ-
ence in absolute spacing of 24 pm). Our present study
has focussed on examining the possibility that this dis-
crepancy is due to large amplitude, anharmonic, surface
vibrations, not considered in the 0 K calculations.
By diagonalizing the dynamical matrix for a supercell
containing a slab, we find a mode localised on the two
outer stoichiometric planes. It is characterised by large
excursions of the surface Al, with a root mean square
amplitude of about 9 pm at room temperature. With the
shell models it is a little more (10 pm). Our DFT model
may have somewhat underestimated this amplitude,
since it overestimates the phonon frequencies by several
percent. However, relative to the bulk amplitudes, this
mode is more localised in the DFT case and therefore
has a higher amplitude on the surface Al than the cor-
responding mode with the shell models. Nevertheless,
and rather surprisingly, the localised mode is only
weakly anharmonic. Hence our results cannot support
the hypothesis of Ref.,5 that anharmonicity can explain
the discrepancy in the measured and predicted mean
surface relaxations. This conclusion holds equally for
the shell models and our density functional model. We
should note that the study of the anharmonicity of the
normal modes has only been performed at the g and X
points of the surface Brillouin zone; it seems unlikely,
but we cannot rule out the possibility, that modes with
different wave vectors could be more anharmonic.
However, also surprisingly, the anharmonicity that we
have found is in the sense of bringing the surface Al
even closer to the bulk, which is opposite to the dis-
crepancy we are seeking to resolve.
Whether thermal effects alone or effects of the
chemical environment of the surface can account for
the relaxation discrepancy is not finally resolved, but
both hypothesis now seem to us somewhat less likely
than the intrinsic inaccuracy of the current density
functional approaches (using LDA or GGA) for this
problem.
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