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Abstract

The probability of the extension of surface cracks due to spherical indentation is analyzed. Contact loading problems typically
result in multi-axle and strongly inhomogeneous stress fields near the contact surface. This property which strongly affects the stress
intensity factors is taken into account in the failure analysis. Edge cracks were selected to model the actually occurring surface
flaws. The stress intensity factors were integrated with the weight function method, and propagation of pre-existing cracks was

assessed by using an energy release rate failure criterion. For the statistical analysis the Weibull theory was extended in some points.
By applying the method to the cone crack formation during a spherical indentation, it was found that the probability for cone crack
formation increases abruptly, when a certain yield load is exceeded. Therefore, the loading range can be divided into a critical and a

less critical section, which were found to correlate to separated spatial regions of an occurring local risk of fracture. Because of the
effects discovered, it seems to be inevitable to consider the strongly inhomogeneous stress fields in a failure analysis of a contact
loading problem.

# 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The consequences of a modified Weibull theory are
demonstrated for the case of sphere loading. Strength of
ceramic materials can be described by the Weibull dis-
tribution.1 The interpretation of this empirically found
distribution by a corresponding distribution of cracks of
random size, random location, and random orientation
with respect to the principal stress axes has lead to the
Weibull theory of strength. Complexity of the Weibull
theory increases in the following cases even in the
absence of time effects (e.g. subcritical crack growth):

(a) Homogeneously distributed multiaxial stresses

(b) Complex stress states (notches), but moderate
change of stresses with depth
(c) Strongly varying stresses over a length scale
comparable with the crack depth
(d) Steep stress gradients with a negative mode-I
stress intensity factor contribution
For crack-like defects the multiaxial theory was
developed by Batdorf et al.,2,3 Evans4 and Matsuo.5

The main ideas were incorporated in post-processor
programs developed to evaluate the failure probability
from stress computations performed by the Finite
Element Method.6,7 The Weibull theory under multi-
axial, but moderately changing stresses was very often
applied in literature, and some quantities (e.g. the
crack density distribution) were interpreted from a
special point of view. Only a few papers may be
mentioned in this context.8�12

In some special cases, the conventional Weibull
theory was not applicable. A central assumption in the
derivation of basic relations is the use of a constant
stress over the area of a natural crack. Deviations from
this condition are obvious for sharp notches,13 stress
concentrations at bimaterial joints, contact loading with
cylindrical and spherical load, and also for strongly
changing stresses in thermal shock experiments.14,15

Whereas single crack behavior has been discussed for
contact loading via cylinders,16,17 it has not yet been
covered by a statistic treatment.
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In the case of contact loading, cracks exhibit negative
mode-I stress intensity factors. This fact and the remain-
ing mode-II loading require the treatment of friction
between crack faces. The influence considered by Alpa18

for simple homogeneously distributed stress states has to
be extended to non-homogeneous stress states.It is the aim
of the present investigation to modify the conventional
Weibull theory and to demonstrate the application to
sphere contact loading. In particular, the location of cone-
crack initiation (see e.g. Refs. 19 and 20) is computed by
the fracture statistics method of ‘local risk of failure’.
2. Stress field

The stress field due to spherical contact loading can
be calculated for linear elastic materials in several
manners.21�23 We prefer a numerical integration based
on the contact surface stress field.21 This method has the
advantage that it can also be applied to more compli-
cated contact loading situations.
First, the stress field in a half space (z50) resulting from

a concentrated point force F0 at the surface point (x,y,z)=
(0,0,0) is considered. The stress field is proportional to the
point force, �ij=sijF0, and can be represented by21
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p
. This solution

can be taken as a Green function to integrate the stress
field inside the half space under quite general boundary
conditions.
Next, a sphere with radius R is assumed to be pressed

onto the half space with the force F. A circular contact
region results, with the pressure distribution21,24
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The contact radius rc is determined by

rc ¼
3FR

4E0
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; ð3Þ

with E0 being the reduced Young’s modulus
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and E1/2 and �1/2 the elastic parameters of the sphere
and the half space, respectively.
Finally, the stress field inside the half space due to

spherical contact loading is found to be

�ij x; y; zð Þ ¼

ð
A

p x0; y0ð Þsij x� x0; y� y0; zð Þdx0dy0; ð5Þ

with the integration spreading over the surface of the
half space. This integral can be evaluated numerically.
Contact loading is centered at x=y=0 by definition,

so that the system is axisymmetric around the z-axis.
Therefore, it is sufficient to restrict all considerations to
the xz-plane, where �xx and �yy can be identified as the
radial and angular stress components, respectively, and
�xy and �yz vanish due to the symmetry.
An example of an indentation with a force of F=50 N

is given in Fig. 1 (see Table 1 for the elastic parameters
and the geometry). It is obvious that the stress compo-
nents have very high gradients near the contact region.
The radial stress component in particular changes
rapidly from a maximum tension at the surface to pres-
sure deeper inside the material. The shear stress van-
ishes at the surface, but then increases very fast below.
3. Selection of crack type

Natural cracks at the surface of ceramic test speci-
mens are mostly modeled as semi-circular cracks in a
Fig. 1. Stress field components along z direction at x=rc.
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half space. During load application, the initial shape
may change, resulting in a semi-elliptical crack. Such a
crack of depth a and width 2c is illustrated in Fig. 2a. The
loading situation is characterized sufficiently by the stress
intensity factors at the deepest point (A) and the surface
points (B) of the semi-ellipse. Different methods may be
applied for the computation of the related stress intensity
factors KA and KB. For our computations the stress
distribution �xx of Fig. 1 was fitted by a polynomial

� zð Þ ¼
X4
n¼0

Cnz
n ð6Þ

providing the five coefficients C0. . .C4. The stress inten-
sity factors are then given by25

KA;B ¼
ffiffiffi
a

p X4
n¼0

CnY nð ÞA;Ba
n ð7Þ

with the geometric functions YðnÞA;B tabulated in Ref. 25
for 04a/c41. By application of cubic splines, the
tabulated data were interpolated. In Fig. 2b the two
stress intensity factors are shown for a sphere loading of
F=75 N as a function of a and a/c.
The evolution of a half-penny-shaped surface crack

under sphere loading can be concluded from Fig. 3. An
initial crack of depth a0=1 mm is assumed to exist at
x=rc. For this crack the stress intensity factor KB is
higher than KA by a factor of about 5. Under increasing
load, the crack must first extend in c-direction, since
KB=KIc is reached at a load, at which KA is clearly
smaller than KIc. Extension in c-direction leads to a
decrease in a/c and, consequently, in KB. KA simulta-
neously increases. At a critical aspect ratio of
(a/c)c=0.15, both stress intensity factors become
identical (solid circle in Fig. 3a). Now, the crack may
also extend in the direction of depth. The related
result is introduced in Fig. 3b, where the critical
aspect ratio is plotted versus the initial crack depth a0.
As can be seen from the KA-curves in Fig. 3a, the

stress intensity factor at the deepest point of a semi-
ellipse is identical with that of the edge crack (a/c=0)
within a deviation range of 10%, if a/c<0.25. In our
example this is the case for a050.65 mm (see arrows in
Fig. 3b). Under this condition, the edge-crack stress
intensity factor solution can be applied as a good
approximation. Therefore, the edge-crack solution is
used for our further computations of KA.
The authors are aware of the fact that for modelling

the ring crack formation under increasing load, use of
the full stress intensity factor solution as a function of a
and a/c is necessary.
4. Effective stress intensity factors

The surface cracks are initiated at naturally existing
flaws or small cracks which may be induced by manu-
facturing. To model such flaws, surface cracks with an
arbitrary orientation are assumed (Fig. 4).
Usually, the stress is assumed to be nearly constant

in the range of the natural flaws. This allows for the
calculation of the K factors with the help of simple
functions depending on the crack length and stress.
But as we have seen above, this assumption fails for
contact loadings. The stress can also change remark-
ably on small scales. The stress intensity factor must
then be integrated along the crack length a by apply-
ing the weight function method.25 As an approxima-
tion for the mode-I and mode-II stress intensity
factors we use
Table 1

Material parameter and geometry
Material
 Curvature R

(mm)
Young’s modulus E

(GPa)
Poisson’s

ratio �
Diamond
 0.5
 1050
 0.17
Al2O3
 1
 380
 0.22
Fig. 2. Semi-elliptical surface crack, (a) geometric data, (b) stress

intensity factor KA at the deepest point and KB at the surface points

for a load of F=75 N.
Fig. 3. (a) Determination of the critical aspect ratio at the beginning

of crack growth in depth direction for an initial crack depth of a0=1

mm, (b) critical aspect ratio as a function of the initial crack depth.
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where � and 	 are the normal and shear stress, respec-
tively. The weight functions are equal for the edge-
cracked half-space, hI=hII=h, and can be approxi-
mated by
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The coefficients are found to be25

D0 ¼ 1:0;

D1 ¼ 0:58852;

D2 ¼ 0:031854;

D3 ¼ 0:463397;

D4 ¼ 0:227211;

D5 ¼ �0:828528;

D6 ¼ 0:351383:

ð11Þ

If the orientation of the crack is determined by the
crack-plane-normal vector

nið Þ ¼ cos’; sin’; 0ð Þ; ð12Þ

the normal and shear stresses are given by

� zð Þ ¼ �xx zð Þcos2’þ �yy zð Þsin2’; ð13Þ

	 zð Þ ¼ �xz zð Þcos’: ð14Þ

Because of the strong shear stresses near the contact
region, we consider a failure of cracks under a mixed
mode loading. As failure criterion, the energy release
rate criterion was selected,16 where both, KI and KII,
contribute to the effective stress intensity factor. The
effective stress intensity factor is defined as29,30
Keff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

1 þ K 2
II

q
for KI 5 0

�KI þ KIIj j for KI < 0
:

(
ð15Þ
Hereinafter, the friction coefficient � is chosen to be 0.5
(Table 2).
The stress intensity factors of a tangentially oriented

edge crack, ’=0, at the contact boundary, x=rc, are
shown in Fig. 5. A contact loading of F=50 N is
assumed as above. KI is positive for small z, but then
becomes negative, because of the rapidly decreasing
radial stress component. KII is of the same order as KI,
but vanishes at the surface. Near the surface, the
resulting effective stress intensity factor is dominated by
KI. A slight kink occurs in the Keff curve, when KI
Fig. 4. Left: Spherical contact loading with a tangentially oriented edge crack near the contact boundary. Right: Side view of a cone crack in glass.
Table 2

Fracture mechanics coefficients of the Al2O3 ceramics considered
Fracture toughness
 KIc
 3.95 MPa m1/2
Weibull parameter
 �0
 525.6 MPa
Weibull exponent
 m
 10.3
Friction coefficient
 m
 0.5
Fig. 5. Stress intensity factors of a tangentially oriented edge crack at

x=rc.
2910 V. Licht et al. / Journal of the European Ceramic Society 24 (2004) 2907–2915



changes its sign. Behind this point, further increase of
the effective stress intensity factor is dominated by KII.
5. Critical crack lengths

For a material with an effective fracture toughness
KIc, it is assumed that all crack lengths of

Keff að Þ5KIc ð16Þ

are critical. Fig. 6 shows an example of the loading case
discussed before with the fracture toughness given in
Table 2. The total set of critical crack lengths Ac is
found to be

Ac ¼ a1; a2½ � [ a3;1½ �: ð17Þ

To be more accurate, the history of the loading process
also has to be taken into account, as a crack, which was
critical once keeps this attribute. In general, the set of
critical crack lengths at the time t can be defined as

Ac ¼ aj9	4 t : Keff a; 	ð Þ5KIc

� �
: ð18Þ

It is self-evident that Ac depends on the location and
orientation of the cracks in each case.
This definition of critical crack length allows to

decide, whether a crack is able to grow or remains
unaltered. From Fig. 6, it might erroneously be con-
cluded that for this loading state, cracks of size
a14a<a2 would stop at a=a2, because the actual stress
intensity factor then falls below KIc. The considerations
made before do not provide any information on further
crack growth phases, since the computations were based
on the assumption of a coplanar crack extension. In the
situation described before, the cracks are under mixed-
mode loading. Therefore, crack kinking must be taken
into account. If such a crack starts to propagate, e.g. at
an initial crack depth a1, the crack abruptly changes its
direction by generating a kink and then satisfies KII=0.
The kink behavior is illustrated in Fig. 7 for different

initial crack depths a1, a2, and a3. For these crack sizes,
the condition Keff=KIc may be fulfilled (Fig. 7a). From
the stress intensity factor computations, we find e.g. for
a crack of depth a2 that the ratio of the mode-II and
mode-I stress intensity factors is |KII|/KI� 0.5 (Fig. 7b).
In Fig. 7c the kink angle b is plotted for the criterion of
maximum KI at the tip of the kinked crack as a function
of mode mixity.26 It should be noted that for any mixed-
mode criterion, the relation 
=f(KII/KI)is nearly iden-
tical. In Fig. 7d, the kinked crack is shown. For a<3
mm, the mode-II stress intensity factor contribution is
negligible and, consequently, crack deflection is not
possible. Such small cracks extend in the initial crack
direction.
For crack size a3, a mode-I stress intensity factor

contribution does not exist. Consequently, the kink
angle becomes maximum (i.e. 
=76�).
As outlined before, crack kinking is governed by the

condition of maximum KI or, equivalently, by KII=0.
For longer crack extension after kinking, this condition
is fulfilled for a crack shape coinciding with the so-
called cone crack (Fig. 4), which is roughly in agreement
with the maximum principal stress trajectory.27,28 Such
considerations are not an adequate tool to consider
failure statistics.
Therefore, the consideration below is restricted to the

question of where the formation of a cone crack has to
be expected (Fig. 4).
In this sense, ‘failure’ is defined independently of

whether there is only an increase in length, followed by
crack arrest (as occurring under sphere loading by for-
mation of cone cracks) or whether total failure may
occur by unstable crack propagation (occurring under
cylinder loading)—as the first extension in depth direction.
For the formation of a ring-shaped crack, a single

crack must not necessarily extend in circumferential
direction until a closed ring is reached. At any location
along the circumference, the probability of crack growth
Fig. 6. Stress intensity factor of tangentially oriented edge cracks at

x=1.15 rc. The loading force is F=100 N.
 Fig. 7. Crack extension and crack deflection for cracks of different size.
V. Licht et al. / Journal of the European Ceramic Society 24 (2004) 2907–2915 2911



in width and depth direction is the same (i.e. the local
risk of crack extension is independent of the circum-
ference angle). Consequently, coalescence of a number
of individual cracks results in a ring crack. This means
that crack extension is not a local effect, but occurs
around the sphere with same probability.
6. Extended Weibull theory

As mentioned in the introduction, the conventional
Weibull theory uses the approximation of nearly con-
stant stress along natural flaws. Thus, simple relations
for the stress intensity factor are found, which can be
incorporated in the theory. In our example of application
to single cracks, it becomes obvious that considerations
of statistically distributed natural cracks, based on the
commonly used Weibull theory, must fail. The main
reasons are:

� Inhomogeneous stresses with strong gradients,
and

� strongly multi-axial stress states with a change of
multiaxiality over dimensions in the order of the
crack length.

� Moreover, also friction effects between crack
faces under negative mode-II stress intensity
factor contributions have to be taken into
account.

These reasons make an extension of the commonly
used formulation of the Weibull theory necessary. As an
application of the modified Weibull formulation, we try
to compute the radius of the cone crack at the specimen
surface and the load when cone crack initiation has to
be expected.

6.1. Failure probability

In the probabilistic theory, a single crack is char-
acterized by its length a, its location x,y, and its orien-
tation ’. Lacking the entire information about the
cracks, these quantities are treated as independent
random variables. Assuming homogeneous and isotropic
properties, the distribution densities of the location and
orientation are fx,y (x,y)=1/A and f’(’)=1/(2�), with A
being the surface area of the component considered. A
cumulative Pareto distribution is assumed to apply to
the crack length2

Fa að Þ ¼ 1�
a�0
a

� �m=2

for a > a�0

0 else;

8<
: ð19Þ

with the parameters a�0 and m. The corresponding den-
sity function is found to be fa(a)=dFa(a)/da.
If the set of critical crack lengths is given by
Ac(x,y,’), the failure probability for a component with
one flaw is

P
1ð Þ

F ¼

ð
S

ð
�

ð
Ac x;y;’ð Þ

fx;y x; yð Þf’ ’ð Þfa að Þdad’dxdy

¼
1

2�A

ð
S

ð
�

ð
Ac x;y;’ð Þ

fa að Þdad’dxdy; ð20Þ

where S denotes the surface of the component and � ¼

0; 2�½ � the range of crack orientation.
In the presence of more than one crack, the ‘weakest

link’ hypothesis is valid. For n cracks, we therefore find
a failure probability of P

nð Þ

F ¼ 1�
�
1� P

1ð Þ

F

�n
. As the

actual number of cracks is unknown, a Poisson distribu-
tion of pn=e�M Mn/n! is assumed for the crack number
with a mean value ofM. The probability of a component
containing exactly n cracks and failing is then found to
be pnP

nð Þ

F . When summing up this expression over all
possible values of n, the mean failure probability of

PF ¼ 1� exp �MP
1ð Þ

F

� �
ð21Þ

is obtained.
For cracks with orientation ’ located at x,y, a general

set of critical crack lengths is assumed

Ac ¼ a1; a2½ � [ . . . [ ar;1½ �; ð22Þ

where the quantities a1. . .ar are the roots of
KeffðaÞ ¼ KIc. With the help of the cumulative Pareto
distribution (19) the failure probability in case of one
flaw (20) can then be partially integrated

P
1ð Þ

F ¼
1

2�A

ð
S

ð
�

Xr
i¼1

�1ð Þ
iþ1 a�0

ai x; y; ’ð Þ

� �m=2

d’dxdy:

ð23Þ

Inserting this in (21) the mean failure probability is
found to be

PF ¼ 1

� exp �
1

2�A0

ð
S

ð
�

Xr
i¼1

�1ð Þ
iþ1 a0

ai x; y; ’ð Þ

� �m=2

d’dxdy

 !
;

ð24Þ

where the unit area A0 and the parameter a0 ¼
a�0A

2=m
0 M=Að Þ

2=m have been introduced.
By comparison with the conventional Weibull theory,

m turns out to be the Weibull exponent. The parameter
a0 is related to the Weibull parameter �0 of a conven-
tional strength test under sufficiently constant stresses
(e.g. bending strength test) determined by

a0 ¼
KIc

YI�0

� �2

; ð25Þ
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with YI=1.98 for the cracks in the strength test
modelled by edge cracks or YI=1.3 for semi-circular
surface cracks.

6.2. Local risk of fracture

A useful quantity for the interpretation of the spatial
failure distribution is the local risk of fracture pF(x,y),
which is a density function in contrast to the cumulative
failure probability PF. On condition that a component fails
due to one flaw, pF(x,y)dxdy determines the probability of
the failure occurring in the surface element dxdy at the
point x,y. Eqs. (19) and (20) yield

pF x; yð Þ ¼

Ð
�

Ð
Ac x;y;’ð Þ

fa að Þdad’Ð
S

Ð
�

Ð
Ac x;y;’ð Þ

fa að Þdad’dxdy

¼

Ð
�

Pr
i¼1 �1ð Þ

iþ1ai x; y; ’ð Þ
�m=2d’Ð

S

Ð
�

Pr
i¼1 �1ð Þ

iþ1ai x; y; ’ð Þ
�m=2d’dxdy

: ð26Þ

For the axisymmetric contact problem, the local risk is a
function of the radius only, pF(x,y)=pF(r(x,y)). There-
fore, it is common practice to integrate pF(r) over rd#
and to define the quantity

p�F rð Þ ¼

ð2�
0

pF rð Þrd# ¼ 2�rpF rð Þ ð27Þ

which is the local risk in terms of the radius.

6.3. Accuracy of numerical evaluation

Any numerical analysis of the set of critical crack
lengths must be cut off in practice at a certain max-
imum crack length amax. Therefore, failure probability
can be determined only with a limited accuracy which
will be estimated below.
The set of critical crack lengths can be expressed as

the sum Ac=A0
c+A00

c of the subsets

A
0

c ¼ Ac \ 0; amax½ � ð28Þ

A
00

c ¼ Ac \ amax;1ð Þ:

Only A0
c can be analyzed in practice.

Using these subsets, the failure probability in the case of
one crack is equal to P

1ð Þ

F ¼ P
0 1ð Þ

F þ P
00 1ð Þ

F , where P
0 1ð Þ

F and
P

00 1ð Þ

F are defined by Eq. (20), with the integration
restricted to A0

c and A00
c , respectively. The mean failure

probability (21) can then be rewritten as

PF ¼ 1� exp �MP
0 1ð Þ

F �MP
00 1ð Þ

F

� �
: ð29Þ

The actually evaluated probability, denoted by P0
F, will

underestimate this value
P
0

F ¼ 1� exp �MP
0 1ð Þ

F

� �
4PF: ð30Þ

The difference is found to be

DPF ¼ PF � P
0

F

¼ exp �MP
0 1ð Þ

F

� �
1� exp �MP

00 1ð Þ

F

� �h i
4 1� exp �MP

00 1ð Þ

F

� �
: ð31Þ

To obtain an applicable estimation, the exponential
term is reduced. As we know that A

00

c � amax;1ð Þ, it can
be derived that

exp �MP
00 1ð Þ

F

� �
5 exp �

M

2�A

ð
S

ð
�

ð1
amax

fa að Þdad’dxdy

� �

¼ exp �
A

A0

a0
amax

� �m=2
 !

; ð32Þ

into which Eq. (19) and the definition of the parameter
a0 have been inserted. With this result, we are finally
able to give an upper limit for the error of the failure
probability

DPF 4 1� exp �
A

A0

a0
amax

� �m=2
 !

�
A

A0

a0
amax

� �m=2

; ð33Þ

where the approximation holds for sufficiently large
amax. This relation can also be used to choose a proper
value of amax, if a certain accuracy shall be maintained
in a numerical analysis.
7. Results

The modified Weibull theory was applied for the
analysis of spherical contact loading. The contact prob-
lem considered was defined by the material parameters
and fracture mechanics coefficients listed in Tables 1
and 2, respectively. The history of the loading process,
whose influence on the set of critical crack lengths was
pointed out in Section 5, was neglected in the calcula-
tions. Therefore, there may be some deviations from a
history-dependent analysis, but it is assumed that these
effects are small in our case and that the characteristics
of the results are unaltered.
The evaluated probability of surface crack initiation is

shown as a function of the applied load in Fig. 8. The
evolution of the probability is divided into two sections.
At first, there is a moderate increase of the probability
with comparable low values. But then, at a critical load
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of about 55 N, a steep increase occurs, after which the
probability very fast approaches its final value.
The local risk (27) in terms of the radial distance to

the contact center is shown in Fig. 9. Three loading
cases close to the critical load of 55 N are considered. It
is found that for small loadings a sharp single peak
appears just around the contact boundary rc. When
loading increases, this peak decreases. Instead, a second
peak, wider than the first one, appears somewhat in
front of the contact boundary. The difference in size of
the first and second peak becomes larger with increasing
load. It can be concluded that for small loadings crack
growth probably occurs directly at the contact bound-
ary, but for higher loadings in front of it.
A comparison with the evolution of the probability

(Fig. 8) reveals that the critical load of about 55 N is
correlated to the sudden appearance of the second peak
in the local risk. This means that crack growth in front
of the contact boundary is most responsible for the
failure.
The distribution of the local risk of fracture can be

understood by studying the stress intensity factors. In
Fig. 10, two K-factors for tangentially oriented edge
cracks are shown, assigned to a loading of 57 N. Curve
(a) is related to cracks located just in front of the second
peak in the local risk, curve (b) is related to cracks
located inside of it. Both K-curves are quite similar,
their difference, however, consists in the number of
intersection points with the fracture toughness KIc. The
K-curve (a) has only one intersection point at about 8
mm, so that all related cracks which are longer will
grow. The contribution of these cracks to the failure
probability (24) is small and, therefore, the local risk
remains negligibly small at this location. The K-curve
(b) has one intersection point at about 10 mm. However,
for very small crack lengths, two intersection points
occur in addition. Hence, critical cracks exist, which will
highly contribute to the failure probability due to their
small lengths. This explains the related increase of the
local risk.
A survey of the critical crack lengths for tangentially

oriented cracks is given in Fig. 11. The curves represent
the crack lengths ai, for which the K-factor equals the
fracture toughness, Keff (ai)=KIc, at the particular radial
locations of the cracks. The vertical arrows mark the
path of the two related K-curves shown in Fig. 10. The
solid lines border the range of critical crack lengths. We
see that not only crack lengths above the upper line are
critical, but also crack lengths inside the ‘elliptical bubble’.
Fig. 8. Probability of edge crack initiation.
Fig. 9. Local risk of edge crack initiation for different loadings.
Fig. 10. Stress intensity factor for tangentially oriented edge cracks.
Fig. 11. Border of the range of critical crack lengths for tangentially

oriented cracks.
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The main contribution to the failure probability is
caused by small critical cracks. Such cracks are found
around the contact boundary at the lowest point of the
upper curve in Fig. 11 and in the region in front of the
contact boundary, indicated by the ‘elliptical bubble’.
This spatial partitioning exactly reflects the distribution
of the local risk.
8. Conclusions

Propagation of pre-existing cracks in the strongly
non-homogeneous stress field of a sphere indentation
test was studied by using a modified Weibull analysis.
The main results were:

� A modification of the conventional Weibull
theory is proposed which allows the computation
of failure probabilities even under steep stress
profiles. The method was illustrated for the case
of a sphere contact loading test.

� With the computation of the local failure risk,
the location of the cone crack initiation could be
predicted. For the special choice of material
parameters, two possible locations of cone crack
initiation were found, one corresponding to the
Hertzian contact radius and a second one having
a 15% larger radius.

� The total failure probability that increases
strongly at a certain load (here at 55 N) provides
the load at cone crack initiation.
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