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Influence of a finite notch root radius on fracture toughness
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Abstract

The validity of fracture toughness data from tests with V-notched bending bars depends in the notch root radius and the presence of anR-curve
behaviour. In a theoretical study it is shown how the notch radius affects the formally computed conventional toughnesses. These are computed
under the assumption that the introduced notch with a small crack at the notch root acts as a long crack of the same total size and, in a stronger
simplification, that the crack length is identical with the depth of the notch.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Most investigations of fracture toughness deal with cracks
starting from narrow notches. These are introduced in test
specimens by thin saw cuts or produced with the razor blade
procedure as proposed by Nishida et al.1 and successfully
applied by Kübler.2 If a0 is the depth of the notch and� the
length of an edge crack propagating from the notch root (for
the geometric data seeFig. 1a), the stress intensity factor
commonly, but incorrectly is computed as the stress intensity
factor for a crack of total lengtha = a0 + �

K∗ = σbend

√
π(a0 + �) Fbend

( a

W

)
(1)

whereFbend is the geometric function for an edge crack of
lengtha = a0+� in a specimen of widthW under the applied
load, here, for instance, under bending load. The geometric
function is available from fracture mechanics handbooks.
The formally computed “apparent stress intensity factor”K∗
given byEq. (1)is the correct value only in cases where the
crack length� is clearly larger than the radius of the notch.
In the first crack extension phase where the crack length�

is comparable toR, Eq. (1) does not represent the correct
stress intensity factor value.

In fracture toughness tests the stress intensity factor is
often computed with the notch deptha0 as the crack length.
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This is necessary in all cases where the crack length at failure
cannot be identified on the fracture surface. This value may
be denoted here bŷK with

K̂ = σbend,max
√

πa0 Fbend

(a0

W

)
(2)

It is clear that in the presence of a strongR-curve be-
haviour with an extended stable crack growth phase before
final fracture,Eq. (2)badly describes the fracture toughness,
even if notch effects are negligible. It is the aim of this con-
tribution to show the influence of the notch root radius and
R-curve on the formally computed toughnesses according to
Eqs. (1) and (2).

2. Notch effect and R-curve

To examine the case of a material withR-curve, the frac-
ture mechanics problem of a small crack in front of a finite
notch has to be considered. In the special case of an edge
crack ahead of a slender notch withR being small compared
to the crack length and the other specimen dimensions, the
true stress intensity factorK is given by3

K

K∗ = tanh

(
2.243

√
�

R

)
(3)

This relation is shown inFig. 2 as the dashed curve. If a
semi-elliptical crack is assumed (for the geometric data see
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Fig. 1. Cracks in front of a narrow notch: (a) edge crack and (b) semi-elliptical crack.

Fig. 1b), then as shown in4

K

K∗
∼= tanh

(
2.243g
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�

R

)√
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R

)
(4)

with

g

(
�

R

)
∼= 2

3
+ 0.178

(
1 − exp

(
−1.64

�

R

))
(5)

In Fig. 2 this relation is shown by the solid curve. From
the curves ofFig. 2a, it is clearly visible that the true stress
intensity factor is significantly lower than the formally com-
puted values ofK∗, irrespective of the special crack shape.
On the other hand, it can be concluded that notch effects are
without importance for� > 1.5R. For the following numer-
ical evaluations,Eq. (3)will be used.

Replacing ofK∗ in Eq. (3) by this formally computed
“apparent fracture toughness” yields

K ∼= K̂

√
a0 + �

a0

F(a/W)

F(a0/W)
tanh

(
2.243

√
�

R

)
(6)

Sometimes, this relation was successfully used for a fracture
toughness evaluation,2,5–7 where the rough approximation√

a0 + �

a0

F(a/W)

F(a0/W)
≈ 1 ⇒ K ≈ K̂ tanh

(
2.243

√
�

R

)
(7)

Fig. 2. (a) Ratio of true stress intensity factorK and formally computed stress intensity factorK∗ as a function of�/R, (b) stresses in a fracture toughness
test,σin = stress at the first deviation from the initial straight line of the load vs. displacement plot,�max = stress at failure.

was made, which is applicable for� 
 a0 at least. Damani
et al.5,6 further assumed� to be proportional to the size
of defects at the notch root caused by notch preparation or
to the mean grain size, since grain boundaries may act as
crack-like defects. Errors in toughness determination are un-
avoidable, at least in the case of a significant stable crack
extension before failure, as expected for materials with a
pronouncedR-curve behaviour. In this case, the maximum
load indicated by the solid circle in the load versus displace-
ment curve ofFig. 2b is commonly introduced inEq. (2),
although the load versus displacement plot shows a clear
deviation from the initial straight line, starting at the open
circle.

In a material with anR-curve effect, the externally applied
stress intensity factorKappl and the intrinsic shielding stress
intensity factor have to be superimposed in order to obtain
the total stress intensity factorKtotal

Ktotal = Kappl + Ksh (8)

which governs the crack tip stress field.Fig. 3arepresents
these stress intensity factor contributions.

Stable crack propagation occurs under the condition of
the total stress intensity factor equalling the so-called crack
tip toughnessKI0

Ktotal = KI0 (9)



T. Fett / Journal of the European Ceramic Society 25 (2005) 543–547 545

Fig. 3. (a) Total stress intensity factor obtained by superposition of the
applied and the shielding stress intensity factors according toEq. (8), (b)
shielding stress intensity factors according toEq. (10), “R-curve I” and
Eq. (13), “R-curve II”.

The influence of the notch effect on theR-curve in terms
of K∗

appl = f(�a) or K∗
appl = f(��), here denoted as the

“apparentR-curve”, can then be outlined in the following
way.

In order to study the influence of a notch on theR-curve
behaviour, two different types of shielding stress intensity
factor are chosen. A “steep”R-curve behaviour may be mod-
elled by

Ksh = Ksh,max[1 − exp(−λ
√

�a)] (10)

This relation, denoted asR-curve I, interpolates one limit
case for small crack extensions

Ksh ∝
√

�a, for �a → 0 (11)

and the saturation behaviour

Ksh → Ksh,max, for �a → ∞ (12)

As a second possibility an initially linearR-curve may be
chosen as

Ksh = Ksh,max[1 − exp(−β�a)] (13)

Fig. 4. Influence of the notch radiusR and the initial crack length�0 on the total stress intensity factor (computed forKsh,max = −5 MPa m1/2).

denoted asR-curve II, which interpolates a second limit case
for small crack extensions

Ksh ∝ �a, for �a → 0

and againKsh = Ksh,max for large crack extension.
The curves related to the parameters ofλ = 40 m1/2,

β = 1500 m−1, andKsh,max = −5 MPa m1/2 are shown in
Fig. 3b. As realistic crack/specimen dimensions,W = 4 mm
and a0 = 2 mm were chosen for the numerical computa-
tions. The crack tip toughness was assumed to beKI0 =
2.4 MPa m1/2 as found in8 for alumina.

The initial crack size�0 can be estimated by comparing
the crack tip toughnessKI0 obtained from the near-tip crack
opening displacement field of a grown crack with the result
of strain-gauge-equipped notched bending bars.8 Depending
on the specially assumed crack type, values in the order of
�0 = 2–5�m were found for alumina.

3. Crack extension behaviour

The influence of the notch root radius on the total stress
intensity factor is shown inFig. 4 for an initial crack size of
�0 = 2�m and the two types ofR-curve. Since for “R-curve
I” an intersection betweenKtotal andKI0 is obtained forR <

18�m only, this critical radius denoted asRc (introduced in
Fig. 4a and bas the dashed curves) is a limit for reaching
stable crack extension. IfR > Rc, unstable crack extension
must occur whenKtotal = KI0 is reached for the first time.
For R < Rc, a stable phase during crack propagation must
occur.

In the case ofR-curve II, the limit radius is aboutRc =
10�m.Fig. 4cshowsKtotal for fixedR = 16�m and various
initial crack lengths�0.

Details of the crack extension phases are revealed inFig. 5
for a notch radius of 8�m and an initial crack size of�0 =
2�m. A crack of length�0 at a notch starts to propagate, if
the conditionKtotal = KI0 is fulfilled for the first time. Since
Ktotal increases with increasing crack length, spontaneous
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Fig. 5. Crack development for an intermediate notch radius ofR = 8�m.

crack extension must occur up to a crack length�1, at which
Ktotal = KI0 is fulfilled for the second time. This condition
is found after 30�m crack extension in the case of the steep
R-curve I and 200�m for R-curve II. The unstable crack ex-
tension phase is followed by stable crack propagation under
increasing externally applied load. At crack length�2, the
horizontal tangent at theKtotal(a)-curve becomes identical
with the horizontal lineKI0 = constant. ForR-curve I, it
holds�2 ≈ 200�m and forR-curve II �2 ≈ 350�m. From
Fig. 5, it can be concluded that the crack length at failure,
�2, is significantly larger than the initial crack length�0.

In Fig. 6the effect of the relative notch root radiusR/�0 on
the apparent fracture toughness is shown.Fig. 6aillustrates
the two quantitiesK∗ andK̂ in the absence of anyR-curve.
WhereasK∗ tends toKI0 for R/�0 → 0, K̂ tends to 0. In the
presence of anR-curve behaviour,Fig. 6b and c, the curve
for large R/�0 coincides with the curve ofFig. 6a down
to a certain characteristic value ofR/�0, denoted asRc/�0.
For smallerR/�0, the apparent fracture toughness reaches a
saturation value.

The influences of the initial crack size and the maxi-
mum shielding stress intensity factor on the apparent frac-
ture toughnesŝK and the critical notch root radiusRc are
represented inFigs. 7 and 8. The characteristic notch ra-
dius increases with increasing initial crack length�0 and the

Fig. 6. Apparent toughness, computed forR = 16�m and varying�0.

Fig. 7. Influence of initial crack length�0 and the maximum shielding
stress intensity factor on conventionally determined fracture toughness.

Fig. 8. Influence of initial crack size�0 and the maximum shielding stress
intensity factor on critical notch root radius (computed forR-curve II).

apparent fracture toughnessK̂ increases with an increasing
maximum shielding term. In the papers of Damani et al.5,6

a direct correlation between the critical notch radius and the
grain size was proposed. A more indirect interrelation to the
grain size is obvious also from the computations made in
this contribution.Fig. 7bshows that for a fixed initial crack
size�0 the critical notch radiusRc increases with increas-
ing maximum shielding stress. Since the bridging effects in
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the crack wake, responsible for theR-curve behaviour in
coarse-grained ceramics, increase with increasing grain size,
a dependency between grain size and critical notch radius
has to be expected.

4. Conclusions

As the main results, the following conclusions may be
drawn for a material with risingR-curve:

• For a large notch root radiusR > Rc, only spontaneous
crack extension is possible;

• For a small radiusR < Rc, crack propagation consists of
stable and unstable crack extension phases with instability
occurring after crack extension in the order of several
100�m;

• The characteristic notch radius, below which a constant
apparent toughness occurs, increases with increasing ini-
tial crack length�0;

• The apparent fracture toughnessK̂ increases with an in-
creasing maximum shielding term;

• An interrelation between the characteristic notch radius
Rc and the grain size exists, since theR-curve effect in
coarse-grained ceramics increases with increasing grain
size.

It can be concluded fromFig. 7athat the apparent stress
intensity factorK̂ equals the correct toughness if the mea-
sured data are located on the plateau value. This value is
independent of the initial crack size l� and of the notch root
radiusR. It is necessary for the practical determination of
toughness data to vary the notch radius and to determine the

value of the plateau. If this value cannot be reached (e.g.
for very fine-grained materials) the experimentally obtained
apparent stress intensity factor at least gives an upper limit
of the true toughness.
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