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bstract

urface residual stresses caused by grinding and polishing of alumina are thought to influence materials properties but have previously been
easured only by low spatial resolution techniques which sample average stresses. In this work confocal Cr3+ fluorescence microscopy has

een used to investigate the spatial distribution of the residual stresses. A model for the residual stresses, accounting for both surface plastic
eformation and “pullout” of material from the surface by brittle fracture, was developed to help in analysing the results. After coarse diamond
rinding, the results showed that the residual stresses fluctuate greatly with position. Large tensile stresses (up to ∼600 MPa) were found below
he plastically deformed surface layer in regions between the “pullouts”. These tensile stresses are expected to aid crack propagation and further

urface pullout. They arise because pullout removes parts of the plastically deformed surface layer. The stresses beneath the pullout sites themselves
ere compressive, but the largest compressive stresses (≈−1.5 GPa) were within the plastically deformed surface regions and extended to a depth
f 1.3 �m. The plastically deformed surface layer was much shallower following polishing with 3 �m diamond paste but the compressive stress
ithin it was of similar magnitude to that in the plastically deformed surface layer caused by grinding.
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. Introduction

Machining is often the final stage in the fabrication of struc-
ural ceramics like alumina. It introduces near-surface damage
uch as cracking, grain dislodgement and plastic deformation
round scratches from abrasive particles, which affects the sur-
ace integrity and the mechanical properties of the ceramic.

achining induced cracks will tend to reduce the strength, whilst
ompressive surface stresses from plastic deformation will tend
o strengthen the material through crack closure forces. Both
he cracking and the residual stresses are difficult to measure
ccurately so the nature of the interaction between these oppos-

ng factors remains unclear.1–4 The work described here aims
o improve the understanding of residual stresses introduced by
rinding.
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Previously, machining induced residual stresses in alu-
ina and related materials have been investigated by
-ray diffraction,5–7 curvature measurement8 and Hertzian

ndentation.9,10 The spatial resolutions of these techniques are
oor,11 both within and normal to the surface plane. Stress mea-
urements using curvature and Hertzian indentation also require
rior estimates of the thickness of the stressed layer,8,9 which
tself is difficult to measure accurately. As a result the measured
tress is volume averaged rather than reflecting the local stress
t the site of failure.

Confocal Cr3+ fluorescence microscopy, as used in this
ork, has higher spatial resolution (∼1.5 and ∼3 �m for lateral

nd axial resolution, respectively) than these other techniques.
owever, there are no reports of the use of Cr3+ fluores-

ence microscopy to investigate the residual stress in machined
lumina-based ceramics to the best of the authors’ knowl-
dge, although it has been used to measure stresses induced by
cratches and hardness indentations.12–14 In order to make fully

uantitative measurements, however, a major problem encoun-
ered in this previous work needs to be solved. This concerns
he fact that alumina-based ceramics are translucent, and a sub-
tantial proportion of the signal therefore comes from below the

dx.doi.org/10.1016/j.jeurceramsoc.2010.04.016
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urface. In12,14 weakly confocal microscopes were used, which
ad axial (depth) resolutions approaching 10 �m (no details are
vailable for13). Since grinding stresses are expected to be found
t depths ∼1 �m,9 such microscopes do not have sufficiently
ood resolution to make quantitative measurements on relatively
ransparent ceramics such as alumina. A confocal microscope
ith an axial resolution ∼3 �m is used in this work to alleviate

his problem. However, even this resolution is not sufficient to
ake simple point measurements of surface stress. The mea-

ured stress is the convolution of the actual spatially distributed
tresses with the probe response function (PRF)15 describing
he relative collection efficiency as a function of depth, which
epends in turn on the instrument and the translucency of the
aterial.
In the present work, the surface residual stresses after grind-

ng and polishing in polycrystalline aluminas with different grain
izes have been measured by Cr3+ fluorescence microscopy, to
nvestigate the effect of machining behavior on residual stress
istribution. A model for the residual stresses simulating the dis-
lacement of material in the ground or polished condition by an
rray of continuously distributed edge dislocations is proposed.
t is then convoluted with a PRF established previously16,17

o compare with the experimental results. The actual residual
tresses are then estimated by fitting the parameters in the stress
odel to the experimental results.

. Experimental

.1. Materials and specimen preparation

The starting powder was AKP50 alumina (200 nm, Sumit-
mo, Japan, 99.995% purity). 0.25 wt.% MgO was added to
revent abnormal grain growth. Mechanical mixing by attri-
ion milling (Szegvari HD, USA) using yttria stabilized zirconia

illing media was performed at a speed of 300 rpm for 2 h.
he ratio of water to powder was 4:1 by volume and 2.1 wt.%
f Dispex A40 (Allied Colloids, UK) was used as a dispersant.
he mixture was freeze dried (Edwards Micromodulyo, UK) for

4 h. The powder was passed through a 106 �m sieve and then
alcined at 600 ◦C for 1 h. The calcined powder was first uni-
xially pressed at 50 MPa and then cold isostatically pressed at
00 MPa. Fully dense specimens were produced by pressureless

r
s

�

ig. 1. Microstructure of the 2.4 �m (a) and 4.2 �m (b) sized polycrystalline alumin
intering temperature for 1 h in air to reveal the grain boundaries.
eramic Society 30 (2010) 2533–2545

intering at maximum temperatures between 1450 and 1550 ◦C
ith a dwell time of 1–2 h. The two specimens used in this work
ad average grain sizes of 2.4 and 4.2 �m (Fig. 1) measured by
he conventional linear intercept method.18

.2. Grinding and polishing

Specimens were first sequentially polished down to a 1 �m
iamond finish to start from smooth surfaces. They were first
round on a resin-bonded alumina wheel using 45 �m grit dia-
ond spray, and then lapped using 25 �m grit diamond on

nother resin-alumina wheel. This was followed by 6 �m grit
olishing on a resin-bonded iron wheel and then 3 �m grit pol-
shing on a cloth. In each step, the damage induced by the
revious step was removed completely. In this work, the sur-
ace residual stresses were measured in specimens in the 45 �m
rit and 3 �m grit conditions, and these two machining con-
itions are termed grinding and polishing respectively in the
ollowing description for convenience. In these conditions, the
round or polished surfaces consist of two distinctive features
Fig. 2)19: (i) “ground/polished” areas, which are relatively flat
nd, when examined in the SEM, show scratches produced by
lastic deformation of the surface19 and (ii) “pullouts”, where a
iece of material has been removed from the surface by brittle
racture around its periphery. The term “pullout” in this work
efers to the cavity left in the surface of the bulk specimen when
piece of material is removed, rather than the removed piece

tself. The mean size (equivalent circular diameter) of the indi-
idual surface pullouts and the area fraction of pullout were
easured from the optical micrographs following the procedure

escribed previously.19,20

.3. Cr3+ fluorescence measurements

The principle of Cr3+ fluorescence microscopy is to measure
he stress-induced shifts of the characteristic spectral lines asso-
iated with Cr3+ substitutional impurities in alumina (the R1
nd R2 lines, with typical positions of 14,402 and 14,432 cm−1,

espectively). The shift can be related to stress through the piezo-
pectroscopic (PS) coefficients12,21–25:

ν = Πijσij (1)

as used in this work. The specimens were thermally etched at 50 ◦C below the
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pullout size and area fraction of pullout are given in Table 1.

Typical depth profiles (i.e. �ν vs. �z curves) through
machined surfaces and centred on “pullout” regions, measured
using two-peak fitting of the R1/R2 doublet, are given in Fig. 3.
ig. 2. Optical micrographs of machined surface of the 4.2 �m sized polycryst
y arrows correspond to “pullouts” and bright regions correspond to “ground” o

here �ν is the peak shift (cm−1), σij are the stress components
GPa) and Πij are the PS coefficients (cm−1 GPa−1), defined in
he crystallographic axial system. From Eq. (1), a positive peak
hift indicates a tensile stress state, whilst a negative peak shift
ndicates a compressive stress state.

The fluorescence microscopy experiments were performed
sing a confocal Raman microscope (System 1000, Renishaw,
K) and incident radiation from a He–Ne laser at 633 nm.
100×/0.9NA lens was used. The confocal aperture in the

nstrument is formed by the intersection of two slits at 90◦ to
ne another. One is a physical slit, which in the experiments
escribed here was set to 10 �m. The other slit is virtual and is
ormed by using only a narrow stripe of pixels in the CCD camera
sed for collecting the diffraction pattern from the grating used
o analyse the luminescent spectrum. The width of this stripe was
et to 2 pixels in our experiments, which gives a virtual slit width
orresponding to the 10 �m width of the real slit at 90◦ to it.

In order to measure the residual stresses, depth scans
ere performed through the surface of the specimen. Each

can was made through the approximate centre of either a
ground/polished” region or a “pullout” (see above). The laser
as focused on the sample surface at the beginning and the sam-
le surface at this point was defined as z = 0; the specimen then
oved with the motorized stage so that the focus point moved

rom above to below the sample surface. When the probe goes
nto the specimen, the displacement of the sample surface rel-
tive to the focal plane, �z, is defined to be positive. The step
ize was 1 �m with an exposure time of 20 s per point. The peak
osition and intensity were determined by fitting both R1 and R2
eaks using the mixed Lorentzian and Gaussian function (termed
wo-peak fitting) on a commercial package, Grams/32 (Galac-
ic Industries, USA). Some spectra collected from “ground” or
polished” regions and with the focal plane (i.e. the sampling
olume) close to the surface (typically within ±2 �m) could not
e fitted well using two-peaks (Section 3.2); instead, an extra
air of R1 and R2 peaks was required to give a good fitting
termed four-peak fitting) with a constrained R1 to R2 peak area

atio (details given in Section 3.2). The four-peak fitting was car-
ied out using an alternative fitting programme, Auto2Fit (7-D
oftware, China). The R1 peak position was used to characterize

he peak shift, �ν, and the reference positions were determined

F
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e
(
4

alumina. (a) After grinding and (b) after polishing. Dark regions as indicated
lished” surface.

rom the average R1 positions (spectra collected on 20 random
oints) on the 1 �m polished surface of individual specimens,
ssumed to be residual stress free.

Section 4 describes how the stress field under the machining
ondition was estimated from the raw depth scan results by com-
ining a model for the stresses with the PRF of the microscope.

. Results

.1. Depth scans in “pullout” regions

Typical optical micrographs of polycrystalline alumina after
achining are shown in Fig. 2. “Pullouts” (dark regions in the

ptical micrograph) can be seen on the ground surfaces. The
olished surfaces were much smoother with fewer pullouts, and
he sizes of the pullouts also decreased. The measured mean
ig. 3. Depth profiles through the pullout region for the ground 4.2 �m grain
ized polycrystalline alumina. Three depth scan results measured at three differ-
nt regions are shown here and the result with intermediate extent of peak shift
symbolized by “�”) was used for fitting of the model as described in Section
.
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Table 1
List of the mean pullout size and area fraction of pullout for machined polycrystalline aluminas.

Average grain size, G, �m Grinding Polishing

Mean pullout size, �m Area fraction of pullout, % Mean pullout size, �m Area fraction of pullout, %
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.4 6.3 54.3

.2 8.4 50.9

z = 0 here is defined to be the surface at the bottom of each
ullout, where the laser was initially focused (see Section 2.3).
he curves exhibit a clear minimum as the optical probe passes

hrough the surface and this was found to be the case when
canning through pullouts in both ground and polished surfaces.
xamination of many regions showed that the precise extent of

he peak shifts varied between individual pullouts as is evident
rom the examples in Fig. 3. This scattering of peak shifts due to
ariation in local environment was also identified for depth scan
esults through the “ground” or “polished” regions. For simplic-
ty, only those results with intermediate peak R-line shifts among
arious depth scan results are analysed in detail in the following
ections but it is noted here that the peak shift was always com-
ressive when the optical probe was passed through the surface
n a pullout and we conclude via Eq. (1) that the mean surface
tress in the material beneath the pullouts was compressive.

.2. Depth scans in “ground” or “polished” regions

Excellent fitting was obtained using two peaks for all pull-
ut results and for most of the spectra obtained from “ground”
r “polished” regions, as seen in the inset in Fig. 4(a). How-
ver, careful examination showed that spectra collected with the
ptical probe just below the surface in ground/polished regions
ould not be fitted using the two-peak fitting procedure, an
xample being given in Fig. 4(a). Mathematically, the fitting
roblem can be solved by adding another pair of R1 and R2
eaks (Fig. 4(b)), so that four peaks are used to obtain the fit.
t is argued here that the two distinct doublets have a physi-
al interpretation, with one representing the stress state within
he plastically deformed layer at the surface in such regions and
he other representing the elastically deformed material below it;
oth volumes are sampled simultaneously owing to the low axial
esolution of the instrument relative to the thickness of the plas-
ically deformed layer (see Fig. 6). However, if no constraints
ere imposed during four-peak fitting, the fitting results would
ot reflect this physical interpretation26–28 because the extensive
verlap of the two doublets makes the fitting problem mathemat-
cally ill-defined. In this work the peak area (intensity) ratios of
1 to R2 within each doublet were therefore constrained to be
onstant for spectra that needed the four-peak fitting treatment:
1A/R2A = R1B/R2B = C, where subscript A and B denote the

wo doublets, with A referring to the lower wavenumber dou-
let in what follows, and C is a constant (=2.0). The setting of

his constraint was based on the fact that the intensity is almost
ndependent of the stress16,24,29 and the C value came from the
verage R1 to R2 peak area ratios for spectra collected at residual
tress-free locations.16 Comparison of the R1 and R2 peak shifts

f
s
t
A

2.0 1.72
2.4 2.48

or a given doublet showed closely similar trends for both peaks,
espite the severe overlap of the weaker R2 peak,16 indicat-
ng the success of the fitting procedure in producing physically

eaningful results.
The fitting results in Fig. 4(b), for a ground region of sur-

ace, were obtained using this constraint and the corresponding
epth scan results of peak shift for the R1A and R1B peaks
re shown in Fig. 4(c) and (d). In this particular example, only
hree spectra needed four-peak fitting and the results for the
ess intense R1A peak in Fig. 4(b) are shown for these three
oints in Fig. 4(c). They show large negative shifts, ranging from
−7.5 to −5 cm−1. Since these overlapping peak positions are

ot well defined, the variation is probably due mainly to the
ncertainty in the fitting, but since the shifts are large, the frac-
ional error remains relatively small. Indeed, the relatively small
catter of the results gives confidence in the effectiveness of the
onstraint and the physical interpretation of the two doublets.
hese peak shifts indicate highly compressive stresses and can
e well explained as representing the strong compressive stress
xpected in the plastically deformed surface layer. Fig. 4(b) also
hows that the peaks of the “A” doublet are significantly broader
han other peaks measured. The broadening can be associated
ith the dislocations and twins resulting from plastic deforma-

ion. These generate a wide range of stresses that cause peak
roadening.9 From here onwards, the R1A peaks, from the plas-
ically deformed surface layer, will be termed broad peaks and
1B peaks are termed sharp peaks.

Fig. 4(d) shows the depth scan results for the “sharp” R1
eaks (R1B) for the points where four-peak fitting was necessary,
ombined with the two-peak fitting results for other depths. No
bvious discontinuity is observed in the points obtained from
our-peak fitting. The plot shows a sharp maximum relative to the
eference position (�ν = 0) in the ground region, indicating that
he mean stress immediately beneath the assumed compressive
urface layer was tensile.

Fig. 5 shows analogous broad and sharp peak depth scans for
he polished specimens. The broad peak shifts again indicate a
trongly compressive plastically deformed surface layer, but the
lot for the sharp peaks is almost flat, showing that the stresses
eneath this surface layer are small.

The essentially qualitative results above show that the surface
tresses in ground and polished surfaces are highly inho-
ogeneous, to the extent that tensile stresses are present in

ome regions, notably beneath the plastically deformed sur-

ace layer of the “ground” or “polished” regions, as well as the
trongly compressive stresses in other regions that are known
o exist from techniques that only measure the mean stresses.

quantitative understanding of these stresses needs a more
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Fig. 4. (a) An example of the misfit using the two-peak fitting to fit a spectrum collected from near the ground surface, with the arrow indicating the misfit. The inset
shows that two-peak fitting works well for spectra collected far away from the ground surface. (b) Improvement of curve fitting in (a) by using the four-peak fitting.
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c) and (d) Show separated broad peak shifts and sharp peak shifts, respectively,
sing four-peak fitting where necessary.

ophisticated analysis, based on the interpretation of the results
hown schematically in Fig. 6. Our approach is (i) to develop
n elastic model for the near-surface stresses, (ii) to describe
he sampling volume of the fluorescence microscope using its
xial PRF, and (iii) to convolute the PRF with the peak shifts
redicted by the stress model, adjusting the physical parameters
n the model to obtain good agreement with the experimental
epth scan results.

. Modelling of stresses near ground surfaces and
omparison with experiment

.1. Model for grinding stresses

Assume the surface of the machined material is on the xy
lane and normal to the z axis, as illustrated in Fig. 7(a). The

achining process is thought to generate a compressed layer

t the surface due to plastic deformation.9 This compressed
ayer in the “ground” regions is simulated in the model by a
eries of continuously distributed edge dislocations with their

a
I
(
fl

the depth profile through the ground surface of 4.2 �m sized alumina analysed

urgers vectors parallel to the x axis, line direction parallel
o y and located at depth d below the surface, correspond-
ng to the depth of plastic deformation. It is emphasised that
hese are fictitious dislocations whose presence is simply to

odel the overall deformation of the plastically deformed layer;
hey do not represent the real dislocations formed during the
ctual grinding process. For simplicity, the model assumes that
he extent of plastic deformation within the ground layer is
niform.

Pullouts are represented by dislocation-free regions on the
ssumption that the material removed in a pullout comes from a
epth sufficient to remove the entire plastically deformed layer
t that point. This is supported by the fact that two-peak fitting
as sufficient to give a good fit to the R1 and R2 peaks from all

he spectra collected during the depth scan through the pullouts
Fig. 3), the absence of an extra “broad” doublet indicating the

bsence of a significant amount of plastically deformed material.
n reality, pullout also creates considerable surface roughness
see Fig. 7(b)), but in the model the surface is assumed to remain
at (even at the pullouts), otherwise an analytical solution is not
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Fig. 5. Separated broad peak shifts (a) and sharp peak shifts (b) from the depth
p
f

e
a
a
t
i

e
w

Fig. 7. (a) Schematic of islands of ground or polished surface (average size: s)
and pullouts (average size: p) in the stress model. The distance between two
neighbouring dislocations, dxq, is exaggerated for clarity. The arrows across the
centres of the pullout and islands of the ground/polished surface indicate the
depth scan path. (b) Schematic of the real ground/polished surface and pull-
outs where the rough surface of the pullout and the varying size of islands of
ground/polished surface and pullouts are indicated.

Fig. 8. Schematic showing normal and shear surface tractions at point (xp, 0)
o

p
t
w
s
o
s
S

s

F
d
t

rofile through the polished surface of 4.2 �m sized alumina analysed using
our-peak fitting where necessary.

asily derived. To simplify the problem further, all the pullouts
nd islands of ground or polished surface have constant sizes, p
nd s, respectively, and are assumed to alternate. The origin of
he coordinate system is set at the surface, in the middle of an
sland of ground/polished surface.
It should be noted here that the model based on Fig. 7 is
ssentially a two-dimensional model, which might correspond
ell to unidirection machining damage. In our grinding and

T
o
s

ig. 6. Schematic of the sampling volume of the microscope during a depth scan th
eformed layers, assumed to be under compression. The broad fluorescence peaks are
he sharp peaks from the part of the sampling volume below the PDL.
n the free surface produced by an edge dislocation situated at (0, d).

olishing, however, the machining is multidirectional because
he equipment used rotates the specimen during machining. It
ill be shown later that fitting the experimental results to this

implified model can reasonably account for the main features
f the grinding stresses but that the raw in-plane (x–y plane)
tresses are overestimated. This will be discussed further in
ection 5.

Derivation of the elastic stresses in the model starts from the
tress field of a single edge dislocation at (x = 0, z = d) (Fig. 8).
his near-surface dislocation problem has been solved previ-
usly by Atkinson et al.30 using image forces31 and can also be

olved by the method of surface tractions.16 Using our nomen-

rough a ground region and the surface residual stress. PDL denotes plastically
taken to come from the intersection of the sampling volume with the PDL and
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lature, the stress components in the x–z plane are:

xx(x, z) = DF (x, z, d) = D

[
(z − d)[3x2 + (z − d)2]

[x2 + (z − d)2]
2 + −d[

+ [−4dx2(d2 + x2) − 3(d2 + x2)
2
z

zz(x, z) = D G(x, z, d) = D

[
−(z − d)[x2 − (z − d)2]

[x2 + (z − d)2]
2 + d[−

+ z[d4 − 6d2x2 + x4 + 2d3z − z4

[x2 + (z + d)2]
3

zx(x, z) = DH(x, z, d) = D

[
x[x2 − (z − d)2]

[x2 + (z − d)2]
2 + 2dx[x2 − 3

[x2 + (z

+ −x(−d4 + x4 + 2d3z − 2dx2z +
[x2 + (z + d)2

here D = μb/2π(1 − ν), μ is the shear modulus, b, the magni-
ude of the Burgers vector, and ν is Poisson’s ratio, taken to be
.24 in this work.

Now consider the case of continuously distributed disloca-
ions. At any position (x, z), the stress components σxx, σzz and
zx generated by dislocations over an elemental distance dxq

ituated at x = 0, z = d can still be described by Eq. (2), except
hat D in Eq. (2) becomes D′dxq = μb′/2π(1 − ν) dxq, where b′
s the continuously distributed Burgers vector per unit length in

′
he x direction. b is equal to the stress-free in-plane mismatch
train between the surface layer and the bulk. Physically, it may
e taken as a measure of the extent of plastic deformation in the
round layer.

R
t

σxx(x, z) = D′
[∫ +s/2

−s/2
F (x − xq, z, d)dxq +

∫ 3s/2+p

s/2+p

F (x − x

+
∫ 5s/2+2p

3s/2+2p

F (x − xq, z, d)dxq +
∫ −(3s/2+2p)

−(5s/2+2p)
F (x − xq, z,

+
∫ −[(2n−3)s/2+(n−1)p]

−[(2n−1)s/2+(n−1)p]
F (x − xq, z, d)dxq

]

(1 ≤ n < ∞)

w

σzz(x, z) = D′
[∫ +s/2

−s/2
G(x − xq, z, d)dxq +

∫ 3s/2+p

s/2+p

G(x − x

+
∫ 5s/2+2p

3s/2+2p

G(x − xq, z, d)dxq +
∫ −(3s/2+2p)

−(5s/2+2p)
G(x − xq, z,

+
∫ −[(2n−3)s/2+(n−1)p]

−[(2n−1)s/2+(n−1)p]
G(x − xq, z, d)dxq

]

(1 ≤ n < ∞)
eramic Society 30 (2010) 2533–2545 2539

(z + d)(d3 + (d2 + 6x2)z − dz2 − z3)]

[x2 + (z + d)2]
3

d(5d2 + 3x2)z2 − 4(3d2 + x2)z3 − 6dz4 − z5]

+ (z + d)2]
3

]
(2a)

(z + d)(d3 + 5d2z − 6x2z + 7dz2 + 3z3)]

[x2 + (z + d)2]
3

(3x2z + z3)]
]

(2b)

d)2]z
2]

3

z2 + 2dz3 − z4)
]

(2c)

Taking σxx as an example, the contribution dσxx from the
islocations over distance dxq situated at (0, d) to σxx at any
osition (x, z) is:

σxx = D′F (x, z, d)dxq (3)

here F(x, z, d) has the same form as the right-hand side (RHS)
f Eq. (2).

Similarly, the contribution of the dislocations over distance
xq situated at (xq, d) toσxx at (x, z) is dσxx = D′F(x − xq, z, d) dxq.
eferring to Fig. 7, the contributions from all the dislocations in

he array to σxx can be integrated as:

q, z, d)dxq +
∫ −(s/2+p)

−(3s/2+p)
F (x − xq, z, d)dxq

d)dxq + · · · +
∫ (2n−1)s/2+(n−1)p

(2n−3)s/2+(n−1)p
F (x − xq, z, d)dxq

(4a)

here n is the number of the pullouts.
Similarly,

q, z, d)dxq +
∫ −(s/2+p)

−(3s/2+p)
G(x − xq, z, d)dxq

d)dxq + · · · +
∫ (2n−1)s/2+(n−1)p

(2n−3)s/2+(n−1)p
G(x − xq, z, d)dxq

(4b)
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Only normal stress components contribute to the peak shift
n the fluorescence microscope,12 and the model is taken to be
n plane strain:

yy = ν(σxx + σzz) (5)

xx + σyy + σzz = (1 + ν)(σxx + σzz) (6)

The predicted stress at a point is converted to a Cr3+ fluores-
ence peak shift through Eq. (1). For a randomly orientated, fine
rained polycrystal subjected to a uniform stress, Eq. (1) has a
implified form32:

ν(x, z) = Π11 + Π22 + Π33

3
(σ11 + σ22 + σ33)

= Π11 + Π22 + Π33

3
(σxx + σyy + σzz)

= 3.14(σxx + σzz) (7)

hen averaged over grains of all orientations, where
11=2.56 cm−1 GPa−1, Π22=3.50 cm−1 GPa−1 and
33=1.53 cm−1 GPa−1,23 the units of σij are GPa and the

nits of �ν are cm−1.23

The depth scans through the ground or polished surface
egions were assumed to pass through the centres of the islands
Fig. 7), so the predicted peak shift in the depth profile across the
round/polished surface is expressed as �ν (0, z). This mirrors
he experiments, and in any case it is shown in Section 5 that the
tress variation with x is slow.

Similarly, the predicted peak shift in the depth profiles
hrough the pullouts can be expressed as �ν ((s + p)/2, z).

The integrals in Eqs. (4a) and (4b) were carried out numer-
cally using the commercial software package, Mathematica
Wolfram Research, USA). n = 100 was used and it was proved
hat further increase of n had only negligible effect on the results.

In the stress model, there are four parameters characterizing
he surface deformation and fracture responsible for the residual
tresses, namely D′, d, s and p. s and p can be experimentally
etermined as p can be regarded as the mean pullout size and s
an be calculated from the pullout fraction: as the stress model
s based on a simplified two-dimensional condition, the pullout
raction = p/(p + s). D′ and d are to be determined from the best
t of the model to the experimental results.

.2. Probe response function (PRF)

In order to simulate the experimental results, it is necessary to
onvolute Eq. (7) with the PRF of the fluorescence microscope,
aking into account the translucency of the material. We use an
pproach developed previously.17

When the laser is focused at a distance z0 (z0 = n′�z, where
′ is the effective refractive index17,33) below the surface of a
ranslucent material such as polycrystalline alumina, the signal
enerated in a finite volume of material is collected, as indicated
n Fig. 6. The total signal collected at depth z is the integral of
0
he fluorescence from all depths within the material15:

(z0) =
∫ t

0
g(z, z0) dz (8) �
eramic Society 30 (2010) 2533–2545

here t is the thickness of material (t can be assumed to be infi-
ite because of the absorption that limits the probeable length)
nd g(z, z0) is the PRF.

Alternatively, Eq. (8) can be written as a function of sample
urface displacement relative to the focal plane, �z, in accor-
ance with the corresponding coordinate of the depth profiles
sed in the experimental work as exemplified in Fig. 3:

(�z) =
∫ t

0
g(z, �z) dz (9)

Hence, supposing the stress field is a function of depth only,
hich is reasonable in this case because the depth resolution is

ower than the lateral resolution and because the results of the
odelling show that the variation of stress with x is slow for the

ocations probed,16 the experimentally measured peak shift at
epth �z is a weighted average of the signals from all depths15:

ν(�z) =
∫ t

0 �ν(z)g(z, �z) dz∫ t

0 g(z, �z) dz
(10)

here �ν(z) is the real peak shift at any depth and �ν(�z) is
he weighted average peak shift at depth �z, which is also the
xperimentally measured R-line shift in two-peak fitting.

A suitable depth resolution function, g(z, �z), for the present
ombination of instrument and material is already known from
ur previous work17 and is given in Eq. (11). It captures all
elevant physical effects including refraction and absorption;
he scattering by pores and grain boundaries, which is impor-
ant in some materials,17 is negligible for dense polycrystalline
luminas.16,17 Similarly, the degradation of focus when the
robe is below the surface is not important for the shallow depths
sed here.

(z, �z) = e−2α w

w2 + (z − n′�z)2 (11)

here α is the absorption coefficient and w is the probe
ength of the microscope. The measured parameters in Eq. (11)
ppropriate for our instrument and fine grained alumina are
= 0.0403 �m−1, n′ = 2.09 and w = 2.88 �m, respectively.17 It

grees very well with the experimentally measured intensity vs.
epth profiles as seen in Fig. 9.

.3. Convolution and fitting to experimental depth scans

The R1 fluorescence peaks shifts predicted by the model may
e obtained by the convolution in Eq. (10) over appropriate lim-
ts. There are three cases. For the broad peaks corresponding to
he stress state within the plastically deformed surface layer in
ground” or “polished” regions, the peak shift during a depth
can is given by:
ν(�z) =
∫ d

0 �ν(0, z)g(z, �z) dz∫ d

0 g(z, �z) dz
(12)
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ig. 9. Fitting of the PRF model based on Eq. (11) to the experimental data of
ntensity vs. depth for polycrystalline alumina.

For the sharp peaks in “ground” or “polished” regions the
onvolution is:

ν(�z) =
∫ t

d
�ν(0, z)g(z, �z) dz∫ t

d
g(z, �z) dz

(13)

Similarly, for the depth profiles through the pullouts, the
redicted peak shift follows:

ν(�z) =
∫ t

0 �ν((s + p)/2, z)g(z, �z) dz∫ t

0 g(z, �z) dz
(14)

Eqs. (12) and (13) were then used with the experimentally
easured values of s and p to fit the broad peak and sharp peak

hifts obtained in the depth profiles through ground/polished sur-
aces as exemplified in Fig. 4(c) and (d), respectively, by varying
′ and d to reach a compromise best fit for both. Only results
ith the focal plane at or beneath the surface were used; when the

ocal plane is above the surface, the signal obtained comes from
ne of the tails of the PRF and this is not accurately modelled by
q. (11). Typical fitting results are shown in Fig. 10(a) and (b).
he agreement is excellent considering (i) the idealised nature
f the model and (ii) the fact that there are only two adjustable
arameters, both with clear physical meaning. It is immediately
pparent from Fig. 10(b) that the model successfully predicts
he presence of tensile stresses beneath the surface.

The fitted values of D′ and d were then used to predict the
epth profiles through the pullouts with no further adjustment of
arameters. The example in Fig. 10(c) shows that the model suc-
essfully predicts the presence of compressive stresses beneath
he pullouts and the approximate extent of their depth below
he surface. The predicted peak shift is of the correct order
f magnitude and spatial extent but is greater than was mea-
ured experimentally by about a factor of 2. One reason for this
iscrepancy is undoubtedly the simplicity of the stress model,
nd another is that the in-plane resolution of the microscope is

ot much less than the pullout dimensions, so that less highly
tressed material around the centre line of an individual pullout
s included in the experimental measurement. A further, sys-
ematic source of error is that the s and p used in predicting

e
f
a
f

eramic Society 30 (2010) 2533–2545 2541

he residual stress in Fig. 10(c) using Eqs. (12)–(14) are the
verage values measured from the optical micrographs; they do
ot necessarily represent the local environment where the depth
cans were actually made. In the real depth scans through pull-
uts, larger pullouts (larger p) were chosen for examination as
hey were easier to identify under the microscope. The model
hows that larger values of p give lower stresses beneath pull-
uts, as observed, and it was found that the fit in Fig. 10(c) could
e improved substantially, whilst maintaining a good fit in the
round/polished regions, by increasing p/s.16 Whilst quantita-
ive prediction of the precise stress field in an individual pullout
s evidently too sensitive to local environment to be very accu-
ate, we conclude that the model captures the essential features
f the residual stresses. The values of D′ and d obtained from
epth scans through the “ground” or “polished” regions of the
urface were not very sensitive to p/s for realistic conditions,16

o these fitted values are robust.
The fitted values of D′ and d for different surface treatments

nd grain sizes are listed in Table 2. It is worth pointing out
hat although these D′ and d values came from fitting results for
epth scans of a single area in both cases, the results chosen for
his detailed analysis were representative, i.e. with intermedi-
te peak R-line shifts among various depth scan results; hence
hese fitted D′ and d values should also be representative. To
ive some confidence, the scattering for D′ and d is within 20
nd 35%, respectively, based on their values determined from
ultiple experiments (depth scans made at various locations).
′, representing the extent of plastic deformation, is not sensi-

ive to grain size and is smaller in polishing than in grinding.
he major difference between grinding and polishing, however,

s that the depth of plastic deformation is much less in polishing
han in grinding.

. Discussion

By substituting D′, d, s and p listed in Table 2 into Eqs.
4a) and (4b), the stress distributions predicted by the opti-
ised model can be calculated. Caution has to be taken with

he raw values for the in-plane stresses (σxx) calculated in this
ay, recalling the two-dimensional simplification of the grind-

ng stress model (Section 4.1). A plane strain state was assumed
n the model where εyy = 0 and σyy = νσxx. The situation in our
rinding treatment actually has biaxial symmetry in the surface
lane. Assuming the true in-plane stresses are σxx = σyy = σt, σt

an be estimated by equalizing the total normal stresses that
etermine the peak shift in the two conditions: 2σt = (1 + ν)σxx

nd hence σt = (1 + ν)σxx/2 = 0.62σxx. It is thus evident that the
aw σxx results overestimate the true in-plane stresses by a fac-
or of ∼1.6 when fitted to the biaxial experimental results. The
rue values for the in-plane stresses, σt, estimated as 0.62σxx,
re listed in Table 3, which shows the extremes of tensile and
ompressive stresses (both raw and adjusted results) obtained
rom the plane strain model. The out-of-plane stresses, σzz, are

xpected to be affected less by this consideration as they arise
rom the sum of contributions in the notional grinding directions
nd so are insensitive to the relative contributions to the shift
rom the x and y directions. Obviously the fitting procedure is
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ig. 10. Fitting results of Eqs. (12)–(14) to depth profiles of the 4.2 �m sized
rom the ground surface, respectively; (c) peak shifts from the pullout.

lso affected by these considerations in principle, but in practice
he overall stress level is dictated by the “broad” peaks from the
lastically deformed surface layer and the shape of the curves
ill be affected by similar considerations in plane strain and
iaxial symmetry (thickness of deformed layer, relative sizes of
ullouts and “ground” regions, by St. Venant’s principle) so it is

ikely that the consequences are minor.

Despite this difficulty with the plane strain model, all stresses
ithin it are expected to be within a factor of 2 of the true values

nd the distributions of stress it reveals are very informative.

s
o
c
r

able 2
′, d, s and p for ground and polished polycrystalline alumina. D′ and d are from the

rom optical micrographs.

(�m) Grinding

D′ (GPa) d (�m) s (�m) p (�m

.4 0.28 1.34 5.3 6.3

.2 0.23 1.32 8.1 8.4
d polycrystalline alumina. (a) and (b) Broad peak shifts and sharp peak shifts

ypical plots of the spatial distribution of the stress compo-
ents are shown in Fig. 11. In view of the universal conclusion
f previous works measuring mean surface stresses that these
re compressive, an interesting conclusion of the present local
tress measurements is that in all the ground specimens, σxx and
zz fluctuate to such an extent that they are strongly tensile for

ome distance below the plastically deformed “ground” regions
f the surface. The maximum tensile stresses in the ground
ondition are σxx ∼ 1 GPa (σt ∼ 600 MPa) and σzz ∼ 250 MPa,
espectively (Table 3). This is very important in explaining the

best fit of the model to the experimental results; s and p are measured directly

Polishing

) D′ (GPa) d (�m) s (�m) p (�m)

0.19 0.25 114.5 2.0
0.17 0.66 94.5 2.4



S. Guo, R.I. Todd / Journal of the European Ceramic Society 30 (2010) 2533–2545 2543

Fig. 11. Stress distribution in the ground and polished 4.2 �m sized polycrystalline alumina in a two-dimensional view. (a) σxx for ground specimen; (b) σzz for
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round specimen; (c) σxx for polished specimen; (d) σzz for polished specimen.
f the surface. The σxx values in (a) are based on the 2D model in Fig. 7 and esti
re listed in Table 3.

racking behavior in grinding: tensile σxx will lead to crack
rowth normal to the surface if it is beyond the fracture strength
f the material, and tensile σzz will lead to material spalling off
nd grain pullout. There are no tensile stresses in the model if
ullouts are not introduced,16 and neither were they observed
xperimentally in the polished specimens (Fig. 5), where the
mount of pullout is small. There are two important conclusions
o draw from this. First, although more severe grinding leads to
greater mean compressive surface stress, which has previously
een seen as a strengthening mechanism,6,8,34 its potential ben-
fits are severely compromised not only by the cracks nucleated
y grinding, but also by the appearance of local tensile stresses
n some regions which act to help such cracks to grow. Sec-
ndly, once pullouts start to form by surface fracture, it becomes
asier to form further pullouts owing to the increasingly ten-
ile stress normal to the surface and just below the plastically
eformed layer. This “positive feedback” will be expected to
ead to instability and may play an important part in the sud-
en and catastrophic transition from mild to severe wear often
bserved after some time in sliding wear tests.

Both ground and polished surfaces also contain very strong
n-plane compressive stresses (σt ∼ −1.5 GPa) in the plasti-
ally deformed layer (Table 3). It is difficult to compare these
irectly with other works in which stresses have been mea-

ured by the curvature method,8 X-ray diffraction5–7 or Hertzian
ndentation9,10 because of the different grinding and polishing
reatments used but the maximum compressive residual stresses
btained in this work are at the high end of the ranges reported

b
i
t
a

rface is at z = 0 and x = 0 corresponds to the centre of a ground/polished region
values for the in-plane stresses in the biaxial condition of the experiments (σt)

sing other methods (ranging from ∼−50 MPa to −1.5 GPa).
ne reason for the high values is that the residual stresses
btained in this work are not volume averaged and reflect the
ocal stress at different points in the stressed surface layer. The

aximum compressive stress in the plastically deformed layer
s similar in the ground and polished conditions. Table 2 shows
hat D′, which indicates the severity of plastic deformation in
he plastically deformed layer, is actually ∼40% greater in the
round condition, but the effect of this on the compressive stress
s offset by relaxation caused by the greater amount of pullout
n the ground specimens compared with the polished condition.

The main difference between the ground and polished con-
itions is in the depth of the plastic deformation, d (Table 2),
hich was about three times greater after grinding than it was

fter polishing. The magnitude of d for both grinding and
olishing conditions are in good agreement with transmission
lectron microscopy (TEM) observations of the depth to which
evere plastic deformation is observed following typical surface
reatments.9

This work therefore suggests two explanations for the success
f polishing treatments in avoiding surface fracture. The first is
hat the lower intensity (D′) and depth of plastic deformation, and
herefore the lesser intensity and length of stress concentrators
uch as twins and dislocation pileups, reduces the rate at which

rittle fracture is nucleated. The second is that the reduction
n depth and intensity of plastic deformation generates smaller
ensile stresses when the pullouts are formed and thus helps to
void the avalanche effect described above.
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The stress state in the material beneath the pullouts is strongly
ompressive (σt = −450 to −750 MPa) and there was little dif-
erence between the levels of stress following grinding and
olishing. This is a trade off between there being a greater area of
nspalled, plastically deformed surface surrounding the pullouts
n the polished condition but a lower level of plastic deformation
n this surrounding area.

The grain size had no obvious effect on the results. The pull-
uts were larger in the coarser grained material, as expected from
he intergranular fracture mode19 although it is surprising that
his did not lead to a greater area fraction of pullout (Table 1).
his may be a result of the difficulty of reproducing surface

reatment conditions from one run to the next.8

. Summary

Local residual stress distributions in ground and polished sur-
aces of alumina have been measured using Cr3+ fluorescence
icroscopy. To analyse the results, a model for the residual

tresses simulating the displacement of material in the ground
r polished condition by an array of continuously distributed
dge dislocations has been proposed. It was convoluted with a
robe response function established previously to compare with
he nominal residual stresses experimentally measured by Cr3+

uorescence microscopy. By fitting the model to the experimen-
al results, the magnitude and spatial distribution of the residual
tresses was obtained. Interestingly, large tensile stresses both
arallel (∼600 MPa) and normal (∼250 MPa) to the surface were
ound for some distance below unfractured surface regions of
oarsely ground specimens. These would aid crack growth and
he spallation of material to cause grain pullout during grind-
ng. The tensile stresses occur only in the presence of pullouts
nd existing pullouts will therefore facilitate further pullout for-
ation. The compressive stresses in the ground and polished

urfaces were similar (∼−1.5 GPa) and were greater than the
ean stresses measured by other, low spatial resolution methods

ut the depth of plastic deformation after grinding (∼1.3 �m)
as about three times greater than that for polishing (∼0.4 �m).
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