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bstract

olling tools made of advanced ceramics have some attractive properties with respect to their wear resistance and high temperature performance
ut are critical due to the brittle failure mode. Lifetime predictions must be based on a probabilistic approach considering sub-critical and cyclic
ropagation of the inherent flaws. We will present a comprehensive reliability analysis for a rolling contact fatigue test with a silicon nitride roll
sing the program STAU. Based on a cyclic crack growth law, we have extended the capabilities of STAU in order to account for a complex load

istory typically found in the case of rolling applications. A scheme is presented for relating the failure probability to the crack density observed
n the roll which allows for a quantitative comparison of predictions and experimental observations. It turns out that the water-based lubrication
ost critically affects the failure behaviour since water strongly promotes cyclic crack propagation.

 2012 Elsevier Ltd. All rights reserved.
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.  Introduction

Advanced ceramics are promising materials for applica-
ions operating at high temperature and/or severe tribological
onditions. Silicon nitride (Si3N4) is a preferred material for
etalworking tools due to its outstanding wear resistance

nd high strength at elevated temperatures. One of the main
hallenges in designing reliable components for such appli-
ations is the brittle fracture behaviour of ceramics, which
as been in the focus of recent research on silicon nitride
olling tools. Lengauer and Danzer1,2 conducted a compre-
ensive fracture mechanics study on the failure of industrial
i3N4 rolls. They showed that the initiation of large cracks
n the roll calibre is controlled by tensile stresses when

rocessing superalloy wires. Lab-scale rolling tests (Khader
nd Kailer3) using high strength steel wires showed that
here is a time-dependent evolution of cracks on the calibre

∗ Corresponding author at: Bombardier Transportation GmbH, Holländische
trasse 195, 34127 Kassel, Germany. Tel.: +49 561 801 5277,
ax: +49 561 801 6701.
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urface. However, the role of natural flaws (such as grind-
ng cracks) on the failure of ceramic rolling tools has not
et been studied extensively. One crucial task is to investi-
ate how crack propagation caused by repeated cyclic loading
an influence the initiation of large cracks and damage on the
olls.

Predicting the failure of ceramic components must be based
n probabilistic methods in order to cope with the large scatter
n crack size which is characteristic for the inherent flaw
opulation. Fracture occurs once the most unfavourable natural
aw in terms of location and orientation exceeds a critical size
nd initiates unstable crack propagation. Consequently, the
catter in flaw size results in scatter in strength and lifetime as
ell as in a size effect. The stochastic nature of the inherent
aws can be accounted for using the mathematical framework of

he Weibull theory4 based on a weakest-link model. Numerical
ools such as STAU5 or the CARES code6 have been established
s post-processors for a finite element (FE) stress analysis for
ailure predictions of components under complex transient
oading. Time-dependent failure of ceramics is caused by slow
ropagation of natural cracks in the material. Under (quasi-

static loading, crack propagation is promoted by sub-critical
rack growth which is strongly affected by environmental
onditions.7 For toughened ceramics, e.g. by grain-bridging,

http://www.sciencedirect.com/science/journal/09552219
dx.doi.org/10.1016/j.jeurceramsoc.2012.01.009
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rack propagation is enhanced under cyclic loading due to the
elative movement of interlocked crack faces that shield the
rack tip.8 Cyclic wear degradation of the bridging elements
eads to progressive increase of the effective stress intensity
actor which may assist further sub-critical crack growth.
oth sub-critical and cyclic crack growth can be described
y empirical power laws which are easy to integrate into the
athematical framework of a probabilistic failure analysis.
The effect of sub-critical crack growth on component lifetime

as been studied by Brückner-Foit and Ziegler9 for a SiC fas-
ening bolt in a gas turbine casing using the STAU program. A
tudy on Si3N4 engine valves by Nemeth et al.6 based on a com-
ined approach for sub-critical and cyclic crack growth showed
hat lifetime predictions differ by many orders in magnitude
epending on which underlying fatigue mechanism is assumed.
owever, careful comparisons of probabilistic lifetime predic-

ions with experimental observations for components that have
ctually failed have rarely been described in literature.

In this paper we will present a comprehensive probabilistic
eliability analysis using the example of a rolling contact fatigue
RCF) test with a commercial silicon nitride grade (SL200).
or that purpose, we will extend the lifetime prediction proce-
ures used in STAU by an approach for cyclic crack propagation.
pecial attention is paid to obtaining the necessary information
bout the cyclic load history which is required for the analysis.
amage in the RCF experiment is characterized by time-
ependent initiation of macroscopic cracks on the roll surface.
his allows for evaluating the prediction results in conjunction
ith the time-dependent evolution of the crack density. Results
resented here are based on parameters from sub-critical and
yclic crack propagation in air and water, as they exhibit strong
ifferences in the calculated lifetimes and failure probabilities.
e will show that the observed crack density can be predicted if

ncertainties in the fatigue parameters of the considered material
ilicon nitride SL200 are taken properly into account.

. Theory

Failure of ceramics is characterized by inherent natural or
rocessing flaws which can be treated as cracks. A component
ails as soon as the most unfavourable natural crack exceeds a
ritical size, ac, which depends on the location, orientation of
he crack and on the fracture toughness of the material. A failure
riterion can be formulated based on a local fracture mechan-
cs approach (‘Batdorf’-model10) in which the (critical) flaw
ize a (ac) is replaced by a (critical) Mode-I equivalent stress
eq(�r,  Ω) depending on the location �r  and orientation Ω  of the
racka:

Ieq =  σeqYI
√

a ↔  KIc =  σeqYI
√

ac (1)
ailure occurs if the equivalent stress intensity factor KIeq
xceeds the fracture toughness of the material KIc. The
eometry factor YI refers to the respective fracture mechanics

a The dependence of σeq on �r and Ω will not be denoted explicitly in the
ollowing derivations.
eramic Society 32 (2012) 2073–2085

odel for natural flaws. The equivalent stress is determined by
n appropriate mixed-mode criterion, for example the widely
sed ‘normal stress’ criterion which considers pure Mode-I
ontributions only.11

.1.  Failure  probability  under  cyclic  fatigue

The time-dependent propagation of natural flaws must be
onsidered for materials which exhibit cyclic crack growth. A
etailed description of the way how (sub-critical) crack propaga-
ion is treated in a probabilistic analysis of engineering structures
an be found in Brückner-Foit and Ziegler.9 Adopting this
rocedure, a formulation for failure under fatigue can be found
y integrating a cyclic crack propagation law (see also Nemeth
t al.6). An overview on crack growth laws applicable for ceram-
cs can be found in Fett and Munz.12 Crack propagation is most
ommonly described by a power-law which relates the crack
rowth rate da/dN  with the applied stress intensity factor range
K =  Kmax −  Kmin normalized by the fracture toughness KIc:

da

dN
= A

(
�KI

KIc

)n

. (2)

he parameters n  and A  are material properties. The crack
ropagation rate da/dN  may also depend on the load ratio

 =  Kmin/Kmax. Assuming that n  is independent of R, the
nfluence of the load ratio can be expressed using a second
xponent p  and a corresponding parameter C  different from A:13

da

dN
= C

(1 −  R)n−p

(
�KI

KIc

)n

.  (3)

nder transient loading, the critical crack size ac is also
ime-dependent as illustrated in Fig. 1(a). The time tf at which
pontaneous failure occurs is determined by the minimum
c,min within the considered time interval. In the case of
low crack propagation (sub-critical/cyclic), there is a cor-
esponding critical initial crack size ac,0 which is relevant
or evaluating the reliability based on defect statistics. In the
ase of cyclic loading, the load history can be expressed in
erms of the equivalent stress σeq(t) as shown in Fig. 1(b).
ach load cycle is characterized by an individual stress range
σeq(N) =  σeq,max(N) −  σeq,min(N) and a corresponding load

atio R(N) =  σeq,min(N)/σeq,max(N). Based on Eq. (1), �Kn
I

an be formulated in terms of the crack length a  and �σeq:

Kn
I (N) =  Yn

I (�σeq(N))nan/2

=  Yn
I [σeq,max(N)(1 −  R(N))]nan/2.  (4)

ntroducing Eq. (4) in Eq. (3), the critical initial crack size can
e determined by integrating the crack growth relation

da

dN
= C  · Yn

I

Kn
Ic

· (σeq,max(N))n · (1 −  R(N))p ·  an/2

∫ ∫

→

ai

a0

a−n/2 da  = C ·  Yn
I

Kn
Ic

Ni

0
(σeq,max(N))n ·

(1 −  R(N))p dN  (5)
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Fig. 1. (a) Critical crack size a and initial critical crack size a under time-
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Here, the failure probability is determined only by the number
of repetitions Z. For a high Z, the ‘cyclic’ term becomes pre-
c c,0

ependent (cyclic) loading; (b) time-dependent sequence of the equivalent stress

eq for a load history of Nk individual cycles.

hich yields (for n  /=  2):

0 =
[
a

(2−n)/2
i + (n − 2) · CYn

I

2Kn
Ic

∫ Ni

0

(
σeq,max (N)

)n · (1−R (N))p dN

]2/(2−n)

(6)

q. (6) provides a relation between the initial crack size a0 and
he crack size ai after Ni cycles. If the component fails after Ni
ycles, ai can be replaced by ac (Eq. (1)) and the critical initial
rack size reads:

c,0 =
[(

KIc

σeq,max(Ni)

)2−n

+ (n  −  2) · C  ·  Yn
I

2Kn
Ic

×
∫ Ni

0
(σeq,max(N))n ·  (1 −  R(N))p dN

]2/(2−n)

. (7)

he probability F  that ac,0 is exceeded can be determined assum-
ng a flaw size distribution of the type fa ≈  a−r:

(a ≥  ac,0) =
⎛
⎝ ã

min
N ∈ [0,Nk]

[
ac,0 (N)

]
⎞
⎠

r−1

(8)

˜  is a threshold crack size below which failure is not expected.
t is important to note that Eq. (8) must be evaluated for the

inimum value of ac,0 which depends on the considered cycle

 within the interval [0,Nk].
Predicting the failure probability of a component under

omplex loading requires to consider an arbitrary number of A
eramic Society 32 (2012) 2073–2085 2075

andomly orientated and located cracks. For cyclic fatigue, the
robability of the whole component is given by Eq. (9), a detailed
erivation can be found in Appendix A:

Pf =  1 −  exp

(
− 1

V0

∫
V

1

4π

∫
Ω

I  dΩ  dV

)

I =  max
η ∈ [0,Nk]

[(
σeq,max (η)

σ0

)n−2

+σ2
0

B

η∫
0

(
σeq,max (N)

σ0

)n

· (1 −  R (N))p dN

⎤
⎦

m

n  −  2

(9)

he failure probability is calculated by an integral over the com-
onent volumeb V  and crack orientation Ω. V0 is a unit volume.
he integral must be solved over 5 dimensions: three spatial
oordinates (V) and two crack orientation coordinates (Ω). The
ntegrand, I, is composed of two parts: The first term refers to
pontaneous failure, the second term represents the contribution
y cyclic crack propagation via an integral over the individual
yclic load history. The integration over the component volume
nd crack orientation is performed using the maximum value
f I  at each cycle within the considered interval of Nk cycles.
he material specific parameters m  (Weibull modulus) and σ0

normalized strength with respect to V0) are associated with the
trength of the material and can be derived from inert strength
ests; η  is a dummy variable for cycle numbers. The fatigue
ehaviour is characterized by the parameters n, p  and B, in which

 refers to the crack growth parameter C  and is calculated by
q. (10):

 = 2K2
Ic

CY2
I (n  −  2)

(10)

 similar formulation as Eq. (9) is obtained when integrating
he power-law for sub-critical crack growth (Appendix C).9

Evaluating Eq. (9) can become computationally expensive if
he cyclic load history is repeated in a periodical manner such
s in the case of a stationary rolling process. Assuming that the
oad history is repeated Z  times, the cycle-dependent term in the
ntegrand I  of Eq. (9) can be reformulated using the contribution
f the first full (Z  −  1) repetitions as shown in Eq. (11):

I = max
η ∈ [0,Nk]

[(
σeq,max (η)

σ0

)n−2

+σ2
0

B

⎛
⎝ η∫

0

(
σeq,max (N)

σ0

)n

· (1 − R (N))p dN

⎞
⎠

+ (Z − 1) · σ2
0

B

⎛
⎝Nk∫

0

(
σeq,max (N)

σ0

)n

· (1 − R (N))p dN

⎞
⎠
⎤
⎦

m

n − 2

(11)
b The corresponding formula for a surface flaw model can be found in
ppendix B.
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Eq. (3) can adequately render the data except for the rightmost
part of the curve measured at R  = 0.5.

Table 1
Material parameters of Si3N4-SL200: (a) Weibull parameters m and σ4PB from
076 M. Härtelt et al. / Journal of the Europ

ominant compared to the ‘static’ contribution. In this case, the
erm for spontaneous failure can be neglected and finding the

aximum of I  becomes obsolete. As a consequence, the inte-
rand can be simplified in such a way that Pf can be expressed
n terms of a Weibull distribution with the Weibull parameters
* and N0:

Pf(Z) =  1 −  exp

[
−
(

Z

N0

)m∗]

m∗ = m

n  −  2

N0 =
⎡
⎣ 1

V0

∫
V

1

4π

∫
Ω

(
σ2

0

B

∫ Nk

0

(
σeq,max(N)

σ0

)n

· (1 −  R(N))

0 is the 63%-quantile of the lifetime distribution and will
enceforth be denoted as ‘characteristic lifetime’.

.2. Numerical  implementation

Solving the integrals in Eqs. (9), (11) and (12) requires numer-
cal integration procedures based on a FE stress analysis of the
n-cracked component. The post-processor STAU is a numerical
ool that employs a Gauss-quadrature scheme based on the ele-

ent stresses provided with the FE results. Sufficient accuracy is
chieved by generating a number of additional evaluation points
ithin the numerical integration procedure using the interpola-

ion functions of the FE formulation. A detailed description of
TAU can be found in Riesch-Oppermann et al.5

If sub-critical crack growth is considered in the analysis
Appendix C, Eq. (C.2)), an integral over the complete load
istory σeq(t) must be solved for each evaluation point (�r,  Ω) of
he integration. In the case of cyclic fatigue, only the contribu-
ion of the individual cycles is taken into account. Consequently,
he maximum and minimum values of the equivalent stress must
e identified for any evaluation point within the calculation run.
or that purpose, the maximum principal stress σ1 is tracked for
very spatial evaluation point in order to reduce the numerical
ffort. The peaks of σ1 coincide with the peaks of σeq if the nor-
al stress criterion is used as mixed-mode criterion to determine

he equivalent stress. Once the time increments which refer to
he minima and maxima of σeq are identified for each individ-
al cycle, the integrand I  can be calculated for a corresponding
et of σeq,max and R. Due to the discrete nature of cyclic crack

rowth, the integral over the cyclic load history can be replaced
y a sum over all cycles:

Nk

N1

(
σeq,max(N)

σ0

)n

(1 −  R(N))p dN

=
k∑

i=1

(
σeq,max(Ni)

σ0

)n

(1 −  R(Ni))
p (13)

4
(
b
c

(

(

eramic Society 32 (2012) 2073–2085

)m/(n−2)

dΩ  dV

⎤
⎦

−1/m∗
(12)

.  Material  properties  of  silicon  nitride  SL200

SL200 (Ceramtec, Germany) is a commercial silicon nitride
uality with 3 wt.% Al2O3 and 3 wt.% Y2O3. The strength distri-
ution was determined in standard14 4-point-bending tests with

 specimen size of 45 mm × 4 mm ×  3 mm and a sample size
f 24.15,18 The Weibull parameters are shown in Table 1(a).
he mechanical properties and sub-critical crack growth (SCG)
ehaviour of SL200 was also investigated in a comprehensive
tudy by Lube and Dusza16 for different temperatures. They
eport a lower value for the 4-point-bending strength which
ight be due to a different sintering route or surface finish-

ng process. The required SCG parameters in ambient air were
dopted from their work and are summarized in Table 1(b).

The fatigue behaviour in ambient air was determined for the
wo load ratios R  = 0.1 and R = 0.5 by cyclic tests under different
oad levels at a frequency of 60 Hz.15 Crack propagation curves
or natural flaws can be calculated by an indirect method com-
ining strength and lifetime tests.17 Lifetimes were pooled in
rder to decrease uncertainties in the crack growth curves asso-
iated with the sparse underlying database obtained for each
oad level.18 The curves are presented in Fig. 2(a). Crack growth
arameters were determined by fitting the curves with Eqs. (2)
nd (3), the corresponding parameters can be found in Table 2(a).
n principle, the 3-parameter crack propagation law Eq. (3) does
ot account for a variation in n. On the other hand, different
rack growth exponents are obtained for different load ratios
hen evaluating using Eq. (2).18 The straight lines in Fig. 2(a)

how how both empirical laws represent the crack growth curves.
t turns out that corresponding parameters of the extended law
-point-bending strength tests, numbers in braces indicate 90% confidence level;
b) sub-critical crack growth parameters nsub, Asub from 16; Bsub is calculated
y Eq. (10) using KIc = 4.9 MPa m0.5 16 and YI = 1.3 (recommended for semi-
ircular flaws17).

m σ4PB [MPa]

a) Strength 11.5 (8.7;15.1) 1044 (1012;1077)

nsub Asub [m/s] Bsub [MPa2 s]

b) Sub-critical crack growth16 42 10−6 7.1 × 105
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Table 2
Cyclic crack growth parameters of Si3N4-SL200 for (a) 2-parameter law and (b) 3-parameter law for air and water. B follows from Eq. (10) using KIc = 5.65 MPa m0.5 18

and YI = 1.3.

Medium R (a) 2-Parameter law (Eq. (2)) (b) 3-Parameter law (Eq. (3))

n A [m/cycle] n p C [m/cycle] B [MPa2 cycle]

Air18 0.1 20.1 5.8 × 10−8

24.4 2.2 2.8 × 10−8 6.1 × 107
0.5 30.8 5.6 × 101

W

i
c
a
w

F
R

i
c

ater 0.5 29.9 1.1 × 104

In addition to the cyclic tests in air, lifetimes were measured
n distilled water at R  = 0.5.19 The crack growth curve was cal-

ulated using the same pooling strategy18 as for the curves in
ir. The crack growth curve for water is shown in Fig. 2(b) along
ith the corresponding curve in air. The crack propagation rate

ig. 2. Cyclic crack growth curves calculated from cyclic tests in (a) air for
 = 0.1/0.518 and (b) in air and water for R = 0.5.

I
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o
t
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n
t
s
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o
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F
n

29.9 2.2 4.9 × 10−5 2.7 × 104

s increased by about two orders in magnitude under water. The
orresponding crack growth parameters are given in Table 2(b).
t should be noted that the exponent n  remains almost unaffected
f compared to the results in air at R  = 0.5. It is not straightfor-
ard to determine the crack growth parameters of Eq. (3) since
nly one load ratio was tested in water. Therefore, we assume
hat the exponent p  remains unaffected under water which allows
or calculating C  from A  by combining Eqs. (2) and (3):

 =  A(1 −  R)n−p (14)

he parameters are summarized in Table 2(b).

. Results

.1.  Rolling  contact  fatigue  test

The rolling contact fatigue tests considered in the present
ork were conducted by Khader20 in order to study the mechan-

cal and tribological damage mechanisms of ceramic rolls under
ifferent conditions. The test principle is shown in Fig. 3, and
he relevant parameters are summarized in Table 3. Hardened
00Cr6 steel discs (HV10 > 800) with a circular curved profile
radius 5 mm) are brought in contact with a cylindrical silicon
itride SL200 roll. The applied normal force FA = 1700 N leads
o a maximum contact pressure of about ∼4.55 GPa. A constant
lip of ∼22% is realized by the difference in rotational speed

1/ω2 of the rolls. The experiment was run using an emulsion
f 5% oil-based lubricant (UNOPOL G 600) in de-ionized water.

 friction coefficient of μ  = 0.085 was measured during the tests.

ig. 3. Schematic view of the rolling contact fatigue (RCF) test setup. FA –
ormal force; ω1/ω2 – rotary speed of the rolls (for details see Table 3).
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Table 3
Rolling contact fatigue (RCF) test parameters and elastic material properties.

Material Elastic properties Diameter Rotary speed Contact force FA Friction coefficient

1 −1

S

r
i
t

F
1
a

r
c

00Cr6 E = 210 GPa, υ = 0.3 60 mm 

i3N4-SL200 E = 300 GPa, υ = 0.29 55 mm

The maximum duration of the tests was 15 h. Damage on the
oll surface was analysed after different test periods by examin-

ng light microscopy and SEM images of the corresponding wear
racks. Isolated cracks can be observed immediately after a few

ig. 4. Crack network on the surface of the Si3N4-disc after a test period of (a)
0 h and (b) 15 h. The main crack features used for estimating the crack density
fter 10 h are indicated.
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4

e
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F
p

ω1 = 200 min
1700 N 0.085

ω2 = 175 min−1

otations. After 10 h (or 105,000 rotations), a dense network of
racks is visible on the surface of the roll (Fig. 4(a)). After 15 h
Fig. 4(b)), the number of cracks has increased whilst existing
racks seem to propagate further along the surface. It is difficult
o provide an exact crack density value, since crack bifurcation
nd secondary crack initiation is observed. Therefore, we
ecided to estimate the crack density estimate based on the
rincipal features of the observed pattern of curved cracks which
s demonstrated for the crack pattern after 10 h in Fig. 4(a). In
his case, we obtain a crack density of about 4–5 cracks per mm.

The macroscopic cracks have a partial cone crack shape
hich is typical for brittle materials under sliding loads.21 The

ross-sectional view of the roll in Fig. 5 shows the path of a par-
ial cone crack which kinks under the surface. The first principal
tress trajectories obtained by the finite element stress analysis
re superimposed to the picture. In the early stage, the crack
ath is nearly perpendicular to the surface. Crack kinking starts
pproximately 10 �m below the surface under the influence of
ode-II contributions.

.2. Finite  element  simulation

The stress distribution of the roll was determined by a finite

lement analysis using ABAQUS/Standard. The ceramic and the
teel disc were modelled as isotropic elastic materials using the
lastic properties given in Table 3. Resolving the peaks of the

ig. 5. Cross-sectional view of a partial cone crack superimposed to the first
rincipal stress trajectories from FE-analysis.
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ig. 6. (a) Cross-section view of the finite element model with the fine-meshed
art; (b) distribution of the maximum principal stress on the roll groove of the
i3N4 disc surface.

ensile stresses in the wake of the contact zone requires a highly
efined meshing of the region under consideration. Moreover,
he time increments of the finite element analysis must be cho-
en such that peaks of the stress history are resolved for each
lement of the fine-meshed region. Therefore, the analysis is
nly possible for a relatively small section of the roll containing

 region with a highly refined mesh, which is considered in the
ubsequent STAU calculation. The modelled section is shown in
ig. 6(a). The symmetry plane in the centre of the contact zone

s also accounted for by the model.
The fine meshed part of the ceramic roll extends over a length

f 500 �m along the circumferential direction as can be seen in
ig. 6(b). The mesh consists of 20-node quadratic brick ele-
ents which allow for an accurate reproduction of the tensile

eak stresses. The analysis is conducted in several subsequent
teps. First, contact is established outside the refined mesh region
nd the rolls are rotated until the contact zone approaches the
efined mesh boundary. As the wake of the contact zone passes
hrough the finely meshed region, time increments are refined
o adequately render the stress history. Fig. 6(b) shows the dis-
ribution of the maximum principal stresses on the surface of
he Si3N4 roll in the fine meshed region. Tensile stresses are
aximal in the symmetry plane giving peak stress values of
bout 1100 MPa. The characteristic shape of partial cone cracks
Fig. 4) is in agreement with the first principal stress distribu-
ion on the surface. The crack path under the surface coincides

R
o
s
d

ined from the max./min. principal stress peaks, equivalent stress is calculated
y STAU (normal stress criterion).

ith the trajectories of the first principal stress showing that
he crack propagated normal to the maximum tensile stress
Fig. 5).

.3. Prediction  of  lifetime  and  crack  density

.3.1.  General  approach
For the lifetime prediction under cyclic crack growth it is

ecessary to determine the individual cyclic load history for
ach spatial evaluation point using the time sequence of the first
rincipal stress. A typical load history can be seen in Fig. 7,
or which the corresponding evaluation point is located in the
iddle of the roll calibre where tensile stresses are at their max-

mum value. The figure shows the first principal stress history
nd the maximum equivalent stress σeq obtained by STAU for
his point at the most unfavourable orientation. σeq is calculated
y the normal stress criterion which is adequate to describe the
ailure behaviour of micro-cracks in silicon nitride.11 The peaks
f the first principal stress match the peaks of the equivalent
tress exactly except for the section governed by compressive
tresses where cracks are expected to be closed and therefore
eq = 0. During the load history shown in Fig. 7, two stress
ycles can be identified with stress ranges of �σ1 = 1085 MPa
nd �σ2 = 115 MPa. The first cycle corresponds to the maximum
nd minimum #1 with the tensile zone ahead of the contact area.
he load ratio is R  = 0 due to the following compression zone.
he second peak occurs after passing the contact zone with a
eaker tensile stress.
The contact damage observed in the experiments consists

f a number of macroscopic cracks which are supposed to be
riginated from natural surface defects. This raises the question
ow to relate the failure probability calculated by STAU with
he observed crack density. In principle, Pf describes the prob-
bility that one crack in the considered section becomes critical
nd causes a macroscopic crack. Adopting this argument to the
CF test implies that we predict the probability of having one

bservable crack, seen as a partial cone crack, in the modelled
ection of the roll after a given number of rotations. The crack
ensity, for which we calculate Pf, is given by the size of the
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ig. 8. Probability to initiate 4 cracks per mm along the roll circumference depen
SCG) and cyclic crack growth (CCG) in air; CCG in water (Tables 1 and 2(b))

oll section considered in STAU and its relation to the full roll
ircumference. Therefore, it is useful to define the crack den-
ity Φ  as number of cracks along the circumferential direction
ormalized by a unit length, e.g., number of cracks per mm. As
e calculate the failure probability for the fine-meshed section
f 500 �m (Fig. 6(b)), this corresponds in principle to one crack
very 500 �m (Φ  = 2 mm−1). However, since a half symmetric
E model was used for the roll, the failure probability actually
orresponds to a crack density of Φ  = 4 mm−1 which accounts
or the fact that only half the volume or surface is considered in
he STAU subsequent analysis.c

.3.2.  Lifetime  distributions
First, results will be presented for the specific crack density

 = 4 mm−1, which is also typically seen in the experiments
fter 10 h of rolling (Fig. 4(a)). Sub-critical crack growth (SCG)
nd cyclic crack growth (CCG) were each considered in separate
nalysis runs. In order to account for the different fatigue param-
ters available in the case of CCG, it is further distinguished
etween parameters measured in air and water (Table 2(b)).

The failure probability was calculated based on the frac-
ure mechanics model of surface flaws using the normal stress
riterion as mixed-mode criterion. The normalized strength
arameter σ0 is calculated automatically in STAU from the 4-
oint bending strength (Table 1(a)) based on the normal stress
riterion. This calculation requires the geometry of the 4-point-
ending specimen as well as the Weibull modulus. For a surface
aw analysis, we obtain σ0 = 1321 MPa which refers to a unit
rea of A0 = 1 mm2. The following STAU predictions refer to
his specific choice of the unit area.

The results are presented in Fig. 8 in terms of a Weibull dia-

ram for the different fatigue conditions considered. The slope
f the curves represents the Weibull parameter m* of the lifetime
istribution as given in Eq. (12).

c See also Appendix D.

l
s
(
v
f
r

n the number of rotations Z. Different fatigue parameters were used: Sub-critical

The curves obtained for SCG and CCG (Fig. 8) show that the
ailure probability is strongly affected by the fatigue parameters
orresponding to the different environmental conditions which
ere considered. The damaging effect of cyclic fatigue becomes
bvious by comparing the SCG/CCG curves in air. Whilst the
CG failure probability starts to increase after about a few rota-

ions, the SCG curve remains at the level of spontaneous failure
robability for almost 104 rotations. The difference between the
wo curves is further enhanced by the difference in n  which is
eflected by the slopes. The failure probability in the case of
CG is further increased if fatigue parameters under water are
onsidered. Here, the ‘cyclic’ term (Eq. (11)) becomes predom-
nant from the very beginning which can be seen from the fact
hat the failure probability increases from the first load cycle.

The considered crack density Φ  = 4 mm−1 in the analysis can
e used to assess the quality of the predictions with respect to
he crack density found after 10 h in the RCF test (Fig. 4(a)).
he failure probability after 10 h (105,000 rotations) and the
haracteristic lifetimes from Eq. (12) are summarized in Table 4.
t turns out that only predictions for cyclic crack growth based on
atigue parameters in water can roughly meet the experimental
esults. However, the predicted 63%-quantile in lifetime (N0)
ndicates, that the observed crack density is actually not likely
o be expected within a test duration of N0 = 2.4 ×  106 rotations
≈230 h).

It was shown above that the crack growth exponent n
btained from measurements in air depends on the load ratio

 (Table 2(a)). From the experimental data in water, n  is only
nown for one specific value R  = 0.5. Assuming a similar
ehaviour as in air (n  decreases with decreasing R) under water
mbience, the n-values for a smaller R  can be expected to be
ower. Therefore, the influence of n  is addressed in a parametric
tudy conducted using a range of n  = 20–30. According to Eq.
10), B  must be re-calculated (see Table 5(a)) for different

alues of n  based on the crack growth parameter A  obtained
or water. The failure probability and the corresponding N0
esults are presented in Fig. 9(a). It is seen that the characteristic
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Table 4
Probability of crack initiation (crack density Φ = 4 mm−1) section calculated for different failure mechanisms after a test period of 10 h.

Failure mode Spontaneous rupture Sub-critical crack growth (air) Cyclic crack growth (air) Cyclic crack growth (water)

Pf (Z = 105,000) 5.5 × 10−4 7.5 × 10−4 2.4 × 10−2 0.24
N0 – – 1.5 × 108 2.4 × 106

Table 5
Crack growth parameter B calculated for a variable exponent: (a) n (p = 2.2) and (b) p (n = 29.9) via Eqs. (10) and (14) based on A obtained for water at R = 0.5
(Table 2(a)) using the fracture mechanics parameters KIc = 5.65 MPa m0.5 18 and YI = 1.3.

(a) n

20 22 24 26 28 30

B [MPa2 cycle] 4.3 × 104 3.8 × 104 3.5 × 104 3.2 × 104 2.9 × 104 2.7 × 104

(b) p

0 1 2 3 4

B

l
n
i
t
s
i
n
b

F
(
c

T
t
c

 [MPa2 cycle] 1.2 × 105 6.2 × 104

ifetime drops below 10 h for n-values less than 25. In the case of
 ≈  20, the probability for initiating the observed crack density
ncreases to about 100%. A second parametric study assesses
he influence of the exponent p, which was adopted from mea-
urements in air to allow for using the 3-parameter law (Eq. (3))

n the case of water. Besides the fact that p  has an impact on the
umerical integration, it also affects the parameter C  calculated
y Eq. (14). As a consequence, B  depends on p  as given in

ig. 9. Parametric study on the influence of the exponents (a) n (p = 2.2) and
b) p (n = 29.9) on the crack initiation probability (4 cracks per mm) and the
orresponding characteristic lifetime N0.

4

t
o
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s
t
c
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l
s
t
f

F
t
f

3.1 × 104 1.6 × 104 7.8 × 103

able 5(b). Despite the strong impact of p on B, the variation of
he failure probability and the characteristic lifetime is moderate
ompared with the influence of n  as can be seen in Fig. 9(b).

.3.3. Crack  density
The previous analysis has focused on the probability of ini-

iating a specific crack density on the roll surface. The damage
n the roll can also be addressed by calculating the expected
rack density after a given number of rotations. In this case, the
ize of the roll section considered in STAU is modified in a way
hat the section size corresponds to just the mean distance of the
racks with given density. This can be done by defining a multi-
le of the integrand (Eqs. (9)–(12)) which acts as a scaling factor
ithin the STAU analysis. For this approach to be valid, we rely
n the assumption that the modelled section on the roll (with a
ength of 500 �m) sufficiently represents the transient loads in a

tationary process. A detailed derivation of the relation between
he crack density Φ  and the scaling factor used in STAU can be
ound in Appendix D.

ig. 10. Parametric study on crack density evolution: number of cycles needed
o initiate a certain crack density on the roll surface with a probability of 63%
or different values of the crack growth exponent n.
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The following results were obtained for different scale fac-
ors corresponding to a certain crack density. The crack density
hich would be expected with a probability of 63% can be

ssigned to a number of cycles based on the characteristic life-
imes calculated. The results are shown in Fig. 10 for different
rack growth exponents n. The extremely strong effect of n
ecomes obvious by comparing the number of rotations refer-
ing to 1 mm−1. These differ by about two orders in magnitude
ithin the selected range of n. Referring to the results in 4.3.2,

he predicted crack density after 105 rotations exceeds 10 mm−1

or n  values below 22.

. Discussion  and  conclusions

The scope of this study is to investigate the failure behaviour
f ceramic components under sliding contact loading which is
n important field of application for high strength ceramics.
e have focused on probabilistic methods for modelling cyclic

atigue life of ceramics using the program STAU. A compre-
ensive study was conducted for a rolling contact fatigue test
here time-dependent initiation of macroscopic cracks occurs
n the ceramic friction partner. The prediction scheme is based
n the idea that natural flaws act as initiation sites for numerous
acroscopic cracks on the roll surface. Crack initiation is a local

rocess and does not lead to catastrophic failure. In principle,
his allows for studying the fatigue behaviour based on the time-
ependent crack density observed in a single RCF test. Since the
eibull-theory is based on the idea that only one flaw becomes

ritical (weakest-link assumption), modelling the crack pattern
eneration for the entire roll has to be along a modified route.
or that purpose, only a small section of the roll is modelled rep-
esenting the un-cracked neighbourhood of a single crack. The
ailure probability then depends on the size of the modelled sec-
ion which is inversely proportional to the corresponding crack
ensity.

The time-dependent failure probability obtained for different
atigue parameters (Fig. 8) allows for a qualitative evaluation
f the relevant failure mechanism. It is commonly accepted
hat predictions based on sub-critical crack growth lead to
on-conservative predictions if cyclic fatigue with bridging
egradation mechanisms is involved. On the other hand, cyclic
rack propagation under the influence of water is promoted by
CG to a great extent, a fact which is reflected by the enhanced
rack propagation rates (see Fig. 2(b)). This coincides with a
tudy by Jacobs and Chen22 showing that moist environments
nfluence both the static and cyclic crack growth of Si3N4.
t is therefore of utmost importance to consider the influence
f environmental effects in the fatigue parameters especially
f water-based lubricants are involved. Consequently, lifetimes
ased on the crack growth curve in water can be better compared
ith the damage observed in the RCF test.
The lack of a precise measurement of the crack density

akes the assessment of prediction accuracy and a comparison

ith the experimental results difficult. The selected reference
alue of a crack density of 4 mm−1 after 10 h (as obtained
rom Fig. 4(a)) can be regarded only as a rough estimate and
hould be considered mostly as a showcase example to study

h
e
a
O

eramic Society 32 (2012) 2073–2085

he influence of a variation in n  and p  on the crack growth
urve in a water environment. However, it can be stated that

 higher crack density than 4 mm−1 can be expected after 10 h
or lower values of n (Φ  > 10 mm−1 for n  < 22). Furthermore,
here is some uncertainty in n  and p  caused by the fact that only
esults for one load ratio were available in water (R  = 0.5). There-
ore, it was necessary to adopt p from the measurements in air,
hich were conducted for two different load ratios. This pro-

edure implies that the relative shift between the crack growth
urves (which is characterized by p) for R  = 0.1 and R  = 0.5 in
ir is the same as it would be in water. Results of the varia-
ion in p  for typical p-values are presented in Fig. 9(b). The
omparison to Fig. 9(a) shows that the uncertainty resulting
rom variations in p  is quite small compared to the impact of
.

A major amount of uncertainty is associated with the sys-
ematic variation of n  with the load ratio R. The crack growth
elation (Eq. (3)) is inappropriate to account for any variation n.

ore elaborate crack growth laws as proposed e.g. by Fett and
unz12 can account for this phenomenon but do not allow the

ackward integration (see also Eq. (5)) of the crack propagation
hich is necessary to calculate the failure probability. Therefore,
e decided to consider the variation in n by means of a para-
etric study. As exponent in a power-law, n has a crucial effect

n the failure probability and characteristic lifetimes obtained.
t turns out that predictions agree better with the experiments
or n  set to somewhat smaller values of n  ≈  22. These smaller
alues rather correspond to what is obtained for R  = 0.1 (in air)
hich is close to R = 0 for the high stress region in the rolling

ontact (Fig. 7). Unfortunately, we do not have experimental
ata for R = 0.1 in water, but we argue that they may be reduced
s well. This is justified by taking into account that the variation
f n  is due to a higher amount of wear damage at R = 0.118 and
ssuming that this mechanism is to some extent preserved under
ater.
Our probabilistic approach for the assessment of the reliabil-

ty of rolling tools leads to some new insights in understanding
heir failure behaviour that may also be relevant for other high
ycle fatigue loading cases. The fatigue and fracture behaviour
f natural flaws becomes relevant if the maximum applied
tresses in the vicinity of the contact are high enough to prop-
gate small cracks. The partial cone cracks observed in the
CF test (Fig. 4) are characteristic for sliding contact load-

ng. Finite element simulations conducted by Levesque and
rakere23 support the conclusion that partial cone cracks can
e originated from semi-elliptical surface cracks with a depth
f about 10 �m. Such surface cracks are typically introduced
y grinding with the crack shape being strongly dependent on
he grinding direction (Quinn et al.24). In contrast, Lengauer
nd Danzer1 stated that cracks below 50 �m are not critical
or the failure of industrial rolls which exhibit maximum prin-
ipal stresses of about 600 MPa in the calibre. In our work,
owever, the tensile stress magnitude in the RCF test is much

igher and in the range of the inert strength of SL200 which
xplains why the appearance of several cracks is already seen
nd predicted immediately after the very first cycle (Fig. 10).
f course, fatigue crack propagation of cone cracks that have
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he direction of the roll depth.

nitiated from natural flaws cannot be accounted for by our
pproach.

Some restrictions of the probabilistic approach with respect
o the fracture mechanics and FE model employed should also
e mentioned. First, our procedure implies that the crack density
n the surface is limited to one crack per considered vol-
me since the underlying FE-analysis refers to the un-cracked
ituation. Second, we use the normal stress criterion to deter-
ine the equivalent stress which means that only the Mode-I

ontribution is considered. Under contact loading, Mode-II con-
ributions are important as well which can be seen from the
act that cracks kink at about 10 �m below the surface (Fig. 5).
ccepting that Mode-I obviously governs the crack propaga-

ion in the vicinity of the surface, the normal stress criterion
eems adequate for Si3N4 which exhibits comparably small nat-
ral cracks. It is also possible that slow crack growth occurs
nder the influence of Mode-II25 when passing the compres-
ion zone. Unfortunately, measurements that could support
his idea, such as cyclic tests at R  = −1, are not available for
L200. Third, strong stress gradients occur under the roll sur-
ace. Fig. 11 shows that the tensile stress decreases by almost

 factor of 2 within the first 10 �m. Such a strong gradient is
ot being considered, since stresses are assumed to be con-
tant over the size of the flaws. For the case of spontaneous
ailure, a modified Weibull theory has been developed with an
dequate fracture mechanics description for stress gradients,26

ut this procedure cannot be easily extended to cyclic crack
ropagation. Our predictions are therefore based on the max-
mum stresses at the surface, which is at least a conservative
ssumption.

. Summary
The rolling contact fatigue test is a challenging example
o study the usability of the probabilistic theory for ceram-
cs with respect to fatigue effects. The probabilistic framework
eramic Society 32 (2012) 2073–2085 2083

ntroduced in this work allows for predicting the crack density
n the roll surface based on the idea that large (macroscopic)
racks are originated from natural flaws under cyclic loading.
he developed simulation tool is validated in comparison to

olling experiments conducted for silicon nitride SL200 in water-
ased lubricants using independent input parameters obtained
rom fatigue experiments. It turns out that the presence of water
s crucial for the prediction of the failure behaviour as the crack
ropagation is much faster than in a dry ambience. A para-
etric study of the fatigue lifetime shows that the prediction

epends sensitively on the crack propagation parameters which
ay be a function of the loading ratio. We successfully demon-

trated that a weakest-link approach, which considers besides
pontaneous failure cyclic crack propagation from natural flaws,
an be included to numerical tools based on FE simulations.
s a result, the prediction of component reliability of life-

ime becomes possible, which is an essential contribution for
 reliable design of ceramic components in many technological
pplications.
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ppendix A.  Derivation  of  the  failure  probability

The failure probability of a component with exactly one flaw
f arbitrary location and orientation reads (according to 26):

1 = 1

V

∫
V

1

4π

∫
Ω

⎛
⎝ ã

min
N ∈ [0,Nk]

[
ac,0 (N)

]
⎞
⎠

r−1

dΩ  dV  (A.1)

t is assumed that the probability to find a certain number of
aws in the component volume V is determined by a Poisson
istribution with the parameter M  =  (M0/V0)V  , in which M0
s the mean number of flaws with respect to the unit volume V0.
he failure probability for an arbitrary number of flaws can be
xpressed as in Eq. (A.2):

Pf =  1 −  exp (−MQ1) =⎡ ∫ ∫ ⎛ ⎞r−1
⎤

1 −  exp⎢⎣M

V V

1

4π Ω

⎝ ã

min
N ∈ [0,Nk]

[ac,0 (N)]
⎠ dΩ  dV

⎥⎦
(A.2)
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q. (9) follows from Eq. (A.2) by setting

 =  2(1 −  r) σ0 =  KIc(M1/m
0 YIã

1/2)
−1

(A.3)

ppendix B.  Cyclic  crack  growth  for  surface  flaws

For surface flaws, the integral in Eq. (9) reads:

f =  1 −  exp

(
− 1

A0

∫
A

1

2π

∫
α

I dα  dA

)
.  (B.1)

here A  is the component surface and α  is the crack orientation
ased on the idea of a crack path perpendicular to the surface.
he integrand reads the same as in Eqs. (9), (11) and (12). A0

s a unit area. In this case, the integral must be solved over 3
imensions: two spatial directions (A) and one orientation angle
α).

ppendix C.  Sub-critical  crack  growth

The crack propagation rate da/dt  can be described in terms
f the applied stress intensity factor KI by the power-law:

da

dt
= Asub

(
KI

KIc

)nsub

.  (C.1)

he parameters Asub and nsub are material properties. The failure
robability (for volume flaws) reads (according to 9):

f = 1 − exp

(
− 1

V0

∫
V

1

4π

∫
Ω

max
t  ∈ [0,t0][(

σeq(t)

σ0

)nsub−2

+ σ2
0

B

∫ t

0

(
σeq(τ)

σ0

)nsub

dτ

]m/(nsub−2)

dΩ dV

)
. (C.2)

 is calculated from Asub according to Eq. (10). An integral
ver the time-dependent load history σeq(τ) in the time interval
f interest t ∈  [0,t0] is part of the integrand. The corresponding
ormulation for surface flaws is straightforward.

ppendix  D.  Crack  density

A crack density analysis in STAU is possible by introduc-
ng a scaling factor kscale in the calculation of N0. The scaling
actor is a multiple of the surface area ASTAU considered in
he STAU calculation which, in our case, refers to the 500 �m

ection of the roll. kscale must be chosen according to the sur-
ace area Ai, for which the failure probability or N0 shall be
etermined:

scale = Ai

ASTAU
. (D.1)

q. (D.2) shows the characteristic lifetime (for surface flaws)
nder consideration of the scaling factor which refers to Ai based

r
(
m

R

eramic Society 32 (2012) 2073–2085

n the integration over the modelled section ASTAU:

0 =

⎧⎪⎨
⎪⎩2kscale ·

⎡
⎢⎣ 1

A0

∫
V

1

2π

∫
α

⎛
⎝σ2

0

B

Nk∫
0

(
σeq,max(N)

σ0

)n

· (1 − R(N))p dN

⎞
⎠

m/(n−2)

dα dA

⎤
⎥⎦
⎫⎪⎬
⎪⎭

−1/m∗

(D.2)

he factor 2 which precedes kscale in Eq. (D.2) is specific for the
resent analysis and accounts for the fact, that we only modelled
alf of the roll for symmetry reasons. N0 refers to the number of
otations required to initiate one single crack in the considered
ection Ai with a probability of 63%. The total number of cracks
n the roll ntot is thus given by the ratio of the total roll surface
tot and the considered area Ai:

tot = Atot

Ai
= Atot

kscaleASTAU
. (D.3)

q. (D.3) relates the scaling factor and the specific area con-
idered in STAU to the total number of cracks on the roll, ntot.
rom geometrical considerations, ntot can be related to the crack
ensity Φ  defined as total number of cracks along the roll cir-
umference:

 = ntot

πdroll
. (D.4)

he relation between crack density Φ  and scaling factor kscale
ollows by inserting Eq. (D.4) into Eq. (D.3):

scale = 1

φπdroll
· Atot

ASTAU
.  (D.5)

or the cylindrical roll under consideration, the ratio of
he outer surface areas Atot/ASTAU is proportional to the
atio of the corresponding circumference section lengths ctot
nd cSTAU: (Atot/ASTAU) ∝  (ctot/cSTAU) =  (πdroll/cSTAU). Con-
equently, Eq. (D.5) reduces to:

scale = 1

φ  ·  cSTAU
.  (D.6)

n our case, the circumference section length cSTAU = 500 �m is
he roll section which was modelled in the FE analysis. Con-
equently, predicting the characteristic lifetime N0 which refers
o initiating a crack density of φ  =  1/500 �m−1 (ntot ≈  346)
equires a scaling factor of kscale =  1 (Eq. (D.6)). If N0 shall
efer to having one single crack along the total roll circumference
φ =  1/πdroll =  1/(π  ·  55) mm−1, ntot =  1), the scaling factor
ust be set kscale ≈  346.
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