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bstract

hree-dimensional numerical simulation of sintering of a ring of three spheres was performed to investigate the effect of the ratio of grain boundary
nergy γgb to surface energy γ s, or dihedral angle, to the nature of pore channel closure. As the ring shrank, the hole at the center closed to form a

riple junction. The force acting between particles, that was the sintering force, was defined by including both surface tension and grain boundary
ension. The shrinkage rate was approximately proportional to the sintering force, but became non-linear at lower γgb/γ s. The sintering force, and
lso, shrinkage rate increased with decreasing γgb/γ s, then, the hole closed in a short time at low γgb/γ s.

2007 Elsevier Ltd. All rights reserved.
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. Introduction

Sintering is a thermal process that transforms a powder com-
act into a bulk material, and it is used for mass production
f complex-shaped components. The powder particles and pore
hannel networks change their shapes through diffusion,1 which
s driven by the difference in curvature-dependent chemical
otential. Sintering is a complicated process of microstruc-
ural evolution involving bond formation, neck growth, pore
hannel closure, pore shrinkage, densification, coarsening, and
rain growth. But the elementary processes of sintering can
e essentially described by using some particle clusters. The
renkel2–Kuczynski3 model, that is the sintering of two identi-
al spheres, has been used to study bond formation, neck growth,
nd interparticle shrinkage. Coble4 proposed a geometrically
imple model for analyzing shrinkage of pore channel assuming
cylindrical pore along the grain edges. This is a valid assump-

ion for sintering of three wires.5 The uniform pore shrinkage
mong wires can be represented by a sintering model of three
ircles in two dimensions, and has been simulated by molec-

lar dynamics,6 Monte Carlo model,7 and boundary element
ethod.8 Due to Rayleigh’s surface instability,9,10 the cylin-

rical pore channels cannot shrink uniformly when the pore
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iameter becomes very small. They are disconnected and iso-
ated pores are formed eventually.

On the other hand, pores in an aggregate of sintering spheres
re never even approximately cylindrical, because the actual
ore channels vary in section and surface curvature.5 Pore chan-
el closure in three dimensions can be illustrated with Exner’s
odel,11 that is, sintering of a ring of spheres. The hole at the

enter shrinks during sintering, and the ring reaches to an equi-
ibrium state where the total energy, i.e., sum of surface energy
nd grain boundary energy, is minimized. Kellett and Lange12

etermined the thermodynamic requirements for hole closure
t the equilibrium. However, three-dimensional sintering sim-
lations are still limited to only the initial stage of sintering
efore pore closure. For example, Zhou and Derby13 presented
he finite element simulation of the viscous sintering of a ring
f three spheres. Maximenko et al.14 studied shrinkage in the
nitial stage sintering of a ring of four spheres.

The aim of this paper is to illustrate the whole sintering pro-
ess of a ring of three spheres until the equilibrium state is
ttained. We have recently performed the simulation of elemen-
ary processes in sintering, and presented a micromechanical

odel of sintering15–17; the shrinkage is described as the motion
f the center of mass by the force acting between particles. In the

resent paper, we further develop the model for various ratios
f grain boundary energy γgb to surface energy γs. We show
hat the relationship between shrinkage rate and driving force
ecomes non-linear as γgb/γs decreases toward zero. We study

mailto:wakai@msl.titech.ac.jp
dx.doi.org/10.1016/j.jeurceramsoc.2007.02.188
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The normalized reduction of energy is defined as

�E∗ = E − 3E0

3E0
(6)
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he idealized sintering by assuming a simple diffusion mecha-
ism in this paper. The essential results obtained are general,
nd can easily be applied to various sintering mechanisms.

. Numerical computation method

.1. Ideal sintering

The microstructural evolution in sintering is the result
f surface motion, grain boundary motion, and rigid body
otion. In real sintering, various diffusion mechanisms, i.e.,

vaporation–condensation, surface diffusion, grain boundary
iffusion, and bulk diffusion, take place concurrently. The rela-
ive importance of these diffusion mechanisms to sintering varies
ith the microstructural evolution itself. We consider a sim-
le case of the idealized sintering in the following sections to
void these complications; we assume that the microstructural
volution is described by the surface motion only

= Msγs(κ − κ̄) (1)

here υ is the normal velocity, γs is surface energy and Ms is
he surface mobility. The curvature κ = 1/r1 + 1/r2 is defined by
wo principal curvatures. The average curvature κ̄ is given by

¯ = 1

As

∫
As

κ dA (2)

here As is the total surface area. This surface motion
onserves the total mass, and describes the sintering by
vaporation–condensation.16

.2. Surface Evolver program

The microstructural evolution in ideal sintering was simu-
ated by using Brakke’s Surface Evolver program,18 which could
pproximate the surface motion, Eq. (1). The outline of the pro-
ram is described here briefly. Both the surface and the grain
oundary are represented as a set of triangular finite elements,
r facets. Each facet consists of three edges and three vertices.
he surface and the grain boundary have energies proportional

o their area. The program evolves the surface toward minimal
nergy by a gradient descent method. The gradient of energy at
vertex is a force, which is converted to a velocity vector for

he motion. The surface motion by Eq. (1) can be approximated
y enforcing the constraint on conservation of the total volume
f particles. When there is a constraint, the Surface Evolver
rogram automatically calculates the Lagrange multiplier for
he constraint. The Lagrange multiplier for a fixed-volume con-
traint is the pressure, which is identical to γsκ̄. The Surface
volver program had been applied to simulate grain growth,19

intering,15–17 and coarsening.20 The sintering of a ring of three
pheres was simulated by assuming that the surface energy γs,
he grain boundary energy γs, and the surface mobility Ms were
sotropic. The ideal sintering of clusters of identical particles is

escribed by introducing the dimensionless time

∗ = γsMst

r2
0

(3)

F
(
Ψ

s
b
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here r0 is the initial particle radius. The definition of the dimen-
ionless time is consistent with the scaling law of sintering by
vaporation–condensation.16

. Results and discussions

.1. Pore channel closure

The elementary process of pore channel closure was analyzed
y using a ring of three spheres as shown in Fig. 1. The ring has
hole in the center, and bonds are formed between particles

Fig. 1(a)). The normal velocity of the surface is proportional to
− κ̄ in this simulation. The sign of curvature is chosen so that
concave neck has a positive curvature, and a spherical particle
as a negative curvature. The direction of the positive velocity
ector is outward on the surface of the particle. The outward
urface motion expands the neck radius rapidly in the initial
tage of sintering (Fig. 1(b)). As three circular grain boundaries
row, the hole radius decreases (Fig. 1(c)). The curvature near
he hole increases as the hole shrinks, and the surface velocity
oward the hole center is accelerated. Then, the grain boundaries
re distorted from circles (Fig. 1(c), lower part). After the hole
loses, a triple junction, where three grain boundaries meet, is
reated in Fig. 1(d). The length of triple junction increases with
ime as shown in Fig. 1(e).

.2. Energy reduction

The total energy of the ring is the sum of energies associated
ith the surface area As and the grain boundary area Agb

= γsAs + γgbAgb (4)

he sintering process depends on the dihedral angle Ψ , which
s determined by

gb = 2γs cos

(
ψ

2

)
(5)

hen Ψ > 0◦ (γgb/γs < 2), the total energy E of the ring is lower
han that of three separated spheres 3E0, where E0 = γs4πr2

0 is
he energy of a single sphere, and r is the radius of the sphere.
ig. 1. Sintering of a ring of three spheres. (a) Dimensionless time t* = 0.002,
b) t* = 0.013, (c) t* = 0.032, (d) t* = 0.052 and (e) t* = 0.573 (dihedral angle

= 151◦, γgb/γs = 0.5). The upper part shows the process of pore channel clo-
ure. The lower part shows the formation of a triple junction, where three grain
oundaries meet.
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theorem of Gauss. The black dot inside a particle in Fig. 4
indicates the mass center. The distance R from the ring center
shifts during sintering because of mass transport from the spher-
ical part to the neck region. Shrinkage of the ring takes place as
ig. 2. Normalized reduction in energy as a function of dimensionless time.
he equilibrium shapes of clusters with minimal energy are shown. The arrows

ndicates the pore channel closure.

The energy reduction in the simulation is plotted as a function
f dimensionless time in Fig. 2. The transformation of surface
nto grain boundary decreases the total energy during sintering.
he ring reaches the final equilibrium shape with the minimal
nergy, which is determined by the dihedral angle, as shown
n Fig. 2. The equilibrium energy decreases with decreasing
gb/γs. The particles in equilibrium are partial spheres where

he curvature is constant at any position. Kellett and Lange12

howed that a hole remained in the ring of three spheres at
<Ψ < 60◦. The hole disappears at Ψ > 60◦ (γgb/γs < 1.732).
rrows in Fig. 2 indicates that the pore channel closure takes
lace during sintering.

.3. Average of curvature

The surface may have a curvature singularity, where the local
urvature diverges to infinity, during topological transitions in
intering, that is, bond formation and pore channel closure. A
phere of radius r0 has a negative curvature −2/r0. When spheres
ouch with each other, circular interfaces are created from a
ingularity at the point of contact. The surface near the neck
as a positive curvature. The average of curvature κ̄, which is
efined by Eq. (2), varies with dimensionless time as shown in
ig. 3. κ̄ increases with time in the initial stage of sintering,
ecause the surface area with positive curvature increases as
he neck radius increases. Since both the radius of curvature
t the neck21 and the neck radius16 are dependent on dihedral
ngle, the slope of the curve in Fig. 3 increases with dihedral

ngle

¯ + 2

r0
∝ 1 − cos

(
ψ

2

)
(7)

F
t
i

ig. 3. Average of curvature κ̄ as a function of dimensionless time. The sharp
eaks correspond to the pore channel closure.

The curvature inside the hole diverges to infinity when the
ole closes. While curvature at the hole is inversely proportional
o the hole radius, the surface area near the hole is proportional
o the hole radius. Then, κ̄ remains finite at the hole closure, and
t drops rapidly after the pore channel closure. The curvature
eaches to the equilibrium value finally.

.4. Ring shrinkage

We consider the motion of particles during sintering in Fig. 4,
here only two particles are illustrated to show internal struc-

ure of the ring. The position of the mass center of a particle can
e calculated through a surface integral using the divergence

16
ig. 4. Geometry of the ring of three spheres after hole closure. Only two par-
icles are illustrated to show internal structure. The black dot inside a particle
ndicates the mass center.
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on the hole surface in Fig. 1(b). On the other hand, the grain
boundary tension γgb acts along the triple junction after the pore
channel closure in Fig. 1(e). The formation of a triple junction
decreases the sintering force because γgb< 2 γs at ψ > 0◦.
ig. 5. Motion of particles in sintering of a ring of three spheres. The relative
easure of the ring shrinkage is defined by the distance from the ring center.

he mass centers of particles approach to the center. We define
relative measure of the ring shrinkage, or strain

�R

R0
= R− R0

R0
(8)

here R0 is the initial distance from the ring center. Fig. 5 shows
hat the distance from the center remains initially unchanged.
fter t* = 0.1, the distance decreases gradually to the final equi-

ibrium value.
The strain rate is calculated from

˙ = 1

R0

dR

dt∗
(9)

nd it is plotted in Fig. 6. The strain rate shows a sharp peak at the
ore channel closure, and reaches zero at the equilibrium. The
hapes of rings at the pore channel closure are shown in Fig. 6
lso. The sharp peak is not observed atΨ = 45◦, because the pore
hannel closure does not occur atΨ < 60◦. As the dihedral angle
ncreases (or γgb/γs decreases), the peak strain rate increases,
hen, the time to the pore channel closure becomes shorter.

.5. Sintering force

The motion of mass centers can be described as a response
o the force acting between particles. The sintering force was
riginally defined by Gregg and Rhines22 for equilibrium states
n which the external force just stops the sintering contrac-
ion along one axis of the sinter body. Alternatively, Beere23

xpressed the sintering force as a sum of the pressure acting

hrough the grain boundary area and the surface tension acting
etween two particles. Beere’s idea of sintering force carries
ver to a non-equilibrium process of sintering. Wakai17 pro-
osed that the sintering force vector between two particles in

F
c
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ig. 4 is given by

= γsκ̄Agbe +
∫
C

γs(n × t) ds+ 1

2

∫
L

γgb(n × t) ds (10)

here Agb is the grain boundary area between two particles, e the
nit normal vector to the grain boundary between two particles,
the unit normal vector to the surface/grain boundary, and t is

he unit tangential vector along the surface triple junction/triple
unction. The first term on the right hand side of Eq. (10) arises
rom the average normal stress, or pressure γsκ̄, in the interior
f the particle immediately adjacent to the surface. The grain
oundary area between two particles in Fig. 4 is bounded by the
urface triple junction (dotted line) and the triple junction (solid
ine). The second term on the right hand side of Eq. (10) is an
ntegration of surface tension along the surface triple junction
. The third term is an integration of grain boundary tension
long the triple junction L. The grain boundary tension term is
ultiplied by 1/2.
The sintering force on a particle is a vector sum of forces

cting through grain boundaries with neighbor particles. In the
intering of a ring of three spheres (Fig. 1(a)), the forces FB
rom particle B and FC from particle C act on particle A. The net
intering force vector Fs = FB + FC points to the hole center. The
intering force increases with time in the initial stage of sintering,
nd shows a sharp peak at the pore channel closure as shown
n Fig. 7. The shapes of grain boundaries at the pore channel
losure are also shown in Fig. 7. The maximum sintering force
ncreases with decreasing γgb/γs. The sintering force decreases
fter the peak, and becomes zero at equilibrium. The decrease in
intering force after the pore channel closure can be understood
y comparing Fig. 1(b) and (e). The surface tension 2 γs acts
ig. 6. Strain rate as a function of dimensionless time. The peak shrinkage rate
orresponds to the hole closure. The ring shape is shown at the hole closure.
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ig. 7. Sintering force as a function of dimensionless time. The shape of grain
oundaries is shown at the peak force.

.6. Constitutive equation

The relation between the strain rate and the sintering force
s plotted in Fig. 8. The strain rate increases with the sinter-
ng force linearly before the pore channel closure. The sintering
orce peaks when the hole closes, then, decreases approximately
inearly at ψ = 45◦ and 90◦. The line of ψ = 45◦ almost over-
aps with that of ψ = 90◦. But, the strain rate–sintering force
urves are non-linear at ψ > 120◦ after the pore channel clo-
ure. In viscous sintering24 and in sintering by “densification

echanism”,25,26 the shrinkage rate is expressed as

˙ = −F
k

(11)

ig. 8. Relationship betweent he strain rate and the sintering force. The slope
f the curve is different before (dotted line) and after (solid line) the peak force.
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here k is the effective viscosity. Fig. 8 shows that the motion
f the mass center can be approximately described by Eq. (11),
ven though rigid body motion does not occur. The effective
iscosity is given by

= k∗γsr0 (12)

here k* is a coefficient. The value of k* increases with increas-
ng dihedral angle, or decreasingγgb/γs. The strain rate-sintering
orce curves become non-linear at higher dihedral angles. The
lope of the curve is different before (dotted line) and after (solid
ine) the peak force. The coefficient k* is not a constant, but
aries with time. Since both sintering force and k* increases with
ecreasing γgb/γs, the shrinkage rate increases with decreasing
gb/γs as shown in Fig. 6.

The sintering mechanisms of crystalline particles are divided
nto densifying mechanisms (grain boundary diffusion, lat-
ice diffusion when the grain boundaries act as source/sink of
acancies) and non-densifying mechanisms (surface diffusion,
vaporation–condensation, lattice diffusion from/to surface).
he rigid body motion of particles takes place in the densifying
echanisms. On the other hand, the non-densifying mechanisms

ive the shift of mass center of particles but no relative motion
f particles. We showed here that the constitutive equation, Eq.
11), is common to densifying processes and also non-densifying
rocesses when we consider the motion of mass center. The
onstitutive equation is also common to viscous sintering of
morphous particles. The difference in sintering mechanisms
ffects the effective viscosity k only. Although we showed only
he case for evaporation–condensation mechanism, the authors
elieve that the constitutive equation and also the obtained
esults on pore channel closure will be a basis for the general
heory of sintering.

An unanswered question is the physical origin of the non-
inear behavior of the strain rate versus sintering force for higher
ihedral angles. In non-equilibrium thermodynamics a general-
zed displacement is a linear function of a generalized force as
ong as the deviation from the equilibrium is small. The energy
ifference between the initial state and the final state decreases
t lower dihedral angles as shown in Fig. 2. The authors suppose
hat a linear relationship can be observed at lower dihedral angle,
ecause the particle keeps its spherical shape approximately
uring sintering.

. Summary

Pore channel closure is an essential process, which character-
zes the beginning of the second stage of sintering. The sintering
f a ring of three spheres is the simplest model for analyzing the
ore channel closure, and the three-dimensional numerical sim-
lation has been conducted by using Brakke’s Surface Evolver
rogram assuming an idealized sintering mechanism to avoid
omplications. The ring has a hole in the center. As the circu-
ar grain boundary expands in the initial stage of sintering, the

ole radius shrinks, then, a triple junction is formed after the hole
losure. The position of the mass center of a particle shifted dur-
ng sintering, then, the shrinkage rate could be calculated from
he motion of mass center. The force acting between particles,
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26. McMeeking, R. M. and Kuhn, L. T., A diffusional creep law for powder
370 F. Wakai et al. / Journal of the Europe

hat was the sintering force, was defined by including both sur-
ace tension and grain boundary tension. The shrinkage rate was
pproximately proportional to the sintering force, but became
on-linear at lower γgb/γs. The sintering force, and also, shrink-
ge rate increased with decreasing γgb/γs, then, the hole closed
n a short time at low γgb/γs.
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