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bstract

alzbender has suggested a model to determine hardness and elastic modulus as a function of the mechanical energies involved during tip
enetration in instrumented indentations tests. However, the values obtained with these expressions are not consistent with the ones determined
y the well-accepted Oliver and Pharr method. After revision, based on Malzbender’s study itself, equations were rewritten and then, the obtained
ndentation hardness (H) for soda-lime glass was in agreement with the literature data. However, the reduced elastic modulus (E ) was still about
r

0% higher than the values in the literature. Developing Malzbender’s proposal by the inclusions of additional mechanical energy assumptions, a
ew expression for Er is now suggested. Using the new expression, the hardness and reduced elastic modulus agreed very well with the Oliver and
harr method.
2010 Elsevier Ltd. All rights reserved.
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Malzbender’s paper1 discusses different definitions on hard-
ess obtained by indentation tests with conical indenters. In
articular, the ratio between indentation hardness (H) and
artens hardness (HM)1,2 is presented as

HM

H
=

[√
α

π(tan γ)2 + ε

β

√
απ

4

H

Er

]−2

, (1)

here γ = 70.3◦ is the half-angle of the conical indenter, which
resents the same contact area under a particular load for ideal
ickers and Berkovich indenters1,3; ε = 0.75 corresponds to

he geometric constant for paraboloid indenters; β = 1.034 is
correction factor used to compensate the lack of symme-
ry in pyramidal tips4; Er is the reduced elastic modulus; and
= π tan γ

√
1 + (tan γ)2 corresponds to the proportionality

etween the area and the maximum depth in the Martens hard-
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ess (for a Berkovich indenter, α = 26.44). The term H/Er in
q. (1) is also present in another relationship, previously pro-
osed by Malzbender and de With,5 for the deformation energies
nvolved during an indentation test:

Wp

W
= 1 − We

W
= 1 −

(
ε

2
+ β

π tan γ

Er

H

)−1

, (2)

here We, Wp and W correspond to the elastic, plastic and total
echanical energies, respectively, which are calculated from

oading–unloading curves.
Based on the statements described above, Malzbender1

roposed a hardness equation, dependent on the mechanical
nergies:

= W

3

3(tan γ)2 [
1 + ε

]2

, (3)

h π 2We/W − ε

here h is the maximum tip penetration depth.
However, following step by step Malzbender’s proposition,1

t was verified that Eq. (3) is incorrect and, actually, it needs to
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Table 1
Indentation hardness (H) and reduced elastic modulus (Er) for soda-lime glass
calculated using the Oliver–Pharr method,3,4 Malzbender’s method1 and the
revised Malzbender’s equations. The value that corresponds to the Er solution,
here proposed, is also shown.

Method H (GPa) Er (GPa)

Oliver–Pharr (Eqs. (7) and (8)) 6.39 ± 0.08 74.5 ± 0.5
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e written as

= W

h3

3

π(tan γ)2

[
1 + ε

2W/We − ε

]2

. (4)

In the same paper, Malzbender1 also derived an energy-
ependent equation for the reduced elastic modulus Er:

r = 3

β

We

h3

(
εW

We

+ 2 tan γ

2 + εW/We

)
. (5)

This equation is also incorrect. By combining Eqs. (1) and
2) or by substituting Eqs. (4) in (2), it can be verified that the
educed elastic modulus also needs to be corrected to:

r = 3

β

We

h3

[
(W/We)2

tan γ(1 − εWe/2W)

]
. (6)

Such hardness and elastic modulus calculation can be inter-
sting for materials pile-up or sink-in during indentations, when
he contact area cannot be correctly determined.4

We used experimental data in order to compare Eqs. (3)–(6)
ith the Oliver and Pharr3,4 definitions for indentation hardness

nd reduced elastic modulus, given respectively by

= Pmax

24.5h2
c + ∑8

i=1Cih
[2−i+1]
c

(7)

r =
√

π

2β

S√
A(hc)

. (8)

In these equations, Pmax corresponds to the maximum applied
oad, hc is the contact depth and Ci are numerical coefficients
ecessary to correct the tip rounding effect. S represents the
ontact stiffness, and A(hc) the projected contact area. In both
quations the contact depth is hc = h − ε(Pmax/S).

The reference material chosen for the indentation tests was
commercial soda-lime glass (SiO2 71%, Na2O 13.2%, CaO

0%, Al2O3 0.7%; MgO 4% in weight), since it is an isotropic
aterial with well-known mechanical properties.3,6,7 The sur-

ace finishing for the received samples was in a good condition
nd they were cleaned only with acetone in an ultra-sound bath.
n order to reduce the pre-existing residual stresses, annealing
reatment at 540 ± 1 ◦C during 1 h in air was carried out and
ooled to room temperature at a rate of 1 ◦C/min. The instru-
ented indentation tests employed a Berkovich-type diamond

ip. Ten indentation tests were made with an applied load of
00 mN. This load allowed the tip to reach a penetration depth
f (1015.5 ± 3.0) nm.

Table 1 shows indentation hardness values calculated using
liver–Pharr as well as Malzbender’s (original and corrected

quations) methods. According to Oliver–Pharr (Eq. (7)), the
ardness of the soda-lime glass is (6.4 ± 0.1) GPa, which is in
greement with the literature data.3,8–10 On the other hand, the
ardness is overestimated (5.5 ± 0.3 TPa) when it is calculated
sing the Malzbender’s Eq. (3). However, by determining the

ardness with the revised Malzbender’s equation (Eq. (4)), the
btained value drops to (6.3 ± 0.1) GPa. This value is now in
greement with the one determined by the Oliver and Pharr and
he accepted literature data.

E
r
b
i

alzbender (Eqs. (3) and (5)) 5533.01 ± 288.15 151.1 ± 1.5
evised Malzbender (Eqs. (4) and (6)) 6.30 ± 0.05 91.9 ± 0.5
roposed Er (Eq. (10)) – 70.1 ± 0.4

Table 1 also shows the reduced elastic modulus that
as calculated using the Oliver–Pharr (Eq. (8)), the original

Eq. (5)) and the corrected (Eq. (6)) Malzbender’s equa-
ions. As expected, the reduced elastic modulus according to
he Oliver–Pharr method (74.5 ± 0.5 GPa) is in good agree-

ent with the literature.3,7 Otherwise, reduced elastic modulus
btained by the Malzbender’s suggestion (Eq. (5)) is overes-
imated (151.1 ± 1.5 GPa). By using the revised form of the
orresponding Malzbender’s equation, the reduced elastic mod-
lus decreases to (91.9 ± 0.5) GPa. This value still remains about
3% higher than the value obtained by the Oliver–Pharr method
see Table 1, revised Malzbender).

As can be seen in Eq. (2), the involved mechanical energies
re connected to the H/Er ratio, which is a material intrinsic
roperty. According to Cheng and Cheng,4,11,12 this same ratio
an also be described by

We

W
= 1

κ

H

Er

, (9)

here κ is a function of the indenter half-angle. For a set of
eramic and metal materials, κ−1 is approximately 5.33.1,4,11

ince H and Er, from the Malzbender’s proposition,1 are
erived from Eq. (2), we used indentation data of the soda-
ime glass and the Oliver–Pharr method in order to verify
he consistency of this equation as well as Eq. (9). The

easured elastic and total mechanical energies for soda-lime
lass were We = (17.42 ± 0.17) nJ and W = (36.39 ± 0.17) nJ,
espectively. The H/Er ratios, calculated using these ener-
ies in Eqs. (2) and (9), were compared to the ratio
btained directly by the Oliver–Pharr method, as shown in
ig. 1a. The difference between the value obtained by the
liver–Pharr method and the Cheng–Cheng’s proposal was
.5%, while with the Malzbender–de With’s proposal (Eq. (2)), it
as 20%.
Combining the revised Malzbender’s indentation hardness

Eq. (4)) with the Cheng–Cheng’s relationship (Eq. (9)), it is
ossible to obtain another expression for the reduced elastic
odulus:

r = 15.99

π(tan γ)2h3

W2

We

(
1 + ε

2W/We − ε

)
, (10)

here all the terms were previously described. In Fig. 1b, the

r values are compared according to Oliver–Pharr (Eq. (8)), the

evised Malzbender’s Eq. (6) and the proposed Eq. (10). As can
e observed, the reduced elastic modulus determined by Eq. (10)
s more consistent with the one calculated by the well-accepted
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Fig. 1. (a) The H/Er ratio obtained using the Oliver–Pharr method3,4 (Eqs.
(7) and (8)), Malzbender–de With’s proposal5 (Eq. (2)) and Cheng–Cheng’s
p
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roposal11,12 (Eq. (9)). (b) Reduced elastic modulus according to Oliver–Pharr
Eq. (8)), Malzbender after revision (Eq. (6)) and our proposal (Eq. (10)). The

r values in the graph (b) depend on the corresponding H/Er in the graph (a).

liver–Pharr method and the literature data,3,7 despite a relative
rror of about 5%.

In conclusion, for instrumented indentations carried out on
at soda-lime glass, the equation based on the mechanical
nergies to determine the indentation hardness as proposed by
alzbender (after revision) is very well in agreement with the

alue obtained by the well-established Oliver–Pharr method. On

he other hand, the expression proposed for the reduced elastic

odulus (even after revision) does not agree with Oliver–Pharr.
educed elastic modulus values, consistent with Oliver–Pharr
nd also based on the mechanical energies, were calculated using
Ceramic Society 30 (2010) 1967–1969 1969

n equation derived from the Malzbender’s proposal for hardness
nd the H/Er ratio as described by Cheng and Cheng.
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