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Abstract

Silicon nitride is used for demanding tasks due to its high stiffness, strength and, especially, its high fracture toughness. Examples include cutting
tools, forming rolls and ball bearings. The microstructure is characterized by elongated (3-SizN, grains of different size and shape, which lead to
the increased fracture toughness. Consequently, the paper will present an algorithm for the generation of three-dimensional and periodic silicon
nitride-like microstructures, which will be used for micromechanical finite element simulations. The structure generation algorithm enhances the
sequential adsorption technique with growth of particles and steric hindrance, which are motivated by experimental results. Results of the structure
generator, such as the pseudo-time evolution and its statistical geometric distributions are presented and compared to literature data. With the
finite element simulations, using a periodic unit cell, a validation of the model with literature values for Young’s modulus and Poisson’s ratio was

possible.
© 2011 Elsevier Ltd. All rights reserved.
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1. Introduction

Silicon nitride is a structural reinforced ceramic, which is
used for high performance applications due to its fair com-
promise of stiffness, strength and toughness. This interesting
property profile is related to different aspects of the material
on the microlevel. Its strength and fracture toughness depends
strongly on two features: The grain size-shape distribution and,
furthermore, the properties of the grain boundary films are
equally relevant for the effective mechanical material properties.

The observation of the structure—property relationship is a
long-term field of research. Lange' was one of the first to the
knowledge of the authors, who investigated a relation between
fracture energy and the microstructure of hot-pressed silicon
nitride. He reported results of double cantilever specimens,
which clearly indicate a correlation between the measured frac-
ture energy and the detected elongated grains in B-rich silicon
nitride compositions. It was observed that the samples, which
dissipated the most fracture energy had a significantly increased
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specific surface with deep holes from pulled out grains of high
aspect ratio.

Ohyji et al.? and Becher et al.? found that especially a bimodal
distribution of grain sizes with an isotropic distribution of the
grain axes is increasing the fracture toughness, whereas large and
elongated grains can act as bridges between the crack surfaces,
such that cracks have to propagate under circumventing of the
grains.

Different ways of achieving such microstructures have been
examined. An example is given in Peillon,* where it was found
that longer sintering times lead to a considerable improvement
of the fracture toughness than seeding with big (3-grains, since
seeding can have unfavorable effects on the densification of
the material. With increased seeding times and, thereby, longer
periods of natural grain growth, fracture toughness could be
improved by up to 30% with respect to the reference material.

In Sun et al.,” the influence of yttria and alumina additives
have been examined with the result that a high Y:Al ratio is
increasing the fracture resistance due to large and elongated
grains with a relatively low debonding stress, which supports
crack path deviation.

Different approaches to the simulation of silicon nitride
microstructures have been documented. An important contribu-
tion is the implementation of the anisotropic Ostwald ripening
for faceted crystals by Kitayama et al., © the a- to B-transition’
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Nomenclature

Scalar variables

aspect ratio

grain thickness

grain volume fraction

elastic stiffness constants of the grains
Euclidean distance

Young’s modulus

shear modulus

grain growth velocity constant in basal/axial
direction

grain length

norm symbol for corresponding norms (p/max)
bulk modulus

Poisson’s ratio

random number

pseudo-time

volume

edge length of the unit cell

azimuthal angle

polar angle

rotation angle

set of grain dimensions
grain dimension variation
prism edges

prism vertices

prism faces

contact indications
projections

Vectors and tensors

second order basis tenors (x=1...6)
elastic stiffness tensor

unit normal vector on unit sphere
Cartesian unit vector (i=1...3)
infinitesimal strain tensor

Levi—Civita symbol

prism edge vectors (i=1...6)

normal vector on the grains’ prism planes
(i=1...8)

point

orientation tensor

shift vector for grain origin translation
Cauchy stress tensor

location

Sub- and superscripts

initial

accumulated

grain

growing around
intersection

mean intersection point

matrix
overlap
periodic copy
pen penalty

"DOE

and the shape evolution of a single grain in Ref.® The most
important results in the light of the recent work are distributions
of grain lengths, widths and aspect ratios, which are in good
agreement with experimental observations and with the results
obtained by the presented method for the synthetic generation of
silicon nitride-like structures. However, it has to be mentioned
that the method was not meant to resolve the microstructure
itself by the algorithm.

The effective mechanical properties of a polycrystalline
material can be calculated from information on the microlevel.
A classical approach is the usage of a unit cell that is assumed
to represent the geometrical and the material information of the
considered bulk material. Given the statistical “representativ-
ity”, the unit cell is often called a representative volume element
(RVE). The best way for creating such a unit cell is the direct
usage of experimental data. Borbély et al.” have applied micro-
tomographic observations on particle-reinforced metal-matrix
composites (aluminum as matrix with 20% alumina particles as
reinforcement) for the construction of finite element meshes.

In case of silicon nitride, this approach is not feasible due
to the extremely challenging preparation techniques. Therefore,
it is technically not possible, to use a sequence of scanning
electron microscope (SEM) images for the in-depth informa-
tion on the silicon nitride geometry. The required slice thickness
lies in the sub-micrometer domain due to the given grain sizes
and cannot be delivered by recent preparation techniques. The
application of image-giving techniques like magnetic resonance
tomography (MRT) or micro computer tomography (Micro-CT)
is impossible due to the low phase contrast and the very small
intrinsic dimensions, which are significantly beneath the acces-
sible resolution. First investigations of image stack acquisition
by a combination of electron backscatter diffraction (EBSD) for
the image acquisition and focused ion beam sections (FIB) for
the in-depth segmentation have been undertaken. However, they
are much too expensive for an efficient geometry reconstruction.

Thus, a different way had to be chosen, which was inspired by
the sequential adsorption technique. It allows for an algorithmic
creation of a structure, which is similar to experimental observa-
tions. Louis and Gokhale '° created a synthetic microstructure
of a polymer matrix composite with spherical inclusions of con-
stant size. The geometry was used to obtain a self-consistent
model for the electrical conductivity. Tschopp et al.!! used two-
dimensional distributions of ellipses with different aspect ratios,
which have been assembled into representative area elements for
an examination of image analysis methods.

The presented algorithm for silicon nitride-like struc-
ture combines the sequential adsorption technique, see, e.g.,
Cooper,!? with particle growth and subsequent steric hindrance
and is based on experimental observations on the grain growth
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processes. It has to be emphasized that the algorithm does not
consider any chemical or thermodynamical relations.

OuTLINE: The paper will give a detailed introduction into the
microstructure generation algorithm with the applied geometric
quantities and the corresponding randomization of the geome-
try. The algorithmic consideration of the steric hindrance, also
known as pinning, is presented with its geometrical a logical
implementation. The section ends with a short overview on the
periodization of the geometry.

Results of the implemented structural model will be shown
for periodic microstructures containing 27 x 1050 grains. First,
the pseudo-time evolution, the grain volume fraction and the
aspect ratio will be presented. Afterwards, the distributions of
grain length and aspect ratio from experimental observations
of Fiinfschilling et al.'3 will be compared to the results of the
generated microstructure.

Finally, the structure generator is used for the generation of
finite element models. In this line, simulations on periodic unit
cells with 232 grains have been carried out, in order to deter-
mine the effective elastic stiffness of silicon nitride, Wippler
et al.'* The discretized finite element geometry resulting from
the mesh generation with Simpleware!> will be discussed. The
elastic material models, i.e., transverse-isotropic elasticity for
the grains and isotropic elasticity for the glassy phase will be
introduced. A short summary on the projected periodic bound-
ary conditions applied, the elastic homogenization technique
and its results will follow. A discussion in the light of further
applications and several conclusions complete the paper.

Notation. A direct tensor notation is preferred throughout the
text. Vectors and 2nd-order tensors are denoted by lowercase and
uppercase bold letters, e.g., @ and A, respectively. A linear map-
ping of 2nd-order tensors by a 4th-order tensor C is written as
A = C[B]. The scalar product and the dyadic product between
vectors and tensors are denoted by @ - b and a ® b, respectively.
The brackets (- ), e.g., (0), indicate ensemble averaging, which
can be identified with volume averages in the infinite volume
limit for ergodic media. The effective quantities are denoted by a
bar, e.g., C. The tensor I is the identity on vectors. The identity on
symmetric 2nd-order tensors represents I5. All tensorial quan-
titges are embedded in the three-dimensional Euclidean space
R-.

2. Microstructure generation
2.1. Overview

The main idea of the structural model is based on the fact
that the silicon nitride-like structure is arising from statistical
seeded locations and orientations of hexagonal prisms, which
will be called “grains” in the context of this work. The grains
are seeded in an adjustable number of steps and are thought to
be growing isotropically until steric hindrance arises. The cases
of the pinning need a specific consideration, which will be given
later on. After the calculation of the “exact” structure, the deter-
mination of the voxel structure, which is necessary for the finite
element discretization, allows for certain smaller refinements

€1

Fig. 1. Grain lattice model in a general configuration: hexagonal prism with
coordinate system, origin, prism normal, edge vectors and dimensions; vertice
numbers correspond with edge set .

like the angularity of the grains and the matrix volume fraction
of the structure.

2.2. Geometric quantities

On the one hand, grains, i.e., hexagonal prisms, can be
regarded as sets of vertices, edges and planes. An equivalent
representation is provided by the norm concept, such that grain-
like contours can be described by the norm £™** < 1, which will
be introduced in Eq. (6).

Both concepts use the grain origin xp, the unit normal
vectors of the hexagonal prism and its dimensions B and
L for the breadth and length, respectively (Fig. 1). The
orthogonal orientation tensor Q is given by the angle-axis repre-
sentation Q=0d,w)=d@d+ (I —d ®d) cos (w) — €[d] sin (w)
with the rotation angle w. The rotation axis d is given
by the normal vector on the unit sphere with d=d(9,
@) =sin (1) cos (¢) e1 + sin (¥) sin (¢) ez + cos (1H)e3, where I=
e; ®e; is the identity tensor and e=e; - (e; x ;) e; R e; e is
the Levi—Civita permutation tensor. The set of normal vec-
tors on the faces in the initial configuration is given by ”(1) =
e1,nd =1/2 (e ++/3e2),n3 = 1/2 (—ey + +/3e2),andn}
e3. The first three vectors represent the three different orienta-
tions of the positive prism planes. The fourth vector describes
the direction of the upper basal plane. Changing the signs
of the vectors provides the opposing planes. The set D =
1/2 {\/§B, /3B, /3B, L} assembles the distances of the prism
planes to the grain origin x¢ with the dimensionless breath B and
length L.

The 12 vertices of the grains are given by the set

1
V={v|v=xo+Bm,-:i:2Hn4, i:l...6}, (1)

with the edge vectors m; = 1/2 (n}’modl6+1 +n)), i=1...6,
the normal vectors on the prism planes in positive and
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negative directions n" = {Qn?, — Qn?} and i=1...3 and the
axial vector ng = Qn.

The set of 18 edges consists of three subsets. The set of six
prism edges EP and two sets of each six basal edges 8‘1’ and 5'3
with
& ={x | x=v +s(vit6 — vi)}

& ={x | ¥ =i+ 5(Wimod6+1 — V) 2
& =1{x | x=vip6+5Wimod6+7 — Vite)}.

with s=[0, 1] and i=1...6. Thus the general set of edges is
E=8uUeus.

The eight faces F consist of six prism faces and two basal
faces with the normal form

F={x|x-n} —nl -(xo+Din})=0, i=1...8)}. (3)

The outward normal vectors on the prism faces are nl.]: =
{Qn?, —Qn?} withi=1...4.

The ¢7-norm is a generalization of the Euclidean norm (p = 2)
with respect to both the exponent p and the used base vectors n;,
i=1...4.The formal representation of the grains is given by the
£P-norm on the projections P of the difference of a certain point
x in space to the origin of the grain xo on the oriented normal
planes with normal vector n; and the length scale D;

1
Pix) = = on? - (x — x),

Hence, the norm then can be written

i=1...4. )

4
> 1P, )
i=1

As limiting case p— 0o, the ¢P-norm transforms into the
maximum norm

£M%(x) = max{|Pi(x)|, i=1...4}. 6)

The anisotropy can be obtained by the choice of the normal
vectors n and the dimensions D. Fig. 2 shows several cases. The
transition from the Euclidean norm to an angular form and with
high aspect ratios can be clearly observed.

2.3. Randomization

For a statistical structure generation, a homogeneous statisti-
cal distribution of locations, orientations and growth parameters
are the precondition, which can deliver an isotropic orientation
distribution, if enough grains are in the statistical ensemble. The
origin of a grain x¢ depends on three random numbers r; . 3
in the range of 0 and 1. The vectors are scaled by the edge
length w of the cube of consideration, such that the grain ori-
gin is xo = w(r] e; + rp ex + r3 e3). Here, it is useful to avoid
points, which are too close to each other to allow for a notewor-
thy growth. The penalty distance of a set of points is determined
by the notion of an assumed mean density (V9) = w?®/nY, with
the intended number of grains in the unit cell n9. Thus, the
mean distance is (d9) = /(VY), and the penalty distance is
dPe" = kP (49), with the penalty factor 0 < kP°" < 1. A new grain

origin x%, which is seeded next to an already existing grain ori-
gin x(l) is not used, if ||x(l) —x(2)|| < dP". Feasible values for
the penalty factor kP°" are between 1/4 and 1/2. Fig. 3 shows
four examples in two dimensions. The impact of the penalty
factor is significant. With increasing penalty factor, the mean
distance between the objects increases, due to the enforced dis-
tance around them. This means for the sequential adsorption
that undesirable grain clusters are avoided. These clusters would
end in an early-stage growth hinderance, which delivers struc-
tures with low aspect ratios and, therefore, unrealistic stereologic
properties.

In case of reseeding, all new grain origins have to be checked
for being inside an already existing grain. Here, the penalty
distance ADP®" is used in the projection
pren _ M5 — Xp)

i Dzl 4+ ADPpen ?

i=1...4}. (7

i=1...4= 75" =max{|P"],

Reasonable values for ADP®" are in the range of 1...5% of the
edge length w.

The growth for the prismatic (breadth B) and basal direction
(length L) relations are given by

kg = (1 + cp(l — 2ry)) kG, AB=kgAt, B=kgt,

®)

kp = (14 cp(1 —2rs)kY, AL =k At, L=kt

C))

such that the growth velocities are scattering around

kgL (1 £ cpr).

The homogeneous distribution of the random numbers on
the unit sphere requires a remapping of the pseudo-random
numbers rg, . g due to the curvature of the sphere. According
to Shoemake, '© the relations 9 = arccos (1 — 2rg), ¢ = 27 r7 and
o =sin (w) —  rg are used to achieve a homogeneous orienta-
tion distribution on the unit sphere SO(3). The rotation angle w
has to be calculated numerically.

Hence, the whole system is determined by 819 random
numbers. These pseudo-random numbers are provided by the
generator “sunif”.!”

2.4. Steric hinderance

2.4.1. Experimental observations

The development of the silicon nitride structure is strongly
influenced by the steric impingement of the grains. Krdmer
et al.'® have made three important observations on pinning
(Fig. 4):

Observation 1: “The growth of a basal plane of a -grain is
stopped, when it hits a prism plane of another one as
shown by arrow 1.”

Observation 2: “If the thickness of a 3-grain is comparatively
large, its basal plane grows around a prism plane of a
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Fig. 2. Contour of the anisotropic norm £”(x)=1 with increasing exponents p={2, 5, 10, 20} and aspect ratios: the angularity of the grain models increases with
increasing values for the exponent p. Natural shapes are obtained by high values, e.g., p=10...20 and L/B=3 ... 10. The left contour is an ellipse, i.e., an Euclidean

norm for p=L/B=2.

neighbouring grain (arrow 2) through the ‘free space’
of liquid pockets and can include smaller grains.”

Observation 3: “Edges and corners of prism planes are fre-
quently rounded in case of edge-on-plane contact with
other grains (arrow 3).”

2.4.2. Implementation of Krdmer’s first observation:
growth and pinning

The implementation of a conclusive growth-after-pinning
behavior is one of the main achievements of this work. The
numerical implementation of the first observation is done by the

Fig. 3. Influence of the penalty distance on the sequential adsorption technique demonstrated on random seeded points in two dimensions with penalty factor
kPe"={0, 1/4, 1/2, 9/10}. The magnitude of the penalty is indicated by the circles around the points. The higher the penalty factor, the larger the mean distance

between neighboring objects.
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Fig. 4. Three observations on grain pinning of Krimer et al.'® Arrow 1 shows the
case, when “a basal plane of a $-grain . . . hits a prism plane of another one . . .”;
arrow 2 displays that, when “the thickness of a B-grain is comparatively large,
its basal plane grows around a prism plane of a neighbouring grain through the
‘free space’ of liquid pockets and can include smaller grains”; arrow 3 visualizes
the rounding of grain boundaries “in case of edge-on-plane contact with other
grains”.

consideration of an intersection of the 18 edges & of a smaller
grain (s) with the eight faces of the bigger grain (b), Fy,. Here, the
intersection points p™™ are determined by & N Fy,. The line seg-
ment for a certain edge is given by Eq. (2), such thatx(s) - np = dp
is aprojection of a point on an edge onto a face with the normal ny,
and the distance of the face to the origin of the coordinate system
dp = (x0,b + Dpnp) - np. The line segment parameter s is deter-
mined by s = (dp — vg . nb)/((vg — vi) - ny,) and has to be in its
co-domain [0, 1] that xVi1 is a candidate for a valid intersection
point p™. If this necessary condition is fulfilled, a second check
has to be done: the validity of xVi canbe seen if 1 (x5(s)) < 1.
If the sufficient condition is met as well, pim :=X5(s). In general,
there will be at least three intersection points for a finite pene-
tration of two grains. For the sake of simplicity, the mean value
of these intersection points p™ is used for the determination of
the pinning case and the post-pinning growth. After the deter-
mination of the mean intersection point p™, the interaction case
between the grains is determined from the projections P* by

n;-s(p™ — xo)

Pip™ = =55

, i=1...4 (10)

The difference AD has to be chosen, because the mean-
intersection points lay in general inside the grains due to the
finite growth velocities in discrete pseudo-time increments. The
mean length increment k7 (1 + ¢ ) At is a feasible choice. For the
determination of the pinning-cases, P} (p™) = £1,i = 1...4is
evaluated. The contact with more than one grain and the related
post-pinning growth can be described by averaging over the
mean intersection points from all contacts, if both or none of the
basal planes are involved in contact. For the remaining cases, a
point in the region of the basal edges has to be used.

For the sake of brevity, the relevant information of the pro-
jections P* is condensed into a boolean list £ of length 8. The
default value is £; = false, i =1...8 and means no contact.
In case of contact, £ is set. The indices 1...3 and 5...7 des-
ignate the opposing prism faces. The indices 4 and 8 are for the
upper and lower basal face.

if Pf=1,
true if Pf=-1

L; = true

and i=1...4. an
Lita =
The following case consideration is used to describe the
post-contact growth in the structure generator. It is a simple
implementation of the observation 1 of Ref.18 For cases, which
are not directly included, reasonable approaches have been cho-
sen, which avoid uncontrolled grain interpenetration and allow
for high volume fractions and aspect ratios.

Case 1. None of the prism planes are in contact
(A (=L A=Liya)):
1.1: No contact (—L4 A —Lg): default case, free growth in
all directions.
1.2 One of the basal planes is in contact (L4 V Lg) A

—(L4 A Lg)): free growth is allowed in all prism
directions and axial growth is only possible in oppo-
site contact direction. The grain origin is shifted by
Ax=F1/2 ALny.

1.3: Both basal planes are in contact (L4 A Lg). Grains can
grow in all prism directions, however, no axial growth
is allowed, which implies no shift of the grain origin.

Case 2. No opposing prism planes are in contact
(VL [(=Li A Liva) V (Li A=Liya)]):
2.1: No basal faces are in contact (—L4 A —Lg): grains can

grow further in both dimensions with half the veloc-
ity for the radial direction. The origin of the grain is
shifted by Axo=1/2 ABs with the normalized shift
vector s, which is determined by a projection of the
difference vector on the mid plane in axial direction
s = (I—n4 @ ng)(xo—p™/llxo—p™ |

2.2: One basal faceisin contact (L4 VvV L£g) A —(L4 A L3)):
further growth is possible for both dimensions with
half the velocity. The origin of the grain is shifted
by Axo=1/2+~/AH?>4+3AB%2s with the direc-
tion from the basal edge to the origin of the grain
s = (xo—p™)/llx0—p™ II.

2.3: Both basal faces are in contact (L4 A Lg): Only thick-
ness can grow further. The origin of the grain is shifted
as described for case 2.1.

Case 3. Opposing prism planes are in contact
(Vi (Li A Liva)):
3.1: No basal faces in contact (—L4 A —Lg): grain grows
further only in axial direction with no shift of the grain
origin.

3.2: One basal face in contact (L4 V Lg) A —(L4 A Lg)):
further axial growth is allowed only in opposite axial



J. Wippler, T. Bohlke / Journal of the European Ceramic Society 32 (2012) 589-602 595

Fig. 5. Demonstration of the implementation of observation 3!8: overlapping of grains for a fixed overlapping distance AD° = B/2 and increasing norm exponents
p={5. 10, oo } (from left to right). The angularity of the overlapping zone increases with the norm exponent. Naturally rounded overlapping and grain shapes can

be obtained by a norm exponent of p=10.

direction with half velocity with an origin shift as
described for case 1.2.

3.3: Both basal faces in contact (L4 A Lg): Complete stop
of growth.

2.4.3. Implementation of Krdmer’s second observation:
growing around

The second observation of Kriamer et al.'® is implemented
by the consideration of the axis distance and the thickness of
two grains 1 and 2. The distance between to non-parallel lines
is given by djp = min{||s1n}‘ — sznﬁ — ri2||} with ni = Q1n4,
ni = Q%ngandry = x(z) - x(l).The perpendicularity conditions
(sln}1 — sznf1 — r12)~n}1 = 0and (sm}l — sznf1 — r12)-n£21 =0,
with rip = x(2) — x(l) deliver the linear system
2

S1 1 1 —n}rn4
1 2 1

52 1—(n}L~néz‘)2 n,-ny —

1
rig-ny

ri2 -nﬁ
12

This approach is not feasible for the special case of parallel lines.
So the projection of the vector 12 on the perpendicular vec-
tors is used. Then the distance is djp = ||(I — n}L ® n}l)r12|| =

\/rlz -rip—(ri2- ni)z. So the condition for “growing around”
is dip > k8 (B1 + By) with 0<k® <1 as allowed ratio of inter-
penetration. If this condition is fulfilled, there will be no further
examination in the recent time step.

2.4.4. Implementation of Krdamer’s third observation: grain
overlapping and rounding of grain interfaces

Krimer’s'® third observation is implemented in the context
of the voxel discretization, which is used as an input for the
finite element mesh generation. Here, a certain overlap of grains
is reached by an offset value AD® to the exact dimension D sim-
ilarly to the offset, which allows for the usage of the projection

information. The £”-norm for the pixel generation has then the
form

4
=Y

i=1

n;-(x —xp)|”

13
Di+AD0 (13)

The constant AD° is used for the scaling of length and breadth
of the grains. So the ratio of length to breadth is not preserved.
The shape of the overlap regions is obtained by the consideration
of % for two grains 1 and 2: Zf)’, 1) <1A Eg’z(x) < 1, which
means that a certain point x belongs to both grains. An additional
criterion has to be used to decide, to which grain the point x
belongs. A natural choice is the usage of the smaller norm as
indicator for the affiliation, where x is assumed to be a point of
the grain with the smaller £5. The exponent p is used to define
the angularity of the grains and with it the roundness of the
overlapping region. Fig. 5 shows three cases for overlapping. The
effect of overlapping and rounding off the boundary significantly
depends on the exponent p.

2.5. Periodization

The periodicity of the created structures is desirable for two
reasons. Firstly, for the consideration of a mechanical problem,
the boundary conditions play an crucial role. Here, a well-known
fact is that periodic displacement boundary conditions together
with periodic structures are a prerequisite for the determination
of arealistic effective material behavior, see, e.g., Suquet19. Sec-
ondly, the consideration of geometric properties of a periodic
structure is much more straight forward than for non-periodic
ensembles, where boundary effects like intersected grains are
inevitable.

The periodization of the generated microstructure is obtained
by the consideration of 26 periodization boxes, in which peri-
odically shifted copies of the seeded grains are interacting. The
origin x is shifted by a periodization vector Ax?jk =w(e +

P

jex+kez)and xg.k =x0+ Axljk,

ijk = —1,0, 1. For every
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Fig. 6. Pseudo-time evolution of the accumulated volume fraction ¢, of a

periodic 105 x 10 ensemble; after a steep increase in the beginning of the
adsorption-and-growth process, saturation takes place, due to the steric hin-
drance.

periodic copy of a grain, the considerations in Section 2.4 have

to be carried out. It is of crucial importance to keep the mean

intersection points up to date. So, for every case of collision of
. . . . . m, rec

two grain copies, the recent intersection points p; o o M= 1,2

have to be updated. All other intersection points pg-‘k ,, have to be

updated as well, which is done by pfJy , = pj;'}" — Axfjkfff +
Axfjk, n =1,2, where Ax?j’krff is the offset of the recent grain

copy.
3. Numerical results of the microstructural model
3.1. Pseudo-time evolution of microstructure

The pseudo-time evolution of statistical geometric quantities
will be considered in this section. The best known property of
microstructures is the volume fraction of particles. As pointed
out by, e.g., Becher et al.3, the distribution of grain size and
aspect ratio plays a crucial role for the fracture toughness.

Thus, Fig. 6 assembles the pseudo-time evolution of the vol-
ume fraction, the mean aspect ratio and its standard deviation.
The volume of one grain is determined by VY = 3/2+/3B*H,

so the accumulated grain volume is V¥, = Zi 1 Vl.g. The grain
volume fraction is the ratio of the accumulated grain volume to
the volume of the region of interest ¢S, = V& /w?. The grain
volume fraction of a single grain normalized on the accumu-
lated grain volume is ¢¥ = V9/VY . The aspect ratio A of a
grain is the ratio of length to breadth of a body. For hexago-
nal prisms A = H/+/3B, if the width across flats is regarded
as small diameter. For the determination of the mean value
of A, the grain volume fraction VY is used as basis volume,

G . .
such that (A) = 327, ¢9 A;, where the grain volume fractions

cig, i = 1...nY act as weights of the sum. The standard devia-

tion is calculated by o(A) = \/Z?jlcig(Ai — (AN

The following figures show the evolution of a periodic ensem-
ble of grains in a cell of width w = 16 without any overlapping
after case 2. It is, therefore, an exact geometric ensemble con-
sisting of non-penetrating hexagons. It consists of 105 seed steps
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Fig. 7. Pseudo-time evolution of the mean aspect ratio (A) ( —) with scatter
band (A) £ 0(A) (——) for a periodic 105 x 10 ensemble; after a peak at the
beginning of the structure generation process, the mean value decreases slowly,
the scattering remains at a constant level.

of each 10 grains. So a total of 27 x 105 x 10=28, 350 entities
have to be considered in the final time step. The growth velocity
parameters Egs. (8) and (9) are kz = 10kp = 10, the penalty factors
after Section 2.3 and Eq. (7) are k" =1/10 and ADP*" = 1/10.

Fig. 6 shows the pseudo-time evolution of the grain volume
fraction ¢¥. The steep accession in the beginning is due to the
free growth of the grains, mainly without steric hindrance. At
a grain volume fraction of around 25%, the grain interaction
gains increasing influence, which causes a certain saturation of
the grain volume fraction. The final value of ¢ lies at 50%,
which can be considered to be a high value for a complicated
randomized structure without overlapping. '? The trend at the
end of the process is already towards increasing volume fraction.

InFig. 7, the mean aspectratio (A) with its scatter band +c(A)
is depicted. Here it can be seen that a structure with aspect ratios
~6 with a relatively wide variance ~2 is generated by the usage
of the mentioned generator setup. The mean aspect ratio of the
structure reaches a local peak at the pseudo-time, when the grains
come into interaction, i.e., the pseudo-time, when saturation of
the volume fraction begins. After this point in time, the aspect
ratio is monotonically decreasing, because the hindrance in axial
direction is more likely than in radial direction.

It is important to gain insight into the influence of the param-
eters for the control of the growth process. Therefore, parameter
variations on the base of the already mentioned set of input val-
ues have been carried out. The following diagrams show the
mean aspect ratio (A) over the grain volume fraction cg, due to
their significance for the silicon nitride microstructure.

One important factor is the growth velocity parameter kz. It
has been varied, since it has a noteworthy impact on the aspect
ratio of the obtained structures. In the beginning of the process,
a broad distribution can be observed. The seeding penalty factor
kP®" =1/2 is chosen to enforce more space for the structure gen-
eration process with higher growth anisotropies (Section 2.3).
After a peak of the aspect ratio, which is shifted to lower volume
fractions for greater axial growth velocities, all curves appear
converging at a mean aspect ratio of ~6, and a volume fraction
of ~260%. Hence, a merely temporary impact on the mean value
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Fig. 8. Mean aspect ratio (A) over grain volume fraction c¢%.. of a peri-

odic 105 x 10 ensemble for a variation of the ratio of the growth constants
kp/kg=10...24 and kg =1=const., k8 =9/10, cp, = 1/5, kP*" =1/2, ADP" =
1/10; the impact of the axial grain growth velocity on the mean aspect ratio is
significant only in the beginning of the structure generation process.

of the aspect ratio is observed by this factor. The relevance for
the distribution A/L will be shown in Section 3.2.

3.2. Distribution of the geometric quantities

The statistical distribution of geometric quantities is impor-
tant for a comparison of artificial microstructures with
experimental data. Additionally, it is relevant to gain further
insight into the behaviour of the structural model. So the exam-
ple of Section 3.1, Fig. 8 is readopted. Fig. 9 depicts probability
densities of the aspect ratio and the grain length for different
grain growth anisotropies. The probability density is the grain

volume fraction normalized on the total grain volume. In order
to adjust the grain volume fraction to from ~60% to the natu-
ral fraction of 88%, an overlapping factor of AD° = 0.262 has
been chosen, see Eq. (13) and Fig. 5. Natural slightly rounded
grain edges have been obtained by a norm exponent p = 20.

So, the influence of the growth velocity anisotropy can, now,
be seen in detail. Although similar mean aspect ratios (and grain
lengths) are observed in the pseudo-time evolution in Fig. 8§,
the distribution is obviously different. A trend for higher aspect
ratios and longer grains with leaner scattering is observed for
increasing growth anisotropy. The experimental reference data
has been acquired from SEM micrographs of the commercial
silicon nitride grade SL 200 BG by an elaborated digital image
processing technique.'? The main problem in measuring struc-
tural data of complex microstructures is the fact that an elongated
grain can be intersected in many different ways, see, e.g., Ohser
und Miicklich.?® A rational estimation of the grain length and
aspectratio is, therefore, in general a contingency. Fig. 10 shows
the problem: the grain is intersected by three different planes.
The brown plane (® ) contains the grain axis. Hence, the grain’s
length and aspect ratio is represented realistically. Differently
the green plane (® ): here, the whole cross section is intersected,
but in a skew angle. So the grain appears much smaller and with
significantly decreased aspect ratio, than it has in reality. The
limiting case would be a section plane, which is perpendicular to
the grain axis. Here, any information on grain length and aspect
ratio would be lost. A further undesirable but also inevitable case
is represented by the blue plane (® ), which is sectioning only a
small part of the whole cross section. The result is an irregular
polygon, which does not even allow for a serious prediction of
the grain thickness.

kr/kp =10 kr/kg =12

kp/kp =18

i
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Al-] Al-]

4 6 8 10 12 14

12 4 6 8 10 12 14
Al-]
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Fig. 9. Cumulative frequency of aspect ratios periodic 105 x 10 ensembles for the parameter setup kz/kg =10. . .24, k8 =9/10, cp, = 1/5, k" =1/2, ADP*" = 1/10,

AD° = 0.262 and p =20.
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Fig. 10. Grain with different section planes: axis parallel section (® ) delivers
original representation of the grain shape; section through the grain axis (@ )
yields a smaller section and, therefore, an underestimation of the aspect ratio;
shape of the edge section (@ ) delivers completely unrealistic information about
the grain shape. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of the article.)

A well established procedure is the transformation of mea-
surable two-dimensional distributions of size and shape into
distributions of spatial size and shape. Miicklich et al.>! applied
this technique first to the demanding case of silicon nitride. The
idea is that a planar section through a spatial distribution of
(non-overlapping) hexagonal prisms will result in a distribution
of convex intersection polygons. So a stereological function in
form of a linear map can be formulated as link between pla-
nar and spatial distribution of size and shape quantities. The
kernel of this function for complicated shapes like hexagonal
prisms can only be calculated in a discretized way due to the
huge amount of intersection possibilities (Fig. 10). In this line,
simulations with randomly intersected hexagonal prisms have
been carried out in order to acquire the coefficients of the kernel
function. The relative frequencies of the spatial quantities then
can be calculated by the EM algorithm, see Vardi et al.,?> which
was introduced into stereology by Silvermann et al.>®

Fiinfschilling et al.'3 measured the microstructural properties
of the commercial silicon nitride grade SL 200 BG with the

Elongated grains

image processing software ImageC (Aquinto, Berlin, Germany)
and the stereology extension based on the work of Miicklich
et al.”! For the measurement, an ensemble of approximately
3000 grains has been examined.

The generated microstructure is determined by the grain
growth velocity parameter combination kz/kp=22. The other
parameters are as described in Section 3.1 and in Figs. 8 and 9.

Fig. 11 juxtaposes a SEM micrograph of SL 200 BG and a
two-dimensional section through the artificial three-dimensional
structure with the mentioned parameters. In both cases, large and
elongated as well as smaller and more roundish grains can be
seen. A certain similarity between the two structures cannot be
neglected. Therefore, a view to the most important geometri-
cal properties of grain length and aspect ratio delivers further
insight. Fig. 12 shows two diagrams with the probability den-
sity as function of aspect ratio and grain length. For SL 200 BG,
the probability density is calculated after,?! as described before.
The diagram for the generated structure uses the grain volume
fraction of the single grains in the three-dimensional structure as
probability density. The two diagrams show certain differences:
the SL 200 BG plot has several peaks. Two main peaks are clearly
recognizable. The first one is at small grain lengths beneath 1 pm
and has local peaks at aspect ratios between 2 and 4. These peaks
represent grain shape/grain length combinations with minor rel-
evance for the fracture toughness of the material, because the
grains are too small to bear the high local loads around crack
tips.>? The other peak is at high grain lengths of 4 um and high
aspect ratios of ~10. This peak has a close relationship for the
high fracture toughness of this material, because it means that
the material contains a significant amount of strong and elon-
gated grains, which can act as bridging grains and, therefore,
avoid quick crack propagation.'? Interesting is the observation
that a region between those peaks exists, in which hardly any
grain can be found.

Rounded grain boundaries

Gen. Structure

Periodicity

Fig. 11. SEM-image of the AlY-doped commercial silicon nitride grade SL 200 BG'? and an exemplary section image of the generated periodic three-dimensional
microstructure with 105 x 10 grains and the parameters kp/kg =22, k& =9/10, cpyp = 1/5, kP*" =1/2, ADP*" = 1/10, AD° = 0.262 and p =20. The most important

features of the silicon nitride structure can be identified clearly.
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Fig. 12. Cumulative frequency of aspect ratios in SL 200 BG'3 and in a periodic 105 x 10 ensemble for k; /kp =22, k& =9/10, cpyp = 1/5, kP = 1/2, ADP*" = 1/10,
AD® = 0.262 and p=20. The distributions of the experimental data and the generated structure are mainly in the same region, however, the bimodality of the data

is not captured by the simulation.

The diagram for the generated microstructure covers a similar
domain, although it shows differences as well. The distribu-
tion does not show strongly pronounced peaks and its global
maximum is not at the same position as in the stereological
observation. Nevertheless, the main trend is towards long and
elongated grains, which appear at similar grain lengths and
aspect ratios. Reasons for the differences between the two dia-
grams can be attributed firstly to a simplification of the structure
evolution in the presented algorithm and secondly to the dif-
ferences with respect to the acquisition of the underlying data.
The comparison of the results from the thermodynamical simu-
lations of Kitayama et al.® with the data, which was gained from
the structure generation process shows good agreement, as well.
Although, it has to be mentioned that the distributions of grain
length over grain width and aspect ratio over grain width from
the presented algorithm are broader with the chosen parameter
combinations.

4. Finite element simulations
4.1. Discretized geometry

The finite element model is based on a periodic ensemble of
232 grains. The structure was created by the described seed-and-
growth algorithm with 29 seed steps per 8 grains. It has a grain
volume fraction of 88%, a mean aspect ratio of 5.2 and a mean
grain length of 7.6 pum. Fig. 13a is a three-dimensional contour
plot of a high fidelity discretization (2003 voxel). The geometric
features like hexagonal and elongated or roundish grains and the
periodicity of the structure can be seen well. Fig. 13b shows the
corresponding finite element mesh, generated by the meshing
tool ScanIP by Simpleware.!> Grains are pictured as coloured
grains. Significantly elongated grains besides roundish or inter-
sected ones can be recognized. The gray regions represent the
glass matrix, which fills 12 vol.%. The structural model pre-
serves the exact periodicity of the generated structure, but slight

deviations can be observed as well. Due to the great flexibility
of the meshing algorithm, a certain lack of fidelity has to be
tolerated. The model contains over 450,000 degrees of freedom
and over 825,000 tetrahedral elements with linear integration
(C3D4).

4.2. Elastic material model

The elastic material behavior of silicon nitride on the
microlevel obeys Hooke’s law

o = C(x)[el, (14)

where the stiffness tensor C(x) depends on the considered mate-
rial point, i.e., the grain. The glassy matrix phase (M) is assumed
to be an isotropic elastic aggregate, such that the elastic stiffness
tensor CM is determined by the two eigenvalues 3K and 2GM

CM = 3kMP, + 26 MP,, (15)

with the bulk modulus K™ and the shear modulus GM,
which are connected to the volumetric and deviatoric projectors
Py=1/31®1I and P, = IS — P, respectively. The relations

Growing around Rounded grain boundaries

Elongated grains

Glass pockets

Fig. 13. Periodic 232 grain ensemble: (a) high fidelity surface mesh and (b) used
finite element mesh; the arrows indicate the important features of silicon nitride.
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mn 1 Prism normals

Young's modulus
figure

Fig. 14. Hexagonal prism as grain model together with the spherical projection
of the grains stiffness tensor CY and prism normal vectors n;, i=1...4.

between the eigenvalues and the engineering constants Young’s
modulus EM and Poisson’s ratio vM are

EM EM

KM=~
3(1 — 2vM)

and GM =

= 2o (16)

The matrix material is mostly an oxynitride glass, thus the con-
stants are assumed to be EM =133 GPa and vM = 0.29, see
Hampshire et al.2*

The hexagonal grains (G) are elastic transverse-isotropic.
Therefore, five linear independent elastic constants can be
measured, if hyperelasticity is assumed. In general the elastic
stiffness tensor can be denoted by

CY = CJy By ® By. (17)

The elastic constants are provided in Vogelgesang et al.>> and
have the values CY, =433 GPa, C5, =574 GPa, C%, = 195 GPa,
C{y=C5,=127GPa, C§,=119GPa and CZ =108 GPa.
Additionally, the relation CY, = 1/2(CY, — C5,) holds. All
other components are zero in the principal orientation. The
symmetric orthonormal basis tensors of 2nd-order B, are given
by Bi=ei®ej, Br=e;®e1, B3=e3®e3, By=+/2 sym
(e1 ® €2), Bs=+/2 sym(es ® e;), Bs=+/2 sym(e; ® e3),
according to Federov?® with the symmetry operator
sym(A)=1/2(A +AT). Note, that the basis tensors of the
shear planes have a prefactor of +/2 due to the normalized
Voigt convention, which allows for a simple implementation
of the orientation transformation. The orientation of the elastic
stiffness is determined grainwise by three angles (Section
2.2) from the structure generation process, and is applied
on the basis tensors By by an active transformation. Fig. 14
shows a crystal model together with its normal vectors and the
spherical projection of the grain stiffness tensor CY according
to Bohlke and Briiggemann.?” The grains exhibit a significantly
pronounced tensile stiffness in the grain axis direction.

4.3. Projected periodic boundary conditions

Periodic displacement boundary conditions are a well-
established way for solving problems in solid mechanics, which
have to remain uninfluenced by boundary effects. The dis-
placement field on a boundary of a continuum problem can be
described by the relation u* = gx* 4+ w*, where u™ are the
total displacements on a positive (+) or negative (—) boundary
of a periodic ensemble, undergoing an effective strain €. The

Fig. 15. Six deformation modes on a periodic unit cell with 232 grains. The
arrows indicate the deformation directions. The plotted fields represent the stress
distributions, which is inhomogeneous but periodic.

displacement fluctuations w* on opposing sides are assumed to
be equal for every material point on the boundary in a non-trivial
way for a heterogeneous medium, which is expressed by the peri-
odicity condition w* = w™. This yields the constraint equation
for the boundary displacements u* —u~ = &x* — x™). For
finite element simulations, a weaker approach has to be cho-
sen, due to the discretization of the geometry. The best way is
the usage of a mesh with corresponding nodes on the opposing
sides. This is of course a significant challenge, because even for
perfectly periodic structures, the periodicity of the discretiza-
tion has to be enforced for its own. Fritzen and Bohlke?® have
implemented this for periodic three-dimensional Voroni tessella-
tions by extending an existing mesh generator. For commercial
meshing tools, such demanding implementation is mostly not
possible. A feasible way is the implementation of projected
boundary conditions, where the nodes from one side are pro-
jected on mesh triangles of the other side. The displacements to
the projected node are obtained by a linear interpolation with
the triangle nodes. Details of the implementation can be found
in Ref.!4

4.4. Elastic homogenization

For the homogenization of elastic properties, several types
of methods such as estimates and bounds exist see, e.g., Ponte
Castafieda and Suquet,”® Bohlke et al.’® or Drach et al.’! In
the context of a finite element based approach, the homogeniza-
tion of heterogeneous elastic aggregates can be carried out by the
consideration of the ensemble averages of the stress tensors (o).
To obtain the 21 components of the homogenized stiffness ten-
sor, six orthogonal effective deformation modes €4 = €9 Bg with
corresponding periodic displacement fluctuations (Fig. 15) are
prescribed, such that the stiffness components can be obtained by
60,/3 = (o) - Bg/€p. Due to the elastic isotropy of bulk silicon
nitride, the consideration of the isotropic parts of the obtained
effective stiffness delivers effective values for the engineering
constants. This is obtained by the isotropic projections of the
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volumetric and deviatoric part of C. The effective bulk modu-
lus is determined by 3K = C - P;/||P1||, and the effective shear
modulus is given by 2G = C-IP,/||P,||. Therefore, the effec-
tive engineering constants Young’s modulus E =302 GPa and
Poisson’s ratio v=0.28 are calculated following Eq. (16). The
maximum deviation from isotropy is 5%, such that the values are
in good correspondence with literature values, see, e.g., Roebben
et al.>> or Lube and Dusza.3

5. Summary

A simplified algorithm for the generation of periodic three-
dimensional silicon nitride-like structures has been introduced.
Its primal result is the creation of microstructural models for
micromechanical finite element simulations. The microstructure
generator is based on a sequential adsorption procedure, which is
enriched with growth of particles, steric hindrance and overlap-
ping, motivated by experimental observations of Kriimer et al.>*
These observations have been implemented in algorithmic detail
to preserve high aspect ratios and grain volume fractions in the
artificial microstructures.

In order to give an insight into the behavior of the model,
the pseudo-time evolution of mean aspect ratio and grain vol-
ume fraction have been discussed for different parameter sets
of a periodic ensemble of 1050 grains, which have been adsor-
ped in 105 steps. It was shown that the mean aspect ratio in
generated microstructures decreases after a temporary peak at
approximately 20% grain volume fraction due to steric hin-
drance.

The impact of the axial growth rate on the pseudo-time evolu-
tion and the distribution of the geometric quantities aspect ratio
and grain length has been examined. The pseudo-time evolu-
tion showed a certain convergence of aspect ratios at values of
approximately 6 and volume fractions ratios of approximately
60%, which could be obtained without overlapping. Realistic
grain volume fractions have been adjusted by variation of the
grain overlapping. The adjusted ensembles have been consid-
ered with respect to the probability density of the aspect ratio
and grain length. A clear redistribution of the densities to longer
grains and with higher aspect ratios was caused by increased
grain growth anisotropy.

The significance of the model has been shown by a com-
parison of the grain length and the aspect ratio distribution with
literature values,'® showing reasonable correspondence. Hereby,
a general accordance of the stereological SEM image evaluation
with the data provided by the structure generator was observed.
However, differences have been observed as well, concerning the
bimodality of the probability density of grain length and aspect
ratio. On the one hand, these can be attributed to the assumptions
which have been made for the implementation of the structural
model. On the other hand, the procedures of the acquisition of
the distributions for the SEM images and for the data from the
structure generator is different, which should induce, as well,
differences in the obtained distributions.

Aside from these issues, the structure generator reproduced
the main features of a real silicon nitride microstructure, which

has been shown by a comparison of a SEM micrograph of SL
200 BG and a synthetic microstructure.

The major relevance of the structural model is the application
as geometric information for micromechanical finite element
simulations, which have been carried out in an elastic anisotropic
framework. In order to determine the effective elastic constants,
six periodic deformation modes on a periodic unit cell with 232
grains under projected boundary conditions have been carried
out and used for the homogenization. The well-known effective
values for Young’s modulus and Poisson’s ratio of bulk silicon
nitride have been reproduced by this technique.

6. Conclusions

Based on the aforementioned results, it can be concluded that
the algorithmic structural model is generally capable of the gen-
eration of realistic silicon nitride microstructures. Considering
all discussed features, we conclude that the model appears as
a reasonable approximation for the complex reality of the sil-
icon nitride structure. Thus, it can be used for the numerical
considerations of more complicated material behavior like ther-
moelasticity with trans- and intergranular fracture, which will
be presented in a forthcoming paper.

The general technique of sequential adsorption with growth
and steric hinderance of particles is applicable to many different
types of materials.
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