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Some notes on the correlation between fracture and defect statistics:
Are Weibull statistics valid for very small specimens?
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bstract

trength data of brittle materials show a significant scatter. Therefore probabilistic methods have to be used for designing with these materials. So far
his has been done on the basis of the Weibull statistics. The Weibull statistics (implicitly) implies a particular type of defect distribution, which can
e observed in many (but not in all) ceramic materials. The correlation between the strength and the flaw size distribution is discussed in some simple

xamples. Then the situation for very small specimens is discussed. This case will be of high relevance for the testing of miniaturised electroceramic
omponents and materials of the microsystem technique. It is shown that the Weibull theory gets inconsistent and should overestimate the strength
f the specimens (components), due to the fact that the effective volume becomes smaller than the fracture origin.

2005 Elsevier Ltd. All rights reserved.
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. Introduction

Fracture of brittle materials (e.g. ceramics) usually initiates
rom flaws, which are distributed in the material. The strength
f the specimen then depends on the length of the major flaw,
hich varies from specimen to specimen. Therefore, the strength
f brittle materials has to be described by a probability function
statistics).1–3 It follows from the experiments that the prob-
bility of failure increases with load amplitude and size of the
pecimens.1,2,4 The first observation is trivial. The second obser-
ation follows from the fact that it is more likely to find a major
aw in a large than in a small specimen. Therefore, the mean
trength of a set of large specimens is smaller than the mean
trength of a set of small specimens. This size effect of strength
s the most prominent and relevant consequence of the statistical
ehaviour of the strength of brittle materials.

Weibull was the first to develop a statistical theory of brittle
racture.5,6 His fundamental assumption was the weakest link

ypothesis, i.e. the specimen fails if its weakest volume element
ails. Using some empirical arguments necessary to make a sim-
le and good fitting of his experimental data he derived the so
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alled Weibull distribution of the probability of failure, F, which,
n its simplest form and for a uniaxial homogenous and tensile
tress state, σ, and for specimens of the volume, V, is given by:

(σ, V ) = 1 − exp

[
− V

V0

(
σ

σ0

)m]
. (1)

he Weibull modulus, m, is a measure for the scatter of strength
ata: the smaller the m is, the wider the distribution is. σ0 is a
haracteristic strength value and V0 the corresponding reference
olume. For V = V0 and σ = σ0, the probability of failure is equal
o 1−e−1 ∼= 63%. Of course the probability of surviving (the
eliability R) is given by R = 1−F.

In the last 50 years a significant amount of research has been
ade to give Weibull’s theory a more fundamental basis.7–15

he paper of Kittl and Diaz16 gives a good overview on the for-
er developments. Freudenthal8 showed for homogenous and

rittle materials that, if the flaws do not interact (i.e. if they are
parsely distributed), the probability of failure only depends on
he number of destructive flaws, Nc,S, occurring in a specimen
f size and shape, S,
S(σ) = 1 − exp
[−Nc,S(σ)

]
. (2)

c,S denotes the mean number of destructive (critical) flaws in a
arge set of specimens (i.e. the value of expectation). Jayatilaka
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t al.9 demonstrated in their noteworthy paper, that, for a brittle
nd homogeneous material, the distribution of the strength data
s caused by the distribution of sizes (and orientations) of the
aws and that a Weibull distribution of strength will be observed
or flaw populations with a monotonically decreasing density
f flaw sizes. Danzer et al.12–14 extended these ideas to flaw
opulations with any size distribution and to specimens with an
nhomogeneous flaw population. Then the strength distribution
trongly depends on the shape of the flaw distributions in the
aterial. Again it was necessary to assume that a specimen fails

f any one flaw initiates fracture (the weakest link hypothesis),
nd that there is no interaction between the flaws. On the basis of
hese ideas a direct correlation between the flaw size distribution
nd the scatter (statistics) of strength data can be recognised.

The failures-causing flaws are in most cases strictly related to
he materials production process. To give some examples—such
aws are large grains, pores resulting from organic inclusions,
ressing defects ore remnants of agglomerates.17 It seems to be
bvious that size and distribution of such flaws strictly depend
n the production process and they change with size and geom-
try of the component. Therefore, it is of great importance to
etermine the mechanical properties separately for each type
f component. This has to be done on specimens, which are
achined out of the components or on the components them-

elves.
Up to these days the Weibull distribution function has been

he basis of the state of the art mechanical design process of
eramic components.18,19 The strength testing of ceramics and
he determination of Weibull distribution are standardised.20,21

ollowing the standards the Weibull distribution function has
o be measured on a sample of “at least” 30 specimens (due to
igh machining costs, larger samples are hardly tested in the
aily testing practice). It should be recognised that the range
f “measured” failure probabilities increases with the sample
ize14 and is – for a sample of 30 specimens – very limited (it is
etween ∼ 1/60 and ∼ 59/60). To determine the design stress, the
easured data have – in general – to be extrapolated with respect

o the (effective) volume and to the “tolerated” failure probability
f the components, respectively, which often results in a very
arge extrapolation span.22 In order to reduce this extrapolation
pan the testing of large samples and of specimens with a size
s large as possible has been recommended.22

Electroceramic components have a large and growing mar-
et nowadays and are produced in gigantic numbers (to give
n example: the annual world production of PTC components
eaches several billions of components). It is well known that,
n service, the Joule self-heating of electroceramic components

ay cause large temperature changes and differences in the com-
onents. This may cause serious mechanical stress and even
echanical failing of the components.23–25 But, in general, a

ery high service reliability (of around 99.9999% = 1–10−6 and
ore) is claimed for electroceramic components. Therefore,
echanical testing and mechanical reliability assessment of
uch components is a relevant topic,26–29 which should be more
ddressed. Since electroceramic components are very small in
eneral (much smaller than the standardised size for bending
est specimens20) and since the miniaturisation of these compo-

a

a
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ents still proceeds, challenging work on appropriate mechani-
al testing procedures for small electroceramic components (or
or small specimens machined out of the components) must be
one.30,31

In this paper the application of the Weibull theory on very
mall specimens is reviewed. The relationships between flaw
ize distribution, the size of the fracture initiating flaw and the
trength are discussed, and it is shown that there exists a limit for
he applicability of the classical fracture statistics (i.e. Weibull
tatistics based on the weakest link hypothesis) for very small
pecimens (components).

. Fracture statistics and defect size distribution

To determine the probability of failure in dependence of the
pplied load more information on the involved flaw distributions
s needed.9,12–14 The function Nc,S(σ) is obtained by integrating
he local density, nc(σ, �r), of destructive flaws:

c(σ, �r) =
∫ ∞

ac(σ)
g(a, �r) da (3)

ver the volume of the specimen:

c,S =
∫

nc dV. (4)

or simplicity and without loss of generality9 it has been
ssumed that the size and orientation of a flaw can be described
y the single variable (the flaw size, a). The frequency distribu-
ion density of flaw sizes, g(a, �r), may depend on the position
ector, �r. A local fracture criterion (e.g. the Griffith criterion,1,2)
orrelates stress amplitude and flaw length: the critical flaw size,
c(σ), is the minimum flaw length, which – under the action of
he stress σ – causes failure (the size of the smallest destructive
aw). Since ac depends on the magnitude of the applied stress,
o do the values of nc and also of Nc,S.

It has been shown by Jayatilaka et al9 that for homogeneous
aterials loaded under uniaxial homogeneous tension (in this

ase the integral in Eq. (4) is trivial) and for flaw populations
ith relative frequencies that decrease according to a negative
ower of their (effective) radius, a,

(a) = g0

(
a

a0

)−r

, (5)

Weibull distribution (Eq. (1)) occurs. Of course it is still
ssumed that the flaws do not interact. This function has only
wo parameters effectively: the exponent (−r) and a coefficient
g0a0

r). The density of destructive flaws in terms of a critical
aw size ac is:

(ac) =
∫ ∞

ac

g(a) da = g0a0
r

r − 1
a1−r

c = ac

r − 1
g(ac). (6)

nserting Eq. (5) into Eq. (6), performing the integral of Eq. (4)

nd applying the Griffith criterion1,2

c = 1

π

(
KIc

Yσ

)2

, (7)



n Cera

w
t
i
g

m

a

V

I
d
r

(
u
a
v

o
o
t
l
d
p
c
R

e
b
f
s
i
a
d
e
T
t
f
d

3
t

3

t
t
b
s
m
(
t
o
s

m
p
s

F

I
r

N

I
(
a

m
s
d
(

t
o
fl
h
i

n

F
i
i

g

I
f
e

g

w
e
distribution of flaw sizes in a wide range of parameters by testing
specimens of different volume.

#1 There exists a wide literature on the best definition of the estimation function
and – although in most practical cases the differences between the proposals are
small (compared to the scatter of data) – there is no consensus about the best
R. Danzer / Journal of the Europea

hich relates the critical flaw size ac to the tensile strength σ,
he Weibull distribution, Eq. (1), results. KIc is the critical stress
ntensity factor (the fracture toughness) and Y is a dimensionless
eometric factor. The Weibull parameters are given by

= 2(r − 1), (8a)

nd

0σ0
m = r − 1

g0a0

(
KIc

Y
√

πa0

)m

. (8b)

n the following, a homogeneous material behaving in the way
escribed above (Eqs. (1) and (5), etc.) is called “Weibull mate-
ial”.

It should be noted that a Weibull-type strength distribution
Eq. (1)) also may arise for inhomogeneous stress and non-
niaxial stress states (then the volume has to be replaced by
n effective volume1). If failure is caused by surface flaws, the
olume in Eq. (1) has to be replaced by the surface.1,13

In a series of papers Danzer et al. have discussed the influence
f several other flaw size distributions as given in Eq. (5) (e.g.
f bimodal distributions) on the strength distribution.13,14,22 In
hese cases the Weibull modulus migth depend on the applied
oad amplitude and on the size of the specimen. Then the
etermination of a design stress in the usual way may become
roblematic. A stress- and size-dependent modulus may also be
aused by internal stress fields13 or occurs for materials with an
-curve behaviour.14

It should also be noted that on the basis of a small sample size,
.g. containing 30 specimens, it is not possible to differentiate
etween a Weibull, a Gaussian, or any other similar distribution
unction. This has been shown by means of chi-square tests and
imilar tests in a paper by Lu et al.32 on the example of exper-
mentally determined distributions and in a paper by Danzer et
l.14 by Monte Carlo simulations. In other words, if a strength
istribution is evaluated according to the rules of the standards,
.g.,21 it appears to be a Weibull distribution in almost any case.
his is a consequence of the inherent scatter of the data and of

he sampling procedure for small samples. The ultimative test
or the existence of a Weibull distribution is to test a material on
ifferent levels of (effective) volumes.

. Determination of the flaw population from fracture
ests

.1. Tensile tests

Let us first discuss the relationship between fracture statis-
ics and defect size distributions for the simple case of tensile
ests (uniaxial and homogeneous stress state) of a homogeneous
rittle material. The tests are performed on specimens of equal
ize. For reasons of convenience it is assumed that the speci-
ens volume is V = V0. The number of tested specimens is X
i.e. the sample size is X). In each test the load is increased up to
he moment of failing. The strength is the stress at the moment
f failure. In each sample the strength values of the individual
pecimens are different, i.e. the strength is distributed.
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If the data determined in that way are evaluated the speci-
ens are ranked according to their strength, i being the ranking

arameter. To estimate the failure probability for an individual
pecimen an estimation function is used#1:1,21

i = i − 1/2

X
, i = 1, 2, . . . , X. (9)

nserting Eq. (9) into Eq. (2) and making a few rearrangements
esult in:

c,S(σi) = ln
2X

2X − 2i + 1
. (10)

n this way the mean number of destructive flaws per specimen
of volume V0) at the stress σi can be read by the ranking number
nd sample size.

For the weakest specimen (i = 1) of a sample (size X) the esti-
ator for the probability of failing is: F1 = F(σ1) = 1/2X. That

pecimen contains in the mean Nc,S(σ1) = ln 2[X/(2X − 1)]
estructive flaws. For the strongest specimen of the sample
i = X) it holds: FX = F(σX) = (2X−1)/2X and Nc,S(σX) = ln 2X.

A special situation occurs if the strength is equal to the charac-
eristic strength (i.e. for V = V0 and σ = σ0). Then the probability
f failure is F(σ0) = 1−1/e and the mean number of destructive
aws per specimen is equal to one: Nc,S(σ0) = 1. Therefore, for
omogeneous distributed flaws, the density of destructive flaws
s:

c(σ0, V0) = Nc,S(σ0)

V0
= 1

V0
. (11)

or a Weibull material inserting Eq. (11) in Eq. (6) and rearrang-
ng the result for the relative frequency distribution of flaw sizes
s:

(ac,0) = r − 1

V0ac,0
. (12)

f the calculations made for σ = σ0 and V = V0 are generalized
or any stress value σi, and for specimens of any volume V the
quation reads:

(ac,i) = r − 1

Vac,i
ln

2X

2X − 2i + 1
. (13)

here ac,i is related to σi via Eq. (7). The application of this
quation opens a simple possibility to determine the frequency
hoice of that function. The aim of this paper is to make clear the relationship
etween strength and flaw size distribution and to show the implicit limits of the
pplicability of the Weibull theory. Therefore, small differences in the definition
f the estimation function are not relevant and the simple function of Eq. (9) is
sed.
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ig. 1. Strength data of a silicon nitride ceramic tested in four-point bending14

ensity of flaw sizes vs. the flaw size in a double logarithmic representation.

.2. Determination of the relative frequency of flaw sizes
rom strength tests; bending tests on a silicon nitride
eramic

A large set of bending test results#2 is published in [14,33].
ifty-five bending bars were machined out of the ceramic valves
ade of a pressureless sintered silicon nitride material. The

pecimen size was 3 mm × 3 mm × 35 mm. To avoid the surface
aws caused by the machining of the specimens their tensile sur-
aces were carefully finished according to ENV 843-1.20 The
ests were performed using a fully articulating fixture with a
0/15 roller span in analogy to ENV 843-1.20 These data are
sed in the following to visualize the relationship between the
eibull and the flaw size statistics. The weakest, the character-

stic, and the strongest strength value of the samples were deter-
ined to be 669, 933 and 1064 MPa, respectively, the Weibull
odulus of the sample is m = 14 and fracture toughness#3 is
Ic ≈ 6.2 MPa m1/2.33 Using Eq. (7) and setting Y = 2/π (the geo-
etric factor of the penny-shaped crack) the critical flaw sizes

ccording to the above strength data are ∼67, ∼37, ∼26 �m,
espectively. The size ratio of the critical flaws in the weakest
nd the strongest specimen is around 2.6. For the tested sili-
on nitride, all the analyzed fracture origins were yttrium and
luminum reach agglomerates.33

The results of the strength tests are plotted in a Weibull

iagram1 (Fig. 1a). The data are nicely grouped around a straight
ine, which represents the Weibull distribution calculated by the

aximum liklihood method according to ENV 843-5.22 The

#2 To make the discussion easier the arguments for tensile tests are made (spec-
mens tested with an uniaxial and homogene tensile stress state) but the ideas
an also be applied to other testing conditions. In the case of bending tests, the
rocedure is described in standard text books, e.g.[1,2] The specimens volume
as to be replaced by an effective volume and the tensile stress by an reference
tress (the outer fibre stress).
#3 The fracture toughness has been determined in [34] using the indentation
trength and indentation fracture method. Both methods have resulted in almost
he same value.

u
e
m
s
a
m
g

T
c
t

) Weibull diagram (probability of failure vs. stress); (b) frequency distribution

lope of the line is the Weibull modulus (m = 14). An evalua-
ion of the data according to Eq. (13)33 results in Fig. 1b, where
he relative frequency of flaw sizes is printed versus the critical
aw size in a double logarithmic plot. Again the data are nicely
rouped around a straight line (now it has the slope −r, with
= 8). An extremely strong dependency of the relative frequency
n the critical flaw size can clearly be recognized: although the
ize of the critical flaws in the samples only varies by a factor of
round 2.6 the corresponding relative frequency of the flaw sizes
aries by a factor of around 2000 (2.68 ≈ 2000). That means that
gglomerates with a radius of 26 �m occur about 2000 times
ore often than agglomerates with a radius of 67 �m.
In the past, inhomogeneities in the microstructure have been

dentified many times to be the origins of fracture in brit-
le materials.17 In general, it can be concluded from fracture
xperiments that the Griffith criterion applies (Eq. (7)) quite
ell,17,35–37 and nowadays it is the fundamental idea and basic
uide line in the standards for fractography, e.g. [38].

.3. Relationship between density of destructive flaws, the
umber of destructive flaws per specimen, the failure
robability, the strength and size of the critical flaws for a
ypical Weibull material

In this example, parameters of a typical Weibull material are
sed which could correspond to the measured data of a mod-
rn silicon carbide or of a modern alumina ceramic. For that
aterial the insinuated correlation between strength and defect

tatistics is studied in more detail. The following parameters

ssumed for that material are#4: σ0 = 400 MPa, m = 20 (deter-
ined at specimens with V = 1 mm3) and KIc = 4 MPa m1/2. The

eometric factor of the defects is chosen to be equal to that of

#4 For many modern ceramic materials the ratio of KIc/σ0 is about 1/100 m1/2.
he Weibull modulus of most modern ceramics is between 10 and 20 and in rare
ases it can even be higher. The relative high value of m = 20 has been chosen
o make the discussed trends more evident.
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Fig. 2. Number of destructive flaws (or probability of failure) for specimens of
volume V = 1 mm3 vs. the critical flaw length (in relative units) for a Weibull
material having a Weibull modulus of m = 2 (r−1) = 20. The relationship on
the strength is also indicated (top of the diagram). The ordinate at the right
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penny-shaped crack in the volume: Y = 2/π. For this material
he parameters in Eq. (5) are:

= 11 and g0 = 4

π
1014m−4. (14)

he free scaling parameters are defined to be V0 = 1 mm3 and
0 = (π/4) × 10−4 m. The data were selected in such a way that
t σ = σ0 = 400 MPa the critical crack size is ac = a0, the relative
requency of flaw sizes is g(a0) = g0 and the density of destructive
aws is n(ac) = 109 m4.

For this material and in a tensile specimen with a volume of
= 1 mm3, 1 destructive flaw occurs per specimen (in the mean)

nd in a tensile specimen with a volume of 10 mm3, 10 destruc-
ive flaws per specimen occur in the mean. In the first case the
ailure probability is 63% but in the latter it is 99.995% ∼= 100%.
he difference to 100% accounts for the case that in some spec-

mens more than the mean number of destructive flaws exist, but
n some rare cases there is none (in the second example in one
f 2 × 104 specimens).

At a lower stress, as in the case discussed above, say at
= 0.9σ0 = 360 MPa the critical crack length is 21% larger and

he density of destructive flaws is 1.21(r−1) = 1.2110 ∼= 6.7 times
ower than at σ = σ0 = 400 MPa. The corresponding probability
f failure (in a specimen with a V = 1 mm3) is around 14%. At
stress level of σ = 1.1 σ0 = 440 MPa the density of destructive
aws is around 6.7 times higher than for σ = σ0 and the proba-
ility of failure is 99.9%.#5

It is obvious that for modern ceramic materials having a high
eibull modulus there is an extremely strong dependency of the

robability of failure on the frequency distribution density of
aw sizes (and on the density of destructive flaws, respectively).

The correlations between density and the number of destruc-
ive flaws, the critical flaw size, the applied stress and the
robability of failure are visualized in Fig. 2. The thick line cor-
esponding to Eq. (6) describes – for specimens having a volume
f 1 mm3 – the relationship between the number of destructive
aws and the critical flaw size (in relative units). All properties
re plotted in a double logarithmic scale. The slope of the line
orresponds to that of a material having a Weibull modulus of
= 20 (the slope is −m/2 = 1−r). Using the Griffith/Irwin cri-

erion (Eq. (7), ac ∝ σ−2) each flaw size is related to a strength
alue. The corresponding scale for the strength (in relative units)
s plotted on the top of the diagram. Using Eqs. (1) and (2) each
trength value also corresponds to a probability of failure, the
orresponding scale is plotted on the right side of the ordinate.
alues for the density of destructive flaws are plotted on the rigth
and side of the diagram.

.4. Size effect on strength, application to very small
pecimens

As discussed in the introduction there exists a size effect on

trength1,2 which – for a Weibull material – is described by:

1σ1
m = V2σ2

m (15)

#5 For σ = σ0/2, the density of critical flaws is 2(r−1) = 210 = 1024 times the
ensity at σ = σ0 and for σ = 2σ0 it is 1/1024 times the density at σ = σ0.

i
i
v
i

and side of the diagram shows the density of destructive flaws per specimen.
or specimens having other volume (V2) this scale is shifted upwards by the
onstant factor lg(V2/V).

he probability of failure in a sample containing specimens of
olume V2 is equal to that in another sample containing spec-
mens of volume V1 if the stresses applied to the specimens
re related according to Eq. (15). The size effect can also be
ncluded in Fig. 2: for specimens having another volume than
= V0 = 1 mm3 the number of destructive flaws (and the proba-

ility of failure) causes a shift of the right ordinate by the constant
g (V2/V1) (remember, the flaw density in a Weibull material is
ssumed to be homogeneous).

Inserting Eq. (7) into Eq. (15) shows a relationship for the
adii of the corresponding critical defects:

ac,1

ac,2
=

(
V1

V2

)2/m

. (16)

he corresponding relative frequency of flaw sizes for sample
at σ = σ0 is g(a1) = g0(a1/a0)−r and the density of destructive
aws is nc(σ0,1,V1) = 1/V1. The analogue holds for the sample
ith specimens of volume 2.
In Fig. 3#6 the diameter (2ac) of the critical flaws correspond-

ng to the characteristic strength of the specimens is plotted

n a double logarithmic scale and in relative units versus the
olume of the specimens (Eq. (16)). The slope of the line
s 2/m = (r−1) = 0.1. The dashed line corresponds to a typical

#6 A similar diagram can be found in the thesis of A. Börger.40
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Fig. 3. Diameter of the critical flaw size (2ac) vs. the volume of the specimen
(full line) in a double logarithmic plot. The edge length of a cube having the
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olume of the specimen (dashed line) is also shown. The material properties are
qual to those used in Fig. 2 (m = 20, σ0 = 400 Pa, Kc = 4 MPa m1/2, V0 = 1 mm3,
= 2/π).

caling parameter for the volume of the specimen; for sim-
licity the edge length of a cube with volume V is taken as
he characteristic length xS = V1/3. For materials with a modu-
us of m > 6, there exists a point of intersection between both
ines, which is – in the selected example – at a volume of about
≈ 2 × 10−4 mm3 (this corresponds to the radius of the critical
aw of about ac ≈ 30 �m). The full line shifts down (and the

ntersection point to the left) for materials having a lower KIc/σ0
atio as used in the above example. This might happen for some
aterials with an advanced processing technology. The intersec-

ion point shifts to the right for a material with a higher Weibull
odulus (and to the left for a materials with a lower modulus) as

sed in the above example (m = 20). In summary it can be stated
hat for many advanced materials (having a modulus m = 10–20)
he intersection point will occur at an (effective) volume of the
pecimen of about 10−4 mm3 or even at a smaller volume.

Obviously the assumption made in Eq. (5) (the relative fre-
uency of flaws follows an inverse power law) can only approx-
mate the behaviour of materials for large flaws and it fails for
ery small flaws: the relative frequency goes to infinite if the
aw size goes to zero: g(a) → ∞ if a → 0. At the point of inter-
ection in Fig. 3, the density of dangerous flaws gets so high that
he volume of the specimens is completely filled with flaws and,
eft to that point, the “volume of dangerous flaws” even exceeds
he volume of the specimens. For obvious reasons this is not
ossible in real materials#7 and it is expected that in this case
nd for materials with m > 6, the relative frequency is (much)
ower than the one implicitly predicted by Weibull theory.

Another inconsistency is caused by the fact, that the deriva-

ion of the fracture statistics (Eqs. (1) and (2)) assumes non-
nteracting flaws. This will only be true in the case of a low flaw
ensity. If fracture statistics is applied for very small specimens

#7 For materials with m < 6 (with a very large scatter of strength) an analogue
nconsistency occurs for very large specimens. Then – for a Weibull material – the
ize of the critical flaw should become larger than the length of the specimen. Of
ourse this is not possible and indicates another limitation of the Weibull theory.
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ade of a Weibull material the density of dangerous flaws gets
igh and the interaction between flaws cannot be neglected any
onger. For that case some theoretical work indicates a loss of the
ize effect,39 but an experimental proof is missing up till now.

In summary, it can be concluded that a Weibull material can-
ot exist in reality because for very small flaws the flaw density
n a Weibull material gets so high that some interaction among
he flaws must occur. But an interaction among the flaws is in
onflict with the weakest link hypothesis, which is the funda-
ental assumption in the statisistical theory of brittle fracture.

nteraction between flaws might cause some interlinking and
ight reduce the strength.39 This fact is only relevant for very

mall specimens and components (having an effective volume
f 10−4 mm3 or less) and it is irrelevant for normal specimens.
herefore, it has not been discussed in the literature yet. But for
omponents of the microsystem technique or for microelectronic
evices this behaviour becomes highly relevant.

. Conclusions

For a long time it has been well known that there is a strong
correlation between the strength and flaw distribution. One of
the consequences of the statistical nature of strength in brittle
materials is the size effect on strength. Its existence has been
predicted theoretically5,16 and has also been demonstrated in
many experimental studies, e.g. in [1,4,19,33]. But a detailed
fractographic analysis of flaw populations, especially of the
relative size frequency of dangerous flaws, is missing. This is
an important area for future work.
The theoretical analysis made in this paper, made on a set of
published experimental data, shows a very strong dependency
of the flaw density on the flaw size (g(a) ∼ a−8). The observed
type of flaw distribution (inverse power law) is a necessary
condition for the occurrence of a Weibull distribution. But
such a strong dependency of the flaw density on the flaw size
can only be valid in a relatively small interval of flaw sizes.
For example, for the data mentioned above, a change (scatter)
in strength of a factor of about 3 implies a change in the size
of the critical flaw sizes of a factor of about 10 and a change
in the density of flaws of about 7 orders of magnitude.
In particular, the slope of the flaw size density attributed to
Weibull materials cannot be true for very small flaws, where
the inverse power law predicts unrealistic high flaw densities.
Therefore, the Weibull theory should fail in the case of very
small flaws being fracture origins.
The high flaw density of very small flaws attributed to Weibull
materials should result in a strong interaction among the flaws.
This is in discrepancy to the weakest link hypothesis, which
is the fundamental assumption in the statistical theory of brit-
tle fracture4,5,8,12 and in particular, in the Weibull theory.4,5

Therefore, the Weibull theory should fail if very small flaws
are fracture origins.
The situation discussed in the last two paragraphs will occur

if very small specimens are tested. For modern ceramic mate-
rials having a Weibull modulus between m = 10–20 this might
be relevant for specimens having an effective volume of about
V ≈ 10−4 mm3 or smaller.
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For very small specimens (components) the flaw density
should be lower than predicted by the Weibull theory and
some interaction among the flaws should occur. This should
cause a lower strength than predicted by the Weibull theory.
For the design of components of the microsystem technique
or of microelectronic devices a new statistical theory of brittle
fracture has to be developed.
Although all arguments were made for materials containing
volume flaws, similar results can be expected for specimens
or components failing from surface or edge flaws.
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