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bstract

A common approach for the determination of slow crack growth (SCG) parameters are the static and dynamic loading method. Since materials
ith small Weibull module show a large variability in strength, a correct statistical analysis of the data is indispensable. In this work we propose

he use of the Maximum Likelihood Method and a Baysian Analysis, which, in contrast to the standard procedures, take into account that failure
trengths are Weibull distributed. The analysis provides estimates for the SCG parameters, the Weibull module, and the corresponding confidence
ntervals and overcomes the necessity of manual differentiation between inert and fatigue strength data. We compare the methods to a Least Squares
pproach, which can be considered the standard procedure. The results for dynamic loading data from the glass sealing of MEMS devices show

hat the assumptions inherent to the standard approach lead to significantly different estimates.

2005 Elsevier Ltd. All rights reserved.
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. Introduction

Subcritical crack growth is a well known phenomenon for
large variety of glass and ceramic materials. A widely used

mpirical relation models the stress intensity at the crack tip and
he rate of crack growth by a simple power law.9 The model
overs slow crack growth rates which are most interesting for
ifetime prediction:

= A

(
KI

KIC

)n

(1)

ith v representing the crack growth rate, KI/KIC the ratio of
ctual and critical stress intensity at the crack tip and the ma-
erial and environmental dependent slow crack growth (SCG)
arameters A and n. The determination of the SCG parameters
f structural glass and ceramic components is therefore an es-

ential part in assessing the reliability of industrial products.
arious methods to determine these parameters exist, which can
e related to two different approaches.
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The double torsion, double cantilever and compact tension
ethod count among the first approach. It uses special test sam-

les with artificially induced macroscopic cracks, and allows for
relatively comfortable and direct —mostly optical— observa-

ion of the crack propagation. The drawback of this group of
ethods is, besides the need for special test samples and equip-
ent, the fact that macroscopic cracks might show a different
CG behavior than natural microscopic flaws.

The second approach makes use of the fact that material sub-
ect to subcritical growth of initial defects shows time dependent
trength.9

This property consequently leads to finite lifetimes in tests
nder static loading conditions:

f = Bσn−2
i σ−n

[
1 −

(
σ

σi

)n−2
]

(2)

he time to failure is denoted by tf, B contains some fracture
echanical quantities including A, σ is the applied load, and
i is the inert strength. In tests under dynamic loading condi-

ions the fracture strength is dependent on the applied loading
ate [ (

σ
)n−2

]

n+1
o = Bσn−2

i σ̇(n + 1) 1 − o

σi

, (3)

here σo denotes the characteristic fracture strength, σ̇ is the
oading rate in the dynamic loading test. Both methods are effi-
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ig. 1. The left plot shows the dependency (3) between loading rate σ̇ and cha
arameter it can be hard to localize the plateau region from experimental data a

ient in the determination of the dependency in (1) using samples
ith natural microscopic defects. They are often applied to de-

ermine the SCG parameters of glasses and ceramics as they
vercome the mentioned drawbacks of the above approach. The
nalysis of both, static and dynamic loading experiments, sim-
lifies the SCG behavior of the material assuming the power
aw relation in (1). In principle one needs to take into account
ll three stages operant in ceramics and glasses as well as the
hreshold stress intensity below which no SCG behavior can be
bserved. In comparison to dynamic configurations static load-
ng tests provide more lifetime relevant results since they are less
ffected by the stages two and three of the SCG.14 The ‘lifetime
ests with modified evaluation’ given by Fett et al. does not re-
uire any assumption on the SCG law.9 However, to use this
ethod one needs to know the inert strength and lifetime dis-

ributions and one has to ensure that both are determined by
he same flaw distribution. Especially for tests that have to be
pplied on device level this can be difficult to ensure.

In this paper we focus on the analysis of dynamic loading
easurements (3) comparing several methods to determine the
CG parameters when strengths are Weibull distributed. Model
2) for static loading experiments is equivalent and the analysis
an be performed in the same manner—thus retaining all advan-
ages as described in the following.a We present dynamic ten-
ile loading measurements of the glass sealing of Micro Electro

echanical Components. Fig. 1 schematically depicts relation
3), the according quantities can be determined using relatively
imple mechanical test methods and the measurements can be
erformed in an industrial environment. For details on the ex-
erimental setup see ref. 5.

Being a probabilistic quantity the strength of ceramics and
lasses can show large scattering. Therefore, a reasonable
mount of samples has to be measured and a correct statisti-
al analysis needs to be conducted. Most often the examined
trength data σf are Weibull distributed:

m

f ∼ WB(σf|σo, m) = mσ−m
o σm−1

f e−(σf/σo) , (4)

here σo denotes the characteristic fracture strength and the
eibull module m describes the amount of variation. The smaller

a Thanks to the referee for pointing this out.

o
c
e
i

istic failure strength σo with asymptotes (5). For materials with small Weibull
n by the right plot (RB-data, see Section 4 for details).

he Weibull module of the considered material, the more im-
ortant an accurate statistical analysis becomes. An accurate
nalysis needs to account for the Weibull distribution and there-
ore inhibits the use of standard methods. Since m is in good
pproximation independent of the loading rate Eq. (3) can
e simplified by regarding only the two asymptotes shown in
ig. 1

log σo(σ̇) =

⎧⎪⎨
⎪⎩

1

1 + n
log σ̇ + log D, for log σ̇ ≤ σ̇t

σ̇t

1 + n
+ log D, for log σ̇ > σ̇t

, (5)

here σ̇t denotes the intersection of the two asymptotes

˙ t = σ3
i

B(N + 1)
with B = Dn+1

n + 1
σ2−n

i . (6)

e propose to use the Maximum Likelihood Method which
xplicitly takes into account the Weibull distribution of the
trengths. The standard procedure C 1368–011 uses a Least
quares fit which leads to significantly different results. In a
urther step we describe how a Bayesian Analysis provides the
pportunity to fit the measured data to the entire model (5).
his method liberates us from the need to exclude data from

he plateau-region where inert strength is observed, and also
ields exact confidence intervals that all other methods fail to
rovide. As the implementation of those common statistical
ethods is relatively tedious we provide a MatLabb code at
ww.tuebingen.mpg.de/∼tpfingst/FBMCode.zip.

. Statistical parameter-estimation

In the following section we introduce the basic concepts for
tatistical parameter estimation which we use to analyze the ex-
erimental data. We start with a closer look at Maximum Likeli-
ood estimations and relate them to Least Squares fits which are
ften used in SCG experiments due to their simplicity. We pro-

eed describing a Bayesian Analysis that not only delivers point
stimates of parameters, but also provides us with confidence
ntervals.

b MatLab is a trademark of The MathWorks, Inc.

www.tuebingen.mpg.de/~tpfingst/FBM_Code.zip
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.1. Maximum Likelihood and Least Squares

Let us assume that some quantities y and x are dependent via
mapping f

(x) = f (x; θ1, θ2, . . .) (7)

nd one tries to determine the parameters θ1, θ2, . . . empirically
y measuring N samplesD = {x1, y1, . . . , xN, yN}. Due to mea-
urement uncertainty and variations in test samples the measure-
ents are corrupted. Thus, the observations yi are distributed

ccording to the specific scattering mechanism

∼ p(x|f, θ), (8)

here all parameters are collected in a vector θ. In SCG experi-
ents, for example, the failure strengths are Weibull distributed

round σo as given in Eq. (4).
The Maximum Likelihood Method4 uses the distribution in

8) to find the most plausible parameters by maximizing the
ikelihood L(θ) which is by definition the probability of ob-
erving the data under the condition that the parameters θ are
nown

(θ) = p(D|f, θ). (9)

he maximization can be performed using standard algorithms
uch as conjugate gradient ascent [11, chapter 10.6].

The Maximum Likelihood Method reduces to a Least Squares
t when the noise is Normal, i.e.

= f (x; θ1, θ2, . . .) + ε with ε ∼ N(0, σ2
Noise). (10)

he residuals εi = yi − f (xi; θ1, θ2, . . .) are then Gaussian vari-
bles and the Likelihood is a product of Gaussian distri-
utions

(θ) =
N∏

i=1

p(yi, xi|f, θ) =
N∏

i=1

N(εi, σ
2
Noise). (11)

One can easily show that in this case the Maximum Likeli-
ood solution is given by a Least Squares fit by considering the
ogarithm of the Likelihood

ogL(θ) = −N

2
log(2πσ2

Noise) − 1

2σ2
Noise

(
N∑

i=1

ε2
i

)
(12)

hich is maximized when the sum of squared residuals (right-
ost term) is minimal. The Least Squares fit therefore corre-

ponds to the implicit assumption that the observed quantity is
orrupted by Normal noise.

.2. Bayesian Analysis and Markov Chain Monte Carlo
ampling

The Maximum Likelihood Method and the special case of
east Squares fits estimate a sensible set of parameters but fail

o provide a notion of uncertainty that remains after the ex-

eriment. Bayesian theory, in contrast, enables us to use the
ata to update our knowledge about the parameters and quanti-
es the remaining uncertainty. For details we refer to standard

iterature.4,7
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Before conducting any experiment, we always have some
ague knowledge about the parameters θ, which we code in a
rior distribution po(θ). Here we use uninformative priors for
ll parameters that only constrain them to physically meaningful
alues. Using Bayes’ rule we can formally compute what we
earn about the parameters by exploiting the measured data D:

(θ|D) = p(D|θ)po(θ)

Z (13)

here p(D|θ) is the likelihood L(θ) from (9) and Z denotes the
ormalizing constant

=
∫

p(θ|D) dθ. (14)

The so-called posterior distribution p(θ|D)—the probability
istribution of θ given the data—contains all information we
ave about the parameters. All quantities of interest 〈g〉 such as
xpected values or variances of the parameters θ can be calcu-
ated according to

g〉 = Ep(θ|D)[g(θ)] =
∫

p(θ|D) g(θ) dθ. (15)

Unfortunately the integrals (14) and (15) cannot be calculated
nalytically for most models, but Markov Chain Monte Carlo
MCMC) sampling yields good approximations that are guaran-
eed to converge. For excellent introductory texts on MCMC see
efs. 8,10. The idea of sampling methods is to approximate the
ntegrals in (15) by sums over M samples θn from the posterior
istribution:

g〉 =
∫

p(θ|D) g(θ) dθ ≈
M∑

n=1

g(θn)

where θn ∼ p(θ|D). (16)

or M → ∞ the approximation approaches the integral and for
nite sample sizes good estimates can be obtained. We draw the
amples (θn)n=1,...,M from the posterior distribution using the
etropolis–Hastings method.
The Metropolis–Hastings method constructs a Markov Chain

ith p(θ|D) being its equilibrium distribution rather than draw-
ng independent samples from p(θ|D). Starting at some θ1, in
ach step n a proposal for a following chain link θn+1 is drawn
rom a proposal distribution Q(θn, θn+1) and is accepted if the
atio

= p(θn+1|D) Q(θn, θn+1)

p(θn|D) Q(θn+1, θn)
(17)

xceeds one; if a ≤ 1 it is accepted with probability a. It can be
hown that for all positive Q the probability of θn approaches
ts equilibrium. A closer look at (17) shows that the normalizing
onstant Z cancels out in the ratio a. Thus, we only need to be
ble to calculate p(D|θ) and po(θ).

As a proposal distribution we choose a Gaussian distribution
(θ, θ′) = 1√
2π|Σ|e(θ−θ′)T Σ−1(θ−θ′) (18)

ith diagonal covariance matrix Σ that we can adjust to obtain
ptimal convergence rates. Note that for this just as for other
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ically obtained. We provide the code for the FBM and MLM
method at www.tuebingen.mpg.de/∼tpfingst/FBMCode.zip
which makes their use straightforward.

Table 1
Results of the compared methods

RB IDM MLM FBM 95% CI

D 85.8 106.0 105.8 [96.4, 115.7]
n 15.5 18.5 22.6 [12.8, 37.9]
m – 2.50 2.59 [2.26 , 2.97]

GS IDM MLM FBM 95% CI
D 222 268 247 [229, 268]
064 T. Pfingsten, K. Glien / Journal of the Eu

ymmetric proposal functions Q cancels in the ratio (17). Ref.
8, chapter 29] provides a detailed description including a short
seudocode. Details on the convergence of Markov Chains are
iven by ref. 3.

. Assessment of SCG parameters

In the preceding section we have described the concepts of
east Squares, Maximum Likelihood and Bayesian Analysis

n general. In the following we relate these common statistical
ethods to the determination of SCG parameters. We describe

he procedure according to the standard C 1368–011 and com-
are it to the Maximum Likelihood solution. Furthermore we
how how a Bayesian Analysis puts aside the need to discard
ata in the range of inert strength and provides confidence inter-
als to all parameters.

.1. Standard procedures

Several different techniques to estimate the SCG parameters
xist that greatly vary in simplicity. All methods have in common
hat they require the loading rates to lie below the region where
nert strength is approached—according to (5) log σ̇ is required
o be below σ̇t . The logarithm of σo is then simply a linear
unction of the log loading rate with slope 1/(n + 1) and axis
ntercept log D.

The arithmetic mean method (AMM) uses the mean failure
tress at given stress rates in combination with a Least Squares fit
o obtain slope and axis intercept. In the individual data method
IDM) the fit is done directly on all data without preprocessing.

Monte Carlo simulation is presented by in refs. 13,12 which
ses a method similar to the AMM but replacing the mean by the
edian failure stress. Other methods are the Weibull median,
edian deviation, homologous stress, bivariant, and trivariant
ethods.2

A comparison in ref. 2 shows that IDM is to be preferred to
MM. IDM is also the standard given by ref. 1. We therefore

ompare the methods proposed in this work to IDM as a baseline
rocedure.

.2. Maximum Likelihood Method

As shown in the previous section the Least Squares fit applied
y the standard procedures such as IDM does not reflect that the
ailure strengths σf are Weibull distributed. We therefore use a

aximum Likelihood Method (MLM), also restricting the data
o the part below inert strength.

Note that Maximum Likelihood is a common procedure
hen it comes to fit the parameters of a single Weibull distri-
ution to data,6 the MLM which we present here is used to find
he SCG parameters n and D as well as the Weibull module
.

.3. Full Bayesian Analysis

While the MLM overcomes the implicit assumption of nor-
al noise one still faces the problem that (log) loadings rates

O
b

n Ceramic Society 26 (2006) 3061–3065

ave to be restricted to values below σ̇t . It can be very hard to
learly ascertain the unknown σ̇t and results may depend on its
hoice. We propose to use the Full Bayesian Analysis (FBM)
s given in Section 2.2 to find all parameters n, D as well as m
nd σ̇t including the corresponding confidence intervals. We es-
imate the parameters as the medians of the respective posterior
istributions and state 95% confidence intervals bounded by the
.5 and 97.5 percentiles.

. Results and conclusions

In the following we present the results of the proposed
ethods on two experimental data sets. The RB-data represents

ynamic tensile loading measurements we did on the sealing
f Micro Mechanical Components, the GS-data was taken
rom ref. 6. Fig. 2 shows the data together with the predicted
o given by FBM and Table 1 summarizes the results of
ll methods. Note that in the RB-data we had to discard all
easurements beyond loading rates of 102 MPa/s—for IDM

nd MLM—due to the fact that the inert strength might have
een observed there. The GS-data apparently does not attain this
egion.

The first striking fact is that the IDM prediction for D lies
ff the confidence intervals in both cases. This discrepancy re-
ects the deviation of the Weibull-scattering from IDMs as-
umption of Normal noise while n is only slightly affected.
he MLM predictions do not differ significantly from the
BM.

When applying dynamic or static loading experiments one
as to make sure that the simplification introduced by (1) is
ustified when using the SCG parameters for lifetime prediction.
nce this is clarified a correct Bayesian treatment of the data is

o be favored over the traditional IDM method and the MLM.
hen using IDM on dynamic loading data one has to addi-

ionally estimate the Weibull module m in a separate Weibull
nalysis for a fixed loading rate. Furthermore the simplification
f Least Squares is unnecessary now that powerful computers
re widely available. MLM gives results that are comparable to
hose of FBM but still requires constraining the loading rates in
preprocessing stage and confidence intervals are not automat-
n 11.2 11.9 11.7 [7.5, 17.4]
m – 3.05 2.98 [2.54, 3.48]

n the RB-data (left) MLM and IDM were run on the data for loading rates
elow 102 MPa/s while the complete GS-data (right) was used for all methods.

www.tuebingen.mpg.de/~tpfingst/FBM_Code.zip
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ig. 2. Results for the data sets RB-data (left) and GS-data (right). Experimenta
nterval (· · ·) are shown. FBM detects where inert strengths are observed; the sta
aturation region, while for the GS-data the plateau is correctly found to lie to t
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