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Abstract

The present paper describes two different nondestructive approaches for the direct identification of the elastic constants of thin square isotropic
plates. First a static method is presented, by which the identification of the Young’s modulus and Poisson’s ratio is carried out by the full field
measurement of the out-of-plane displacements detected on the upper surface of the plate in two biaxial bending tests. Then a dynamic method
is illustrated, by which the elastic constants are determined from two different natural frequency of a free vibrating plate. Both techniques,
previously verified on a carbon steel specimen, have been applied to a CVD diamond specimen; a comparison between the two approach is
reported and the influence of the measurement errors is also discussed.
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1. Introduction

Nowadays the measurement of the elastic constants of the
CVD diamond is typically carried out by a nanoindentation
test.! This kind of technique is based on the determination
of the load-displacement curve when some particular inden-
ters (like the Berkovic or the corner-cube indenters) are used.
The results obtained by this approach are highly dispersed be-
cause the dimensions of the indenters are of the same order
of magnitude of the grain sizes. The use of these techniques
is necessary when the CVD diamond is the coating of a sub-
strate of different material. Other techniques that give highly
dispersed results, like the laser ultrasonics, are available in
literature.*>

The elastic characterization of the CVD diamond is
also troublesome when conventional tension or compression
tests®” are applied. The production of proper bulk specimens
is not feasible owing to both the high cost of the material and
its very brittle nature. Since the material can be plate shaped,
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the elastic characterization can be easily performed by bend-
ing or vibrating tests applied to a free-standing specimen. By
this kind of specimen and by static or dynamic mechanical
tests it is possible to obtain more repeatable results as shown
in references3!2; on the other hand the mechanical tests im-
ply loading set-up and alignment procedures usually com-
plex, and the Poisson’s ratio can not be measured accurately.

In the present paper both static and dynamic approaches
have been applied to a CVD free-standing specimen. In the
static approach two particular stress states are imposed on
the specimen while the corresponding strain states are mea-
sured by speckle interferometry'3; the elastic constants are
evaluated by integral relations that do not require a numer-
ical calibration. In the dynamic approach, the first and the
third natural frequency of the free specimen are evaluated by
applying an impulse excitation; the elastic constants are cal-
culated from such frequencies by using polynomial functions
obtained by an accurate numerical calibration.'*

The specimen is a polycrystalline free-standing 50 mm
x 50 mm plate with a uniform thickness of 0.4 mm. The de-
position of the diamond was carried out at a temperature of
800-1000 °C and at a pressure of 10—100 mbar. The density,
evaluated by measuring the volume (by the aforementioned
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dimensions) and the mass (by a digital balance with a reso-
lution of 0.001 g), is 3.412 g/cm>. The porosity suggested by
the owner of the specimen is about 4%.

2. The static approach

Theoretically the static approaches for the elastic charac-
terization of a material require the measurement of the stress
and strain state in a point. While it is easy to measure ac-
curately the strains in a point (e.g. strain-gage), this is not
true for the stresses, which in general are difficult to mea-
sure locally by an experimental technique. For this reason the
stresses are evaluated, in the standard approaches, by adopt-
ing simple loading configurations, such as pure tension or
pure bending,®!> which guarantee a uniform distribution of
the stress components over a wide area.

An alternative way consists in adopting an integral
approach!®18: in this case the stress components are eval-
uated by averaging the punctual quantities over a sufficiently
wide area of the specimen (at worst the whole specimen). By
this approach in some loading configurations it is possible to
obtain an analytical expression of the average stress compo-
nents, which is suitable for heterogeneous materials, such as
composite materials, or for those materials whose mechani-
cal behavior is influenced by the grain size; on the other hand
the determination of the average strain components involves
the use of more complex experimental techniques than the
standard techniques based on strain-gages.

2.1. Theory

Fig. 1 shows the loading configuration adopted in the ex-
perimental tests: the specimen is supported on the three points
P; and loaded by a concentrated force at Q. By applying the
principle of the virtual works the average stress components
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Fig. 1. The loading configuration: the specimen is supported on the three
points P; and loaded by a concentrated force applied at Q(x, y).
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where F is the applied load, S and / are the area and the
thickness of the specimen, respectively (x;, y;) the coordinates
of the ith support points and (x, y) the coordinates of the
point of application of the load. The quantities p,, g, and
7, are alternative parameters for describing the stress state.
Therefore, by simply measuring the applied load it is possible
to evaluate all the average stress components.

The corresponding average strain states are measured by a
speckle interferometer sensitive to the out-of-plane displace-
ments. By the procedure described in detail by the authors
in'® an analytical expression of the displacements is obtained
for each stress state; then, by applying the definition of strain
for a thin plate,'® the strain components are calculated as:
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where w are the out-of-plane displacements and p,, g, and
7. are, as in the case of the stresses, alternative parameters
for describing the strain state.

Finally the elastic constants are evaluated by combining
the average stress and strain components in two different
loading configurations:

E — 2?0[@05’
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where the subscripts / and S refer to isotropic and shear stress
states.

Obviously, the values calculated by the above equations
are affected by the inaccuracy of the single measurement of
each factor involved. A significant dispersion in the tests is
caused by the uncertainty of the location and of the measure-
ment of the applied load and by the errors due to the procedure
used for determining the average strains. To analyse the ef-
fects of these errors a considerable number of experimental
tests must be carried out.

2.2. Results

The scheme of the experimental set-up is shown in Fig. 2:
it is a Michelson interferometer. Along one arm there is the
specimen placed in the loading device (Fig. 3), along the other
arm there is a reference surface. The interferogram formed by
the two speckle wavefronts produced by the specimen and the
reference surface is observed by a CCD camera; by the anal-
ysis of the acquired images, the out-of-plane displacements
of the specimen are determined pixel by pixel.

The loading device is formed by two knives (one for each
loading configuration), two sliding platforms for the align-
ment of the points of the application of the loads, and a sup-
port base on which the specimen is laid. The load is applied by
laying one or two steel spheres along the knives and is mea-
sured with a resolution of 107> N by a beam transducer (con-
nected to a strain-gage amplifier) which supports the base and
the specimen. More details about the loading device can be
found in '8 where the whole procedure was previously tested
on a carbon steel specimen whose elastic properties found in
literature are well known. For completeness and clarity the
results obtained for the steel are reported in Table 1.

CCD

objective

light
source

Q0BJINS 20UDIDJAI

specimen

Fig. 2. Basic layout of the Michelson interferometer the measurement of the
out-of-plane displacements.

On the CVD diamond specimen 51 tests was performed:
25 average isotropic stress states and 26 average shear stress
states were randomly imposed on the specimen. By combin-
ing in all possible ways the results of the two sets of tests we
have obtained 650 (=25 x 26) values for the Young’s modu-
lus and for the Poisson’s ratio; these results are reported in
Figs. 4 and 5. In these figures the dots represent the experi-
mental results, the continuous lines indicate the mean value
and the dashed lines represent the maximum deviations from
the mean values. The mean values, the maximum deviations
and the standard deviations of the elastic constants are re-

Fig. 3. The loading device: the specimen, placed on the force transducer, is loaded by steel spheres laid down on the two knives.
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Table 1
Summary of the experimental results obtained for the steel specimen by the
static approach

Mean value  Standard Maximum  Reference

deviation deviation value
Young’s modulus ~ 207.2 1.9 4.1 206
(GPa)
Poisson’s ratio 0.297 0.011 0.023 0.290

600 1600

580 {580

560 1560
E[GPa]

Fig. 4. The experimental set-up obtained for the Young’s modulus.

0.05 0.05
0.03 | 0.03
0.01 | v 0.01

Fig. 5. The experimental set-up obtained for the Poisson’s ratio.

ported in Table 2. It is interesting to note that the maximum
deviations are approximately three times the standard devia-
tions, as happens when the error distribution is gaussian. By
taking into account the maximum error, the elastic constants
measured by the static approach are:

E =626 £17GPa

. “
v =0.083 £0.025

Table 2
Summary of the experimental results obtained for the CVD diamond speci-
men by the static approach

Mean value Standard Maximum
deviation deviation
Young’s modulus (GPa) 626.0 5.7 17.3
Poisson’s ratio 0.083 0.009 0.025

3. The dynamic approach

The dynamic approaches are based on the relations be-
tween the mechanical resonance frequencies and the dynamic
elastic constants of the material; this correlations depends on
the geometry and on the mass of the specimen. Standards?’-?!
suggest using bar-, rod- or circular plate-shaped specimens:
they require the measurement of the natural frequency in two
different modes of vibration and provide the procedures for
determining the elastic constants. Flat plates of non circular
shape can also be used, but the equations for determining the
elastic constants are not provided by the standards and so
must be evaluated separately.

In the present paper the elastic constants are determined
from the first and the third natural frequency of a square plate
of uniform thickness. For this purpose some suitable polyno-
mial functions, obtained by an accurate numerical calibration,
are employed. The natural frequencies are measured with a
computerized measurement system using the impulse exci-
tation technique. This procedure is described in detail in the
following section.

3.1. Theory

The frequency equations of a thin isotropic linear-elastic
square plate with free-free boundary conditions can be ex-
pressed in the following form?>23:

Ef3

fi = Ki(v) P17

&)
where f; represents the resonance frequency of the ith mode
of vibration, E and v are the elastic constants, m is the mass
of the material, / and ¢ are the edge and the thickness of the
specimen, respectively. In general, K; is a non-dimensional
coefficient depending on the Poisson’s ratio and on the ratio
l/t; in the case of a thin plate (/> 100) the I/t dependence can
be neglected. The variation of these coefficients with v cannot
be obtained analytically (no theoretical solutions are known
for the case of a rectangular plate with free-free boundary
conditions), but it can be found numerically.

The results of a numerical calibration, carried out by the
commercial code MSC-Nastran, are reported in Figs. 6 and 7.
Fig. 6 shows the variation of the coefficients K; with the Pois-
son’s ratio, while in Fig. 7 the variations of v with different
ratios of resonance frequencies (f;/f;) are reported. All curves
given in Figs. 6 and 7 are plotted by joining the points ob-
tained numerically by varying v between 0.01 and 0.5 at steps
of 0.01. A polynomial fitting of third degree describes the
variation of each coefficient K; with sufficient accuracy, two
of these functions are reported in Table 3. A polynomial fit-
ting of fourth degree is suitable to describe v(f;/f;) (in the
following f;; =fi/f;); among the f;;, f31 is the least sensitive
function to the measurement errors on the ratio f;/f;, in fact,
as can be seen in Fig. 7, the slope of this curve is the smallest.
The expression of this function is reported in the last row of
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Fig. 6. Variation of the coefficient K; with v: the ith curve represents the
variation with v of the ith resonance frequencies normalized by the reference

frequencies y/ Et3 /(mI2(1 — v2)).

v
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Fig. 7. Relation between Poisson’s ratio and the ratios f;;. By the measure-
ment of fj; it is possible to determine directly the Poisson’s ratio. The slope
of these curves is related to the sensitivity to the measurement error.

Table 3. By means of Table 3 and Eq. (5) it is possible to
obtain E and v according to the following steps:

1. measure the first and third resonance frequencies and cal-
culate the ratio f31;

2. determine v by the last equation of Table 3;

3. calculate one of the coefficients K; by one of the first two
equations of Table 3;

4. calculate E by Eq. (5).

3.2. Results

Fig. 8 shows the experimental equipment used for the
measurement of the elastic constants. It is very simple and

Table 3
Analytical expression for the determination of the elastic constants by the
measurement of the first and third resonance frequency

K\ 0.7267 —0.3191v — 0.1097v% — 0.095921°

K3 1.028 +0.3453v — 0.1374v% — 0.15851°
v —1.8702 + 1.5581f3; +0.085685f312—0.21996f31 % +0.040690f3, *

Fig. 8. Experimental set-up for the measurement of the resonance frequen-
cies.

cheap, in fact it requires: a personal computer with sound
input capabilities running in LabVIEW environment; a low
cost directional microphone with a frequency response range
of 10-20,000 Hz; some soft supports to cut the specimen off
from external vibrations; an impulse tool.

The specimen is tapped lightly with the impulse tool caus-
ing a transient standing wave to be generated in the solid. The
resulting sound is acquired by the microphone, recorded on
the hard disk of the computer and analysed by a proper vir-
tual instrument (VI). This extracts the frequency components
of the sound by using a fast fourier transform algorithm; in
addition, it also displays the waveform and frequency spec-
trum of the sound. A good resolution (less than 1 Hz) can be
obtained. If the dimensions and mass of the solid are given,
the elastic constants can then be calculated. The details about
this experimental procedure are reported in ref.!#; the results
obtained by the dynamic technique for the same carbon steel
specimen analysed by the static technique are reported in
Table 4.

The uncertainty on E and v can be evaluated by the well-
known method for the analysis of uncertainty propagation
using Taylor’s series.?* This approach can be adopted since
an analytical expression relating the elastic constant to all
the uncertainty quantities on which it depends is given (last
equation in Table 3 and Eq. (5)). Dealing with absolute errors,
the linear error propagation law can be used to carry out the
error analysis of both the elastic constants.

According to the last equation of Table 3 the relative er-
ror on the Poisson’s ratio depends on the ratio f3; and on the
value of v. The percentage error on the Poisson’s ratio was
evaluated by applying the theory of the uncertainty propaga-
tion: for very low values of v, in order to obtain a percentage
error less than 5%, it is necessary to measure the resonance

Table 4
Summary of the experimental results obtained for the steel specimen by the
dynamic approach

Mean value Reference value
Young’s modulus (GPa) 210.0 206
Poisson’s ratio 0.290 0.290




2424 L. Bruno et al. / Journal of the European Ceramic Society 26 (2006) 2419-2425

Table 5
Measured resonance frequencies and the corresponding absolute and relative
errors

Measured value (Hz) Absolute error (Hz) Relative error (%)

fi 1608 2 0.12
£ 2412 2 0.08
Table 6

Summary of the experimental results obtained for the CVD diamond speci-
men by the dynamic approach

Mean value Maximum deviation
Young’s modulus (GPa) 695 4
Poisson’s ratio 0.075 0.003

frequencies with an error of about 0.04%; for typical values
of v (~0.25), by an error of 0.2% on the frequencies, the error
is less than 2%; finally for high values of v (~0.45) an error
on the frequencies of 0.5% implies an error on the Poisson’s
ratio of about 2%. Therefore, in most of cases it is possible to
obtain an error on v less than 2%. As conservative hypothesis,
a frequency measurement error of 2 Hz was assumed.

The error analysis on the Young’s modulus is slightly more
complex than the case of the Poisson’s ratio, in fact, E is
calculated as:

1—v:  ml?
E=——f"—. 6
Kl-z(v)fl 13 ©

By applying the linear error propagation law the percentage

error on the Young’s modulus can be evaluated by the fol-
lowing formula:

+2

AE Aiv  Av
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where the coefficients A; and B; are the parameters of the
straight line by which it is possible to fit with a negligible
error the first ratio in Eq. (6); of course these coefficients
depend on the frequency used to evaluate E.

Table 5 reports the measured frequencies and the corre-
sponding absolute and relative error; by these values and the
values measured for the mass and dimensions of the speci-
men (m=3.412 g, /=50 mm, r=0.4 mm) the elastic constants
and the corresponding errors were evaluated:

E =695+£4GPa

®)
v =0.075+£0.003
These results are reported in Table 6.

For the calculation of the Young’s modulus both the first
and the third frequency were used, but the values obtained
were practically the same. Also for the uncertainty of E both
frequencies were used. In this case slightly different results
were obtained, in Eq. (6) the greater value is used.

4. Conclusions

In the present paper the elastic characterization of a CVD
diamond specimen has been carried out by a static and a
dynamic experimental technique. Apart from the Poisson’s
ratio measured by the static approach, both the techniques
have provided highly repeatable results. In particular, rela-
tive errors of less than 3 and 1% for the static and dynamic
Young’s modulus, respectively, were obtained. A maximum
error of about 4% was obtained for the dynamic Poisson’s
ratio while a high relative error (~30%) was obtained in the
static measurements.

The discrepancies between the dynamic and static results
are due to many causes. In the dynamic measurements, the
elastic constants are obtained from the dynamic behaviour of
the specimen and therefore, such data reflect the frequency
dependence of the material. Furthermore, the finite element
model assumed in the numerical calibration provides only ap-
proximate results, both for the kind of the solution adopted
and for neglecting the damping effects of the material. In
the static measurements some systematic error sources affect
the measurements, such as the identification of the coordi-
nate system on the image of the specimen and the location
of the support points. Finally, the different thermal condi-
tions governing the tests (the static test is an isothermal test,
whereas the dynamic test is essentially adiabatic) could gen-
erate further differences. Of course additional errors due to
the measurement of the geometry of the specimen (the edge
and the thickness) can also influence the measurements in
both the techniques.

Finally we can state that the proposed techniques are easy
and quick to perform, so by them it is possible to obtain a
large amount of data in a short time; in addition, the dynamic
technique requires a very cheap experimental set-up. The es-
timated values for the Young’s modulus have shown a very
small dispersion if compared with that obtained by the tech-
niques based on the nanoindentation tests. For the Poisson’s
ratio very few results are available in literature and usually
this parameter cannot be measured, instead by the proposed
techniques it is possible to achieve a good accuracy and re-
peatability.
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