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Bridging stresses in sintered reaction-bonded Si3N4
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Abstract

Crack opening displacement measurements on a sintered reaction-bonded Si3N4 ceramic obtained in bending tests with edge-V-notched
specimens were evaluated. A procedure is proposed which allows a straight-forward evaluation of the experimental results in order to obtain
the bridging stresses as a function of crack opening displacements. Bridging stresses up to 160 MPa were found acting over a distance of about
0.4�m. In addition crack profile measurements were performed for Vickers indentation cracks which could approximately be described by
use of the bridging relation obtained.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Many ceramics, especially coarse-grained or fibre rein-
forced materials show an R-curve effect which is caused by
crack-face interactions in the wake of an advancing crack.
The observed R-curves have often been described by a rela-
tionKR = f(�a). This would be an appropriate description
if the R-curve were a pure material property. In the past
it has been shown by experimental and theoretical investi-
gations that the R-curve is not a unique material property.
The shape of the curve depends on the geometry of the test
specimens, the initial crack depth, the type of loading (ten-
sion, bending, point forces) and on the special type of crack
extension (stable and sub-critical crack propagation).1

It is the common opinion that in the special case of
R-curves caused by grain bridging effects, the relation be-
tween the bridging stresses and crack opening displacement,
σbr = f(δ), is the intrinsic material property which is ex-
pected to be much less influenced by test conditions.2,3

Different methods have been applied to determine the
bridging law. Direct measurements of the loads transferred
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by the bridges were done by Hay and White4 who developed
the post-fracture tensile (PFT) test which gives the crack
closure stress versus the crack opening displacement rela-
tionship. Pezzotti et al.5,6 measured the bridging stresses in
Si3N4 with the use of Raman spectroscopy.

An accurate albeit cumbersome method to determine the
bridging stress relation is the evaluation of crack open-
ing displacement (COD) measurements. For coarse-grained
alumina often scanning electron microscopes (SEM) were
used.7–9 Measurements with an atomic force microscope
(AFM) were presented in Raddatz et al.10 for A12O3/A1
composites and in Meschke et al.11 and Förderreuther et al.12

for barium titanate and zirconia.
It is the aim of this paper to evaluate COD measurements

for a sintered reaction-bonded Si3N4 ceramic. COD data in
combination with an elaborate mathematical procedure were
used before to compute the starting point of the R-curve,
KI0, also called the crack-tip toughness was determined for
this material in Kounga Njiwa et al.13 TheKI0 value for this
material was found to be 1.7 MPa m1/2. This value appeared
to contradict the fracture toughness found using standard-
ised techniques,14 which yielded numerical values higher
than 5 MPa m1/2. The current paper therefore focuses on
the determination of the bridging stresses with particular
emphasis to short cracks and on the determination of the
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Fig. 1. Crack of lengtha developed from a notch of lengtha0, (a) geometric data and bridging stresses, (b) development of stress intensity factors for a
virtual crack of lengtha.

computation of the resulting R-curve. This work thereby de-
livers the missing link between crack-tip toughness and stan-
dardised fracture toughness evaluations, which are based on
instability of finite size cracks (range of about 50–200�m).

2. Evaluation procedure

An improved evaluation of COD measurements was pro-
posed in Kounga Njiwa et al.13 and Fett15 based on the Rice
equation,16 which in integral representation reads

δtotal(x) = 1

E′

∫ a
x

Ktip(a
′)h(a′, x)da′ (1)

with coordinate in crack directionx and crack lengtha both
starting from the crack mouth and the weight functionh(a′x)
that can be found in Kounga Njiwa et al.13 The integration
variablea′ varies in the rangea0 ≤ a′ ≤ a (a0 = notch
depth). An illustration of the geometric data is provided in
Fig. 1a. The total stress intensity factorKtip, is the physi-
cally effective value at the crack tip and can be obtained by
superposition of the (opening) applied stress intensity factor
Kappl caused by the external load and the (closing) bridg-
ing stress intensity factorKbr resulting from the so-called
bridging stressesσbr (Fig. 1b),

Ktip = Kappl +Kbr, Kbr < 0 (2)

with

Kbr(a
′) =

∫ a′
a0

σbr(x)h(x, a
′)dx (3)

Fig. 1b illustrates the stress intensity factorsKappl(a′),
Kbr(a′), andKtip(a′) for a virtual crack of lengtha′ “growing”
into the bridging stress field which is caused by the real
crack of lengtha. A series expansion of the stress intensity
factor at the tip of a virtual crackKtip(a′) at a′ = a0 yields
after truncation at the term withn = N.13

Ktip(a
′) = Kappl(a

′)+
N∑
n=1

Bn(a
′ − a0)

n/2 (4)

where the applied stress intensity factor for the virtual crack
lengtha′ is given by

Kappl(a
′) = Kappl(a)

Y(a′)
Y(a)

√
a′

a
(5)

with Kappl(a) externally applied during the COD mea-
surements.Y(a) denotes the fracture mechanics geometry
function defined as

Kappl(a) = σY(a)√a (6)

whereσ is a characteristic stress, e.g. the outer fibre bend-
ing stress. The crack-tip toughnessKI0 is identical with the
total stress intensity factor ata′ = a.

Consequently,Eq. (4)results in

δtotal(x) = KI0

E′

∫ a
x

h(a′, x)da′ + 1

E′

N∑
n=1

BnJn(a, x) (7)

The integralsJn read

Jn(a, x) =
∫ a
x

(a′ − a0)
n/2h(a′, x)da′ (8)

with the weight functionh. A least-squares routine applied
to measured crack opening displacements yields a sufficient
number of coefficientsBn from Eqs. (4) and (7).

3. Material and measurements

The sintered reaction-bonded silicon nitride (SRBSN)1,2

used for this study was a commercial material containing
yttria and alumina. The material is in full-scale production
for several applications including cam roller followers in a

1 Ceralloy 147-31N, Ceradyne, Cosa Mesa, CA.
2 Certain commercial materials or equipment are identified in this pa-

per to specify adequately the experimental procedure. Such identifica-
tion does not imply endorsement by the Forschungszentrum Karlsruhe,
Darmstadt Technical University, nor the National Institute of Standard
and Technology nor does it imply that these materials or equipment are
necessarily the best for the purpose.
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Fig. 2. Microstructure of the SRBSN as revealed on polished and etched
surface.

diesel engine and pump valve components for the oil ex-
traction industry. This SRBSN has needle-like beta silicon
nitride grains, 0.5–3�m wide by up to 10�m long, bonded
by a second phase as illustrated inFig. 2. The material was
designed to have enhanced fracture toughness. The manu-
facturer lists the elastic modulus as 310 GPa, the strength
as >700 MPa, density as 3.21 g/cm3, and the Vickers hard-
ness as 17.6 and 15.4 GPa at 49 and 2.9 N indentation loads,
respectively. With a Poisson’s ratio ofv = 0.28 the plane
strain Young’s modulus necessary for the displacement com-
putations results asE′ = 310/(1− 0.282) GPa.

Silicon starting powders were isopressed into oversized
green-body rods that were nitrided and then gas pressure

Fig. 3. (a) SEVNB-testing apparatus and (b) bend bar geometry with V-notch cut on the edge.

sintered to a final size of 7.5 mm in diameter by 111 mm
long after sintering. The manufacturer reported the fracture
toughness as between 5.5 and 6.5 MPa m1/2.17 New results
using the three methods in ASTM standard C 1421-9918

(single-edge pre-cracked beam, chevron-notched beam, and
surface crack in flexure) produced very consistent results
from 5.3 to 5.6 MPa m1/2 on average.14 Standard rectangular
bend specimens of size 3 mm× 4 mm× 45 mm were sliced
and ground from these blanks.

A V-notch of approximately 1 mm length and notch root
radius of about 10�m was cut on the edge of a specimen
(Fig. 3b) using the razor blade method.19,20 The sample
was mounted into a self-designed SEVNB-testing apparatus
(Fig. 3a) and placed under an optical microscope.21 The ex-
ternally applied load was gradually increased until a sharp
through-thickness crack arose. After a stable crack extension
of 0.52 mm the appliedK = 5.9 MPa m1/2 was evaluated
using the maximum load, the specimen dimensions, and the
crack size according to the relationship in the German Draft
Standard DIN 51′109.22 The specimen was subsequently un-
loaded and removed from the testing device. A thin Au/Pd
film was sputtered onto the polished insulating surface of the
ceramic material to allow further measurements in an SEM.
The SEM was modified such that in situ COD measurements
could be run at controlled externally applied loads. The sput-
tered edge-cracked specimen was then mounted again in the
SEVNB-loading device, partially loaded, and placed into the
SEM, thus enabling the crack to be opened up during mea-
surement of the crack profile. In order to avoid significant
sub-critical crack growth, profiles were measured at applied
loads, that represented 97, 90 and 80%, respectively, of the
load required for the very last crack extension in the optical
microscope. An appropriate software was used for the evalu-
ation of the CODs. The resulting data were then extrapolated
into crack opening displacements related to the full load as
applied during the prior stable crack extension phase.13
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Fig. 4. (a) Total crack opening displacements for a crack with crack
extension∆a = 0.52 mm andKappl = 5.9 MPa m1/2, (b) representation
of the three stress intensity factorsKappl, Ktip(a′), andKbr.

Fig. 4ashows COD measurements evaluated in Kounga
Njiwa et al.13 which provide the coefficients compiled in
Table 1usingEqs. (4)–(8). Within the scatter of measure-
ment, the results can be represented by

δ =
√

8

π

KI0

E′
√
a− x+ 0.048(a− x)3/2 − 43.23(a− x)5/2

(9)

with KI0 = 1.7 MPa m1/2 andδ anda− x in meters.

4. Bridging stresses

4.1. Determination of the bridging relation

The parameters inTable 1may be used to estimate the
bridging stress relationσbr = f (δtotal). From the preceding
considerations we know the total stress intensity factorKtip
as a function of an arbitrary virtual crack lengtha0 ≤ a′ ≤
a. Also the applied stress intensity factorKappl is known,
Kappl = 5.9 MPa m1/2.

The bridging stress intensity factorKbr(a′) is obtained
from the total and the applied ones by superposition as

Kbr(a
′) = Ktip(a

′)−Kappl(a
′), Kbr < 0 (10)

Fig. 4b gives the total stress intensity factor computed by
Eq. (4), the applied stress intensity factor according to
Eq. (5), and the bridging stress intensity factor derived from
Eq. (10). Replacing the bridging stress intensity factor by
its integral representation∫ a′
a0

σbr(x)h(a
′, x)dx = Ktip(a

′)−Kappl(a
′) (11)

Table 1
Coefficients forEq. (4) describing the data inFig. 4

KI0 (MPa m1/2) B1 (MPa) B2 (MPa m−1/2) B3 (MPa−1) B4 (MPa m−3/2)

1.65 −16.9 −9599 1.194× 106 −4.793× 107

yields a Volterra integral equation of first kind with kernel
h(a′x), which can be solved with the usual methods provid-
ing σbr(x). Two methods were applied to solveEq. (11).

In the first approach to solveEq. (11), the stress distri-
bution σbr(x) was represented by a number ofM = 100
stress values at equidistant locationsa0 < a < a. The
stress valuesσbr(x1), σbr(x2), . . . , σbr(xM) were interpo-
lated by cubic splines to get a continuous distribution. In
a subroutine the integrals were evaluated by application of
Simpson’s rule. In a least-squares routine theM stress val-
ues were systematically changed until the sum of squares
evaluated for a number ofm valuesa′ became minimum, i.e.
until

∑
(m)

(∫ a′
a0

σbr(x)h(a
′, x)dx−Ktotal(a

′)−Kappl(a
′)

)2

= min (12)

was fulfilled in a0 < a′ < a within a prescribed error
margin. For the solution ofEq. (12), the authors used the
least-squares subroutine VA02AD of the Harwell Subroutine
Library.23 In a second attempt, here outlined in more detail,
the unknown bridging stresses were expressed by polyno-
mials

σbr(x) =
M∑
m=0

Cmx
m (13)

with unknown coefficientsCm. Finally, the least-squares sum(
N∑
n=0

∫ a′
a0

xmh(a′, x)dx−Kbr(a
′)

)2

= min (14)

has to be minimised. The result is shown inFig. 5a. Plot-
ting σbr(x) versusδtotal(x) yields the bridging relationabr =
f (δtotal) as given inFig. 5b.

These bridging stresses may be represented by the average
relations

σbr = σ0 exp

(
δ

δ0

)
, σ0 = −177 MPa, δ0 = 0.22 m

(15a)

σbr = σ0

(
1 − δ
δ0

)
, σ0 = −165 MPa, δ0 = 0.35 m

(15b)

which are plotted inFig. 5bas the dashed and dash-dotted
line, respectively.
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Fig. 5. Bridging stresses (a) as a function of the location, (b) as a function of crack opening, dashed curve: rough approximation of bridging stressesby
Eq. (15a), dash-dotted line:Eq. (15b).

There are no other data on effective crack closure
stresses available for silicon nitride. This work, however,
can be compared with results obtained by Pezzotti et al.5,6

who determined grain-localised bridging stresses in two
highly toughened silicon nitride materials. These mate-
rials had plateau toughness values of 11 MPa m1/25 and
15 MPa m1/2,6 respectively. Localised bridging stresses
of 500–1000 MPa were observed at a distance less than
80�m from the crack tip with localised closure stresses of
100–500 MPa at a distance to the crack tip between 80 and
800�m. The area fraction of bridging grains multiplied with
the localised bridging stresses will yield the average closure
stress for a given crack opening displacement. Therefore,
considering that the materials in5,6 have different plateau
toughness, the averaged closure stresses and the localised
closure stresses appear to be quite consistent.

4.2. Computation of the R-curve

Knowledge of the bridging stress relation allows deter-
mination of the R-curve. The bridging contribution to the
R-curve valueKR represented by the applied stress intensity
factor

KR = K0 −Kbr (16)

results in

Kbr =
∫ a
a0

σbr(x)h(a, x)dx (17)

The bridging stresses as a function of total crack opening
displacement are available from the solid curve inFig. 5b.
Due to Eq. (7) we can transform the displacement depen-
dencyσbr(x) into a location dependencyσbr(x). Introducing
these stresses intoEq. (15)and performing the integration
yields the bridging stress intensity factor as plotted inFig. 6a
by the solid curve.Fig. 6bshows the total R-curve obtained
by adding theKI0 value of 1.7 MPa m1/2. Two crack exten-
sions of�a = 0.23 and 0.52 mm were evaluated for the

identical material.13 The related applied stress intensity fac-
tors were introduced inFig. 6 as the squares, where a good
agreement between the calculatedKr and the measuredKappl
can be obtained. In order to reduce the numerical effort it is
recommended to use an approximate solution as proposed
in Fett et al.24,25 For small crack extensions and an ex-
ponentially decreasing bridging stress relation as given by
Eq. (15a),

kbr = Kbr,max[1 − exp(−D
√
�a)] (18)

Fig. 6. (a) Bridging stress intensity factor computed with the bridging
relation,Fig. 5b(solid curve), near-tip approximationEq. (18)(dash-dotted
curve), (b) total R-curve (measured values from Kounga Njiwa et al.13 as
squares), (c) results ofFig. 4bcompared with two further R-curve results
obtained for the same material.
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Fig. 7. Crack ahead of a slender notch (a) geometric data, (b) true stress intensity factorK and formally computed “apparent” stress intensity factorK∗
according toEq. (20).

with

Kbr,max = σ0
E′δ0
KI0

∼= −8 MPa m1/2,

D =
√

8

π

KI0

E′δ0
∼= 35 m1/2 (19)

The result given by (18) is plotted inFig. 6aby the dashed
curve. The agreement with the full solution is good up to
a− a0 ≈ 0.3 mm.

In Fig. 6ctwo additional R-curves obtained on V-notched
bending specimens are plotted as the circles.KR values of
5–6 MPa m1/2 were found as reported earlier from the con-
ventional chevron-notched beam, single-edged precracked
beam and surface crack in flexure methods.14,17,18 In these
measurements the steep increase of the R-curve is not visi-
ble. A starting point of the R-curve atKR ≈ 4.7 MPa m1/2 is
visible which is in clear contrast to theKI0 ≈ 1.7 MPa m1/2

found from COD evaluation. This may be a consequence of
the fact that in conventional crack growth tests the first crack
extension is the propagation of a small crack with length�
from a notch of lengtha0.

In the evaluation of the R-curve experiments an
edge-crack of lengtha = a0 + � is assumed to exist (for
the geometric data seeFig. 7a), and the formally computed
“apparent stress intensity factor” is commonly computed as

K∗ =
(
σbend

√
π(a0 + 1)

)
Fband

( a
W

)
(20)

where Fbend is the geometric function for a specimen of
width W under the applied load, here for instance under
bending load.The stress intensity factor given byEq. (20)
is of course a correct value in cases where the crack length
� is clearly larger than the radiusR of the notch. But in the
first crack extension phase where the crack length� is com-
parable toR, Eq. (20)does not represent the correct stress
intensity factor value. In this case the fracture mechanics
problem of a small crack in front of a finite notch has to be
considered. In the special case of an edge crack ahead of
a slender notch withR small compared to the crack length
and the other specimen dimensions, the true stress intensity

factorK is given by26

K ∼= K∗ tanh[2.243
√
�/R] (21)

This relation is shown inFig. 7b. From this plot it is clearly
visible that the true stress intensity factor is significantly
lower than the formally computed valuesK∗. Eq. (19)makes
clear, why the starting point of the apparent R-curve,K∗

I0,
must be larger than the trueKI0, namely

K∗
I0

∼= K∗

tanh[2.243
√
�/R]

> K∗ (22)

For the differences inKI0 andK∗
I0 obtained for coarse-grained

alumina see also Kounga Njiwa et al.26 A more detailed
analysis of the notch effect on theR-curve is given in Fett.27

The R-curve in silicon nitride has often been reported as
very steep in the first 100�m, providing a toughness incre-
ment of 4–9 MPa m1/2,5,6,28 depending on material and final
plateau toughness. The high toughness increment in the first
crack extension was also classified as a “pop-in” crack ex-
tension due to elastic bridging, which is so close to the crack
tip, that it can be considered an intrinsic property itself.5 It
is therefore not surprising that this toughening contribution
can be measured with the technique of evaluating the crack
opening displacement, but cannot be resolved with crack
propagation studies from a sharp notch as found in our study.

The problem of requiring very sharp notches to avoid an
influence of notch root radius on apparent fracture tough-
ness is well-known.29 However, even notch radii of less
than 5�m30 yielded fracture toughness values for a par-
ticular silicon nitride of 4.7 MPa m1/2 and thereby a much
higher value than all measurements for crack-tip tough-
ness in silicon nitride performed before.5,13 These obtained
fracture toughness values then signify only the instability
point of theR-curve in the configuration of bend bar with
through-thickness crack. Furthermore, even, if the first crack
extension from an SEVNB notch can be captured, the first
toughness values are high.21 This has been demonstrated
in a comparison of SCF curves and SEVNB R-curves in
alumina–zirconia laminates,21 where the starting point of an
R-curve starting from a very sharp notch lies higher than the
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values for short SCF R-curves. The notch tip effect mod-
elled above, therefore, has received considerable experimen-
tal justification.

4.3. Vickers indentation cracks

Since the bridging stresses are available from the edge
crack measurements, let us now compute the bridging dis-
placements and total displacements for the Vickers indenta-
tion crack. For a half-penny-shaped surface crack of depth
a, loaded by the bridging stress fieldσbr(r), the bridging
crack opening displacementsδbr are given as

δbr(r) = 4

πE′

∫ a
r

(∫ a′
0

r′σbr(r
′)√

a′2 − r′2 dr′
)

da′√
a′2 − r2 (23)

with the radial coordinater and the Young’s modulus for
plane strainE′. The “applied displacements”δappl are then
given by superposition of the measured total displacements
and the bridging displacements as

δappl = δtotal − δbr (24)

Measured total displacements for a Vickers indentation
crack are shown inFig. 8bas the open circles. From these
data and the bridging stress relation,Fig. 5b, the bridging
stresses as a function of the radial coordinate,σbr(r), are
known. Integration according toEq. (23)results in the bridg-
ing displacements plotted inFig. 8a. The applied displace-
ments computed byEq. (24)are shown inFig. 8bas the full
circles.

The displacements caused by the residual stresses in
the vicinity of the Vickers indentation were computed.31

The displacements (interpreted here as the applied ones)
can be approximated forr > b (whereb is the radius of
the inner semi-circle where the two crack surfaces are in
contact) by

Fig. 8. (a) Bridging displacement distribution, (b) applied displacements
(solid circles) computed by superposition of total and bridging dis-
placements compared with applied COD computed fromEq. (18) for
Kappl = 6.5 MPa m1/2 (full line). Open circles represent the measured
total displacements of a Vickers radial crack in the investigated material.

δappl = 4Kappl
√
a

0.382πE′
(a
b

)2
[
b

2a
g2(a, b, r)

+
(

0.635+ 0.319b

a

)
g1(a, b, r)− g1(a, λb, r)

]
(25)

with

g1(a, b, r) =
√

1 −
( r
a

)2


1 −

√
1 −

(
b

a

)2



+ r
a

[
E

((
b

r

)2
)

− E
(

arcsin
r

a
,

(
b

r

)2
)

−
(

1 −
(
b

r

)2
)(

K

((
b

r

)2
)

−F
(

arcsin
r

a
,

(
b

r

)2
))]

(26a)

g2(a, b, r) = b

r

[
E

((
b

r

)2
)

− E
(

arcsin

(
r

a
,

(
b

r

)2
))]

(26b)

whereE andK are the complete andE andF the incomplete
elliptical integrals. The parameterλ can be expressed by

λ ∼= 0.9828
(a
b

)0.00565
(27)

This solution is additionally introduced inFig. 8b for
Kappl = 6.5 MPa m1/2 as the solid curve which roughly
agrees with the solid circles. Whereas for the near-tip re-
gion the data points are underestimated, the data in larger
distance from the crack tip are slightly overestimated. From
this result we can estimate the R-curve value corresponding
to a Vickers indentation crack asKR ≈ 6.5 MPa m1/2.

5. Conclusions

COD measurements on an edge-notched bending bar were
carried out after a stable crack extension of about 0.5 mm.
From these results bridging stresses as a function of crack
opening displacements could be determined by a straight-
forward procedure. It was found that

• maximum bridging stressesσbr of about 160 MPa were
obtained at small COD,

• bridging interactions become negligible for displacements
δ > 0.4�m,

• measured R-curves in the first 200�m of crack extension
lie higher than R-curves predicted from the bridging law.
This is attributed to finite-width notch effects,

• the crack profile for a Vickers indentation test can roughly
be interpreted with this bridging behaviour.
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